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Abstract

Aggregation of prices or quantities when goods disappear or appear has been considered particularly
challenging. Product turnover occurs at various aggregation levels. Frequent product turnover is observed
in commodity-level scanner data. Various fresh foods, such as fruit, exhibit marked seasonal tendencies.
Sometimes, we observe the disappearance of commodities at category levels, as in the case of foreign trips
during the COVID-19 pandemic. When we compare price levels across countries, we often encounter
differences in product sets. In some countries, beef or pork is not consumed, while in other countries,
such meats are quite popular. When commodity sets differ between two time periods, or across countries
or regions, the current standard method used to construct the cost-of-living index, a price index number
based on economic theory, is the method proposed by Feenstra (1994). While the Feenstra index that
accounts for various effects has been widely used, two problems remain. First, the Feenstra index is
subject to chain drifts, which makes it difficult to compare price levels between two remote periods. The
second problem is that the index cannot be defined when the elasticity of substitution is less than or
equal to unity, which makes the index inapplicable for aggregation at the category level. In this paper,
we propose a cost-of-living index when product turnover occurs, which is free from chain drift, and
that can be applied when the elasticity of substitution is small. Our proposed cost-of-living index can
also be applied when preferences vary over time or across regions. The recently proposed Redding and
Weinstein’s (2020) unified cost-of-living index can handle product turnover and preference heterogeneity,
but their index is subject to chain drift because product turnover is assumed to occur purely due to
supply shocks. In contrast to Redding and Weinstein’s index, which assumes cardinal utility, our index
is based on ordinal utility. The assumption of ordinal utility enables us to consider product turnover
caused not only by supply shocks but also by demand shocks. We will show that when the product
turnover is caused by demand shocks, the cost-of-living index is free from chain drift. Our index can also
be applied to price data at different levels of aggregation: ranging from commodity-level scanner data to

international price comparisons above the elementary level. We also provide a procedure to decompose
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price changes due to demand and supply shocks. Our index exhibits notable differences from various
indexes when applied to weekly scanner data. For example, in the case of ice cream for which there are
strong seasonal trends in purchasing patterns and varieties, our index goes up during the summer, which
makes the “real expenditures” on ice cream much smoother than the nominal expenditures, or other real
expenditures obtained using the Fisher’s index, Feenstra’s index, and the CUPI (CES-Unified Index) by
Redding and Weinstein (2020) as deflators. Furthermore, the CUPI and Feenstra’s index show a strongly
negative drift, while our index is transitive and exhibits little drift. Other applications of our index to

national-level data as well as international price comparisons data are also provided.

1 Introduction

Thanks to widespread usage of transaction data via scanner and many "new” data sources through internet,
aggregation of quantities or prices has become an increasingly important topic in economic measurement and
analysis. The usual approach to obtain an aggregate quantity is through the real expeuditure or consumption.
More specifically, when aggregating several quantities, we deflate the total nominal expenditures over the
basket of goods and services using the consumer price index (CPI). The resulting real consumption can be
regarded as a single commodity. The index number theory implies that as long as the CPI is equivalent with
the cost of living index (COLI), the real consumption equals the utility level, which makes real consumption
an appropriate aggregate. When the product set remains constant over time or regions, that is, if the variety
of commodities are identical over the time or regions, superlative indexes such as Fisher, Tornqvist, and
Walsh are known to provide a good approximation for the COLI. However, when product set changes over
time or regions, the superlative index is not an appropriate measure of the cost of living. In other words,
the real consumption obtained using a superlative index as deflator is