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Abstract

Does the exercise of the right of self-determination lead to inefficiency? This paper
considers a set of centrally planned municipal mergers during the Meiji period, with
data from Gifu prefecture. Quantitative and qualitative evidence suggests that the
observed merger pattern can be explained as a social optimum based on a very simple
individual utility function. If individual villages had been allowed to choose their
merger partners, counterfactual simulations show that the core is always non-empty,
but core partitions contain about 80% more (post-merger) municipalities than the
social optimum. Substantial inefficiency occurs only due to a combination of vertical
and horizontal heterogeneity, and efficiencies of scale and congestion in the provision
of public services.

Does exercise of the right to self-determination result in an efficient arrangement of
political boundaries? There is substantial theoretical interest in this issue both inside and
outside of economics, and recent world events, such as Russian annexation of the (apparently
consenting) Crimean peninsula, suggest policy relevance. Empirical results regarding the
efficiency of jurisdiction formation, however, are very limited.1

This paper considers a set of municipal mergers that were decided by a central planner,
and shows that the observed pattern of boundaries corresponds closely to that of a social
planner maximizing a sum of utilities of individuals in an extremely simple model: there
is a tradeoff between efficiencies of scale in the provision of public goods, and a geographic
distance cost to the point where the public goods are provided. The parameter governing
this tradeoff is estimated using a moment-inequalities approach, and an parameter describing

1Weese [2014] considers recent Japanese data where the central government provides equalization pay-
ments to municipalities. Inefficiency in this environment arises due to the presence of asymmetric information
regarding the benefits of potential mergers. The observed equalization payments in this recent data are ex-
tremely large (up to 25% of GDP per capita for the smallest municipalities), and counterfactuals where there
are no such payments are thus so far out of sample that there would be computational difficulties with any
such simulation, as well as theoretical difficulties in interpreting the results.

1



the efficiencies of scale is calibrated using additional data. The counterfactual case is then
considered, where pre-defined subunits are allowed to choose how to arrange themselves into
jurisdictions in a coalition formation game without transfers.

The core is used as the solution concept in this decentralized jurisdiction formation game,
and the following results are obtained via simulation. First, the core is always non-empty,
given the actual data and parameter estimates. This is not obvious theoretically, and there
are well-known simple examples Gale and Shapley [1962] where the core is empty in a one-
sided matching game. Despite these theoretical difficulties with the concept of a “right to
self-determination”, however, empirically there are always outcomes that meet the relevant
requirements. Furthermore, if there is only horizontal (geographic ideal point) heterogeneity,
then the core consists entirely of partitions that are “close” to the optimal partition in social
welfare terms. The partition that would be selected by a social planner is also often in
the core. Thus, if there is only horizontal heterogeneity in preferences, allowing jurisdiction
boundaries to be established by a decentralized process appears to result in minimal or
potentially even no inefficiency.

In contrast, in the case where there is also vertical (income) heterogeneity across players,
simulations show that decentralized mergers result in substantial inefficiency. This result is
due to the form of the cost of public goods for the data used: there is both a fixed cost that
generates efficiencies of scale, as well as a marginal cost that reflects high congestibility. In
this environment, adding an additional player who is substantially poorer will increase the
tax rate for members of a coalition, and thus a decentralized process results in jurisdictions
that are substantially smaller than the social optimum. Given the heterogeneity in income
observed in the data, and the apparent cost function for the provision of public goods,
decentralization of jurisdiction formation would result in substantial inefficiency.

1 Model
Let there be N players, each of whom must receive local government services. Player i has
income yi, requires pi units of public services, and is located at point θi on a two-dimensional
plane. A coalition S of players can provide P units of public services at any single point θS
on the plane at a cost of

c(P ) = β1 + β2P (1)

where β1 and β2 are non-negative. If β1 > 0, then average cost declines as more players are
added to a coalition. There is no choice regarding the quality of the services provided, and
the cost of providing them must be paid via proportional taxation. The budget constraint
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for municipality S is
β1 + β2

∑
i∈S

pi = τS
∑
i∈S

yi

Other than the proportional taxation at τS, municipalities do not perform any redistribution.
The utility function for player i, when facing a tax rate τS, and receiving services at point

θS on the plane, is quasi-linear:

ui(τS, θS) = −||θS − θi||yi − τSyi

Richer players suffer greater disutility from distance: if the plane represents geographic
locations, then this could be due to a greater time cost of travel for those with higher
incomes.

For a given municipality S, there is no choice regarding the tax rate τS as it is determined
by the budget constraint. There is a choice, however, regarding the location on the plane
at which to provide the public services. As the set of potential locations is a plane, this
is a multi-dimensional decision problem, and has no generally accepted solution. Assume
that the political decision-making process within the municipality maximizes the sum of
players’ utilities: this gives more weight to richer players, which may be appropriate if the
political system is biased towards the wealthy. The major advantage of this assumption is
that income redistribution becomes irrelevant: transfers within a coalition will not change
the sum of the utilities of its members. Let θ∗S be the location at which the service will be
provided by municipality S.

The social planner’s objective is also to maximize the sum of players’ utilities. Thus,
for any municipality S, the location θ∗S chosen by the municipality is exactly what the so-
cial planner would choose for that municipality. There is thus no inefficiency from within
municipality political decision-making. Similarly, income redistribution is irrelevant. Ineffi-
ciency may arise, however, if players arrange themselves into municipalities via a coalition
formation game, as the coalitions that result may not be those that the social planner would
have chosen. Assume that players cannot make transfers or bargain over the location choice
θ in order to achieve agreement to participate in a given coalition. This could be due to
a commitment problem if coalitions are permanent, and the location is chosen only after
coalitions are fixed.

Let π ∈ Π be a partition of players into coalitions, where Π is the set of all possible
partitions. The solution concept used will be the core: π ∈ Π∗ is a solution to the coalition
formation game if and only if ∀S ′ /∈ π, ∃i ∈ S ′ such that ui(τS(i,π), θ

∗
S(i,π)) > ui(τS′ , θ∗S′),

where S(i, π) indicates the coalition that i is a member of in partition π. Non-emptiness of
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the core is not guaranteed with the utility functions presented above, but it will be shown
below to be true empirically, for the data considered.

Let πFB be the partition that would be chosen by the social planner. This first-best parti-
tion may not be in the core. Intuitively, players at the “edge” of a coalition are experiencing
high disutility from distance, and at the same time are being charged a tax rate τ determined
by the total cost of providing services, rather than the marginal cost. Thus, the incentives
faced by players considering a deviation are different from the objective being maximized
by the social planner. With no restrictions on the cost functions c, or the distribution of yi
and θi, few theoretical results are known. However, results are available for more restricted
cases:

1. [Farrell and Scotchmer, 1988] If β2 = 0, and there is no variation in θ, then the grand
coalition is efficient, and will form in decentralized mergers. This is because the marginal
cost of adding an additional player is zero, and thus such an addition will never be opposed.

2. [Farrell and Scotchmer, 1988] If there is no variation in θ, and yi ∼ F for some
distribution F , then the inefficiency of decentralized coalitions decreases to zero in per capita
terms as additional players are added. The intuition here is that a player with higher income
does not want to merge with one that has lower income if the tax collected from the poorer
player would not cover the marginal cost of providing services. Thus, richer players will not
merge with poorer players. However, the number of players with similar incomes increases
with population, and thus the size of coalitions will be increasing in total population.

3. If yi is constant, and the distribution of θ is uniform, then the efficient partition is
a hexagonal tiling of the plane (known at least as far back as the “central place theory” of
Christaller [1933]. Drèze et al. [2008] provides extensive citations) The efficient partition will
be stable in this case because any deviation to a larger hexagon would be opposed by those
at the edge of the deviation, and any deviation to a smaller hexagon would be opposed by
those at the center of the hexagons in the efficient partition. However, the core is very large
here, and thus depending on how it is determined which partition from the core actually
occurs, substantial inefficiency could result.

Gregorini [2009] shows that obtaining theoretical results for the more general case where
there is variation in both income and ideal points will be difficult because of non-existence
problems. The empirical results below will show that, however, for the actually observed
data and estimated parameters, there is no non-existence problem. Furthermore, horizontal
heterogeneity alone results in only minimal inefficiency; however, substantial inefficiency
occurs when there is both horizontal and vertical heterogeneity.
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2 Data
The data used come from a set of municipal mergers that were mandated by the central
government during the 1890s in Japan. These mergers occurred across the country: data
is available is for Gifu Prefecture, and covers 1095 feudal villages (shizen son) that were
combined to form 288 western-style municipalities.2The initial boundaries of the shizen son
are shown in Figure 1, and the boundaries after the mergers are shown in Figure 2. The
major advantage of historical data is that the public services provided were simple and lim-
ited, and the number of potential externalities that need to be considered are very limited.
Almost all municipal spending was devoted to three items: education, public works, and
general administration. Education spending was almost entirely devoted to primary school-
ing, generally using a single school. Public works spending consisted mainly of spending on
roads, irrigation, and flood prevention. Administration consisted mainly of maintaining the
population register, collecting taxes, and some shared organizational overhead for the other
expenditures. The major source of tax revenue was property tax, which was proportional
to land holdings.3 Decision-making was democratic, but with a restricted franchise, and a
two-tier voting system that gave extra weight to the elite.

Japan was overwhelmingly rural during this period: while population density varies sub-
stantially depending on terrain, there are only two locations in Gifu that could reasonably
be considered to be cities, consisting of less than 10% of the population. The lack of large
urban agglomerations also reduces the number of potential externalities that need to be
considered. In rural areas, the only plausible spillovers between municipalities are related to
public works: irrigation that uses scarce water, levees to protect against flooding, or roads.
Below (unfinished), we consider each of these, and argue that they do not offer a plausible
explanation for the observed pattern of mergers.

The observed pattern of mergers follows the classic arrangement of administrative units:
areas with higher population density have municipalities with smaller surface area, while
those areas with lower population density have jurisdictions with larger area. This pattern
follows the “size density hypothesis” of Stephan [1977], which has been subjected to consid-
erable study outside of economics. The pattern appears to hold across a wide selection of

2The original data source is the Gifu-ken Chouson Ryakushi and related documents; the version used
is courtesy of Tsunetoshi Mizoguchi and Kei Okunuki, based on an original version at the Skinner Data
Archive.

3The other major source of tax revenue was a household tax that was related to income, but was not
strictly proportional. There appears to be debate in the literature regarding the exact nature of this tax
Takayose [2000]. The assumption used in this paper is that taxation is overall proportional, and thus that
the non-proportionality in the household tax is due to the fact that poorer households derive less of their
income from property, and thus are taxed more heavily on the household tax.
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countries, and varieties of jurisdictions Stephan [1984].4 In terms of economic theory, the
observed pattern is consistent with the model presented above, in which there are efficiencies
of scale in the provision of services that are provided at a single point, combined with some
distance cost. The pattern is difficult to explain, however, using a model that explains the
structure of jurisdictions by claiming that the benefit of larger jurisdictions is the internal-
ization of externalities. As with other goods, externalities would generally be considered to
have decreasing marginal benefit (or increasing marginal damage). Externalities that are
generally plausible, such as pollution, traffic, or the exhaustion of common pool resources,
should generally be observed at higher levels in areas with higher population density. Thus,
the benefit of internalization should be higher, and larger jurisdictions should be observed
in these areas. In areas with low population density, the damage from the externalities is
limited, and so there is no need for large jurisdictions. Thus, the observed pattern of juris-
dictions is opposite of that which would be expected in the case where jurisdiction structure
was determined by externalities.

To match the model to the data, let the players be the feudal villages (shizen son), and
let pi be the population of village i. Income is taken to be the koku rating of the village:
these ratings converted all production in a village into common units of rice, for the purpose
of taxation. Let the ideal point θi be represented by the geographic location of the village.

With this setup, the variable cost β2 is not identified using the data regarding the partition
chosen by the central planner, as for any value of β2 the rankings of partitions in terms of
social welfare are the same. For an estimate of β2 additional data must be used. During
the mergers, the government produced a document describing the cost of providing public
services for municipalities of three sizes:5

population cost
“large” 3165 c1 + c2
“medium” 3165

2
2
3
c1 +

c2
2

“small” 3165
4

1
2
c1 +

c2
4

Here c1 = ¥545.668 was a constant that corresponded to administrative costs that exhib-
ited efficiencies of scale, and c2 = ¥1467.931 was a constant corresponding to costs that did
not exhibit efficiencies of scale. At the three points provided, the costs correspond exactly
to a cost function of the form in Equation 1, with a fixed cost β1 = c1/3, and a variable
cost β2 = 2c1/3+c2

3165
, despite the fact that statistically there is an extra degree of freedom.

4Suzuki [1999] provides additional citations along with an application to Japanese data.
5A population of 3165 appears to have been used as the base because it corresponded to the average

population served by an administrative office under a briefly-used ku (ward) system.
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There is no explanation offered of how the government arrived at these estimates, and thus
it is unclear whether they believed that a cost function with only a fixed cost and a variable
cost was particularly appropriate, or whether at the sizes that they chose to examine the
efficiencies of scale happened to fit this pattern.

There is no documentation available describing how these numbers were arrived at, but
some verification of other sorts is available. Data on actual municipal expenditures is avail-
able for 1881, before the implementation of the new municipal system. This is shown in
Figure 4, along with the government cost functions. Reiter and Weichenrieder [1997] survey
the existing literature and conclude that there has been limited success in using actual expen-
diture data to estimate efficiencies of scale. For comparison purposes, however, a bivariate
regression is provided in the figure. Finally, in 1950, when roughly the same municipal
structure was still in place, a government document describing the efficiencies of scale in the
provision of public services was produced. This document provides a detailed breakdown of
efficiencies of scale by service, for 20 public services, with the cost of each service described
by a spline function with 6 knots. Despite the gap of 60 years and a substantial expansion
in the number of public services provided, the estimates match the 1890 figures very closely,
as shown in Figure 4.6

3 Estimation
The observed outcome is a partition of N players into coalitions. Estimation of the pa-
rameters of a structural model where the outcome takes this sort of partition form presents
substantial difficulties. As any structural model proposed is extremely unlikely to explain
the observed outcome perfectly, an error term of some sort needs to be included as part
of the data generating process. The number of possible coalitions, however, is very large:
with N players, there are 2N potential coalitions. The total number of possible partitions of
players into coalitions is given by the Bell numbers, and grows even more quickly in N .

A model that includes an idiosyncratic term for each of these possible mergers will lead
to some potential mergers having extremely positive idiosyncratic shocks. This causes prob-
lems similar to those discussed in Berry and Pakes [2007], where an increasing number of
products results in consumer utility increasing without bound if there is an idiosyncratic
shock representing “taste for products”. The situation here, however, has an additional fea-
ture that makes a “taste for products” approach particularly unattractive: the number of

6An additional difference is that the 1890 figures appear to have been produced to describe the appropriate
size for municipalities during the reorganization, while the 1950 figures were for use in an equalization transfer
program. The different purpose suggest that any political biases in the reported figures would also be quite
different.
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potential coalitions is a function of the size of the coalition: there are N coalitions of size
1, N(N − 1) coalitions of size 2, and

(
N
k

)
coalitions of size k. If idiosyncratic shocks are

uncorrelated, some of the larger coalitions will have positive shocks much larger than those
of any of the smaller coalitions.

Without careful attention to the correlation structure of the error term, estimating such a
model will generally lead to parameter estimates that suggest that only the smallest mergers
are attractive from a structural perspective, and that the larger observed configurations
occurred only because these were mergers with very positive idiosyncratic shocks. From
a theoretical perspective, it might be possible to estimate a correlation structure for the
idiosyncratic shocks such that the model does not have this undesirable feature. From a
practical perspective, estimators of this sort tend to involve high dimensional integrals and
are not computationally feasible. This paper proposes an alternative solution to this problem,
based on an errors-in-variables framework.

Specifically, let π be the observed partition of municipalities into mergers. Let the payoff
for merger S be

u(S|β) = XSβ0 + g(ZS|β)

There are some covariates Z that enter the restriction through an arbitrary function g, but
there are also covariates X that enter the restriction linearly. The parameter vector can be
normalized, as is standard in the discrete choice literature: let β0 = 1.

If the partition π was chosen by the social planner over the alternative partition π′, then
it must be that

ΣS∈πu(S|β)− ΣS∈π′u(S|β) ≥ 0

Suppose that this restriction always holds for the true covariates, but that there is measure-
ment error in the X:

u(S|β) = X∗
Sβ0 + g(ZS|β) (2)

XS = X∗
S + ηS, E(η|X∗, π, Z) = 0 (3)

Here η is measurement error, and the only endogenous variables are the X. A standard
moment inequalities approach, following Pakes [2010], can then be applied. Specifically,
assume that the restriction holds in expectation, and proceed to estimate β using sample
moments.7

7In the case where mergers were decided via a decentralized process, rather than a social planner, the set
of restrictions becomes more complicated but could still be analyzed in the same framework. Specifically, in
the case where there are disjunctive restrictions (at least one out of a set must hold) the maximum can be
used. In the case where all the restrictions in a set must hold, then these can be used directly.
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For estimation, alternative mergers that could have occurred but did not need to be
constructed, and these should include mergers that are both smaller and larger than those
that actually occurred. For the mergers that are smaller, consider the three shizen son at each
three-way intersection of actual mergers. Suppose that these three subunits had instead been
broken off and formed into their own municipality. Such a change would increase the total
number of municipalities by one, and decrease the distance to the location where services
are provided in the affected municipalities.8 The moment inequalities approach states that
on average, such an increase in the number of municipalities should not lead to a better
outcome.

As a second set of alternative potential mergers, consider the case where a municipality
that was actually observed was instead eliminated, and its component shizen son distributed
to adjacent municipalities on the basis of adjacency and total population.9 This sort of
alternative partition reduces the total number of municipalities by one, and thus will tend
to be attractive when the parameter estimate for the relative importance of distance is low.

To obtain a reasonable identified set, a number of moment inequalities need to be used.
Figure 3 shows the tradeoff between distance and cost savings for these alternative potential
mergers. The inequalities just described should hold for municipalities regardless of their
population, but savings due to efficiencies of scale are different at different sizes. Consider
small (< 800), medium (1600 - 2400), and large (2400-) municipalities separately. Similarly,
the inequalities should also hold for various levels of wealth: consider municipalities with a
low koku rating (<2000) and a high koku rating (>2000) separately. Finally, consider those
municipalities in particularly rural areas, as indicated by the presence of mountains, separate
from those municipalities in the flatter central areas.

Using these moment inequalities, a relatively small identified set is obtained, correspond-
ing approximately to β1 ∈ [2.2, 2.3] (not exactly right). The 95% confidence set is quite a
bit larger, at about [1.8, 2.4] (also not exactly right). β2 is not identified, as player i always
results in a variable cost of β2pi, regardless of partition. β0 is normalized to a cost of 1 per
kilometer.

To evaluate model fit, the optimal partition for the social planner can be calculated,
based on the parameter estimates. The optimization problem here is NP difficulty (cite?),
and thus an approximation algorithm is necessary. Figures 5 and 6 show the results of an

8Ignore those cases where one or more of the municipalities consists only of a single shizen son, as in this
case the total number of municipalities is not increased (the other changes in boundaries are unlikely to be
informative regarding the parameter).

9The model assumes that distance is measured with error, and thus it would be inappropriate to choose
alternative partitions on the basis of distance. Geographic contiguity is assumed to not be measured with
error. This implies that the measurement error in distance takes the form of a diffeomorphism, where
topology is the same before and after the distortion.
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approximation based on local optimization: divide the players into geographic subregions
with about 40 players each, and calculate the optimal partition of each subregion.10 Then,
taking all these partitions together, look for any “local improvements” that could be obtained
by moving a player from coalition to another, or merging two coalitions.11 This is similar to
the “k-means” algorithm commonly used in the analysis of clustering.

4 Counterfactual Simulations
Suppose that, instead of centralized mergers, the individual feudal villages had been allowed
to decide independently how to arrange themselves into municipalities. With N players, this
leads to a potential 2N coalitions. Restrictions thus need to be imposed so that the coali-
tion formation game is computationally feasible. Specifically, consider only coalitions that
are geographically contiguous, and consist of 9 players or less.12 Furthermore, rather than
considering the coalition formation game as a whole, with about a thousand players, break
the game into geographically contiguous units with about 40 players each. This corresponds
to the standard IO setup of considering geographic “markets” for goods. To ensure that
these restrictions themselves do not bias the results, the socially optimal partition will be
computed using this same restricted set of coalitions.

To compute the core of each coalition formation game, an approach based on random
myopic deviations will be used. As the number of potential partitions is finite, a properly
randomized approach will eventually find all partitions in the core. Ensuring reasonable per-
formance is difficult, however, because of the possibility of cycles of myopic deviations. The
coalition formation game considered in this paper contains “minimal inaccessible coalition
configurations” as described in Papai [2003], and thus the no-cycle results from the two-sided
matching literature, such as Roth and Vate [1990], do not apply. A brute force approach to
avoid cycles is thus used. The algorithm is provided in Appendix A.

The core of the decentralized coalition formation game that results is never empty, and
while occassionaly a singleton, it generally consists of a small number of partitions, all
corresponding to about the same level of social welfare. The difference between the best

10These subregions are the same as those used below for the simulations of the decentralized mergers.
11Splits of coalitions are not considered here, as the main problem with starting with the optimal partition

of subregions is that this will lead to too many coalitions, relative to the optimal partition, rather than too
few.

12This covers the vast majority of actual mergers. As an additional modification for computational sim-
plicity, eliminate the smallest players: iteratively merge each shizen son with a population of less than 250
(340?) with the neighbouring shizen son that has the closest koku rating per capita. This reduces the
number of players to about 780, instead of 1095, but more importantly reduces the number of mergers with
a large number of players, such that considering mergers with up to 9 players covers virtually all of the
potentially stable coalitions.
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and worst element of the core is minimal, corresponding to less than the fixed cost of one
additional municipality, in games where twenty municipalities are forming on average. The
partitions in the core, however, are substantially different than the partition that would be
selected by the social planner: on average there are a total of 518 municipalities, rather
than 288. This results in a higher cost of providing public services, only partially offset by
the lower distance cost: in welfare terms, the average decentralized partition is worse by an
amount equivalent to the fixed cost of 132 municipalities.

One question is what the core would look like if the cost function were different. Suppose
that there were no variable cost: c(P ) = β1 for all populations P . This is a situation often
considered in the theoretical literature. In this case, the core is much larger, often consisting
of hundreds of possible partitions. The difference among these partitions in welfare terms,
however, is small, corresponding to the fixed cost of one or two additional municipalities.
When comparing the core to the partition that would have been selected by the social
planner, the situation is now very different than the case in which there was also a variable
cost of providing public services: the core now often includes the planner’s preferred partition,
and when it does not, the difference in welfare terms between the parititions in the core and
the planner’s preferred partition is very small, usually corresponding to less than the fixed
cost of one additional municipality. Thus, while theoretically there may be inefficiency due
to decentralized mergers in this environment, from an empirical perspective this inefficiency,
when present, is very small.

The intuition for this result is that, with only a fixed cost of providing services, adding
any member to a coalition will decrease the tax rate that needs to be charged. If there
were no horizontal (geographic) differentiation, this case would correspond exactly to that
of Farrell and Scotchmer [1988], where there is no inefficiency. The presence of geographic
heterogeneity creates the potential for inefficiency, but empirically this is not severe. Given
that the core in theoretical models is often quite large, it is not particularly surprising that
the best partition in the core is either close to or the same as the socially optimal partition.
The more surprising aspect of the empirical result is that there are no elements of the core
that are particularly bad in welfare terms. Thus, in an environment in which public goods
can be provided with only a fixed cost, it appears that decentralized mergers are unlikely to
cause any particular problems.

An identical result, where all partitions in the core are close to the socially optimal
partition, in welfare terms, is also obtained for the case in which the cost function contains a
variable cost but income per capita is assumed to be the same for all players. The explanation
for this result is immediate given the above: if there is no variation in income, then tax per
capita is equal to the variable cost plus the average fixed cost. Adding an additional member
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to a coalition thus always decreases the tax rate, and the environment is identical to the case
where there is no variable cost.

A separate question is what results would occur if there were vertical (income) hetero-
geneity, but no horizontal (geographic) heterogeneity. This case corresponds exactly to the
model in Farrell and Scotchmer [1988]. Here the socially optimal result is for the grand
coalition to form, but the presence of the variable cost means that players will minimize
their tax rate by avoiding forming coalitions with poorer players. Empirical estimates here
give a total of about 60 coalitions forming. Thus, in one sense the inefficiency resulting
from vertical heterogeneity only is dramatically larger than that resulting from horizontal
heterogeneity only. However, given the cost function, if the number of players is increased,
with the new players having per capita incomes drawn from the same income distribution,
the number of municipalities will increase at a slower rate than the number of players. Thus,
asymptotically, the per capita inefficiency will fall to zero as the number of players becomes
large. In contrast, suppose that the asymptotics considered for the case of horizontal het-
erogeneity are that additional players are always added on the “edge”, and the game thus
expands across the plane while maintaining a constant density of players. In this case the
level of inefficiency will not decrease as more players are added. Thus, with this asymptotic
interpretation, the inefficiency resulting from only vertical heterogeneity eventually disap-
pears, while the inefficiency resulting from only horizontal heterogeneity is low but constant
in the number of players.

In order to obtain substantial amounts of inefficiency empirically, then, both horizon-
tal and vertical heterogeneity are required. In addition, the cost function must include a
component that looks like a fixed cost (to provide a incentive to form coalitions), and a
component that looks like a variable cost (to provide an incentive to keep relatively poorer
players out of the coalition). This situation corresponds to the situation that appears to
actually be the case empirically, and thus it appears that decentralized mergers, had they
been implemented, would have resulted in substantial amounts of inefficiency. However, as
theoretical models with both vertical and horizontal heterogeneity appear to be very diffi-
cult to solve, the empirical results suggest that it may be difficult to capture the empirically
relevant sources of inefficiency in a tractable theoretical framework.

5 Conclusion
Empirical results show that in the case with both vertical and horizontal heterogeneity,
decentralized jurisdiction formation results in substantial inefficiency, but this is not the case
in the situation with only horizontal heterogeneity. This suggests that allowing political sub-
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units to exercise a “right to self-determination” may result in jurisdictions that are close to
the optimal partition if there is little heterogeneity in income, but could result in substantial
inefficiency as income heterogeneity increases. Considered in the international context, then,
the case of Crimea (poorer than the rest of the Ukraine) choosing to join Russia may actually
be less worrisome than, for example, relatively richer areas (such as Catalonia) seeking to
leave relatively poorer areas (such as the rest of Spain). The degree of inefficiency that would
result from these sorts of deviations depends on the cost function for providing national
public goods, for which no good estimates are available, and thus it is difficult to draw firm
conclusions about the severity of the potential inefficiency.13 If the cost function for national
public goods is similar to the cost function for local public goods, though, the inefficiency
may be economically significant.

13Also, the international case may allow for transfers, which leads to a substantially different model.
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Figure 1: Initial arrangement of shizen son

Figure 2: Political boundaries after mergers
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Figure 3: Moment Inequalities
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Figure 4: Public good spending per capita
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Data points indicate actual spending by precursors to final municipalities: this data is from
1881, when the final municipal system was still under development. OLS is bivariate, pre-
dicting total spending based on population and intercept (the line is curved as a result of
transformation to log scale). The Meiji “govt” line is based on the fixed cost plus variable
cost associated with the three data points discussed in the main text, with an adjustment
to take into account that some services were paid not paid for by municiapalities when the
1881 data was collected, and some revenue and associated expenses appears not to have been
included. The Showa “govt” line is exactly the functional form provided in 1950 government
documents describing the efficiencies of scale in the provision of local public goods, but has
been normalized such that it is equal to “govt (meiji)” at a population of 3165 (the reference
population for the Meiji government document).
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Figure 5: Predicted mergers vs. actual mergers

The dots indicate the centroids of the mergers the social planner is predicted to select, given
the estimated parameters. The lines indicate the boundaries of the mergers that were actually
observed. A good fit of the model with the observed data is indicated by one centroid per
observed merger. Areas where there are mulitiple centroids per observed merger, or fewer
centroids than observed merger, are areas where the model fit is not as good.
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Figure 6: Predicted boundaries

Voronoi cells calculated based on the centroids of the optimal partition, based on parameter
estimates. If a new player with very small population were added to the data, the cells
indicate which municipality the social planner would assign the new player to. The model
predicts substantial variation in the size of municipality between the densely populated plain
in the middle of the prefecture, and the more mountainous areas at the edges.
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A Core Algorithm
The following algorithm returns a random partition in the core, if one can be found in T

iterations.14 Running the algorithm a large number of times thus provides an increasingly
accurate enumeration of partitions in the core. Strict preferences are assumed.

The algorithm is based on myopic deviations, which leads to the possibility of cycles.15

The approach used is that when the same partition has occurred a multiple of k times,
for some constant k, the partition will be modified by substituting in a randomly selected
coalition.

Recursion is used to rearrange subsets of players, as this results in substantial speed
improvements. It is possible that the core might be empty on a subset of players, even
though it is not empty on the full set of players: this case is handled by terminating after T
iterations.

Index iterations of the algorithm with t. Let M be the set of players in the coalition
formation game. Let S be the set of coalitions formed by players M that are not blocked
by a subset of the coalition itself. Considering the coalitions in S is sufficient, because any
partition that is blocked by a coalition outside of S is also blocked by a coalition in S

(any coalition not in S has a subset that is a blocking coalition, and that subset will block
anything that the larger coalition would have blocked).

0. Begin at t = 0, with the singleton partition π0 = {S|S = i, i ∈ M}.16

1. Calculate the set of deviations D = {S ′|S ′ ∈ S s.t. ∀i ∈ S ′, uiS′ > uiπt}
2. If D = ∅ then stop: πt is in the core for the set of players M
3. If πt has appeared nk times in {π0, ..., πt−1}, for a positive integer n, then randomly

choose a deviation S ′ from S . Otherwise, randomly choose a deviation S ′ ∈ D .
3. Identify the coalitions affected by this deviation: Q = {S|S ∈ π, S ∩ S ′ ̸= ∅}
4. Identify the “residual” players: R = {i|i ∈ S ∈ Q, i /∈ S ′}
5. If R ̸= ∅, then calculate a rearrangement R of the residual via recursion: run the

algorithm from the beginning with only players R.
6. If t < T then repeat from 1, with πt+1 = (πt \ Q) ∪ {S ′} ∪ R

The algorithm has found a partition in the core if it returns at an iteration t < T , and
has failed to do so if it returns at t = T .

14T = 10000 is used for the analysis in this paper.
15Empirically, these cycles of myopic deviations are observed frequently in the data.
16It is computationally faster to begin the algorithm with an empty partition, and assign players extremely

negative utility when they do not belong to any coalition in the partition. This approach, however, makes
notation slightly more complicated.
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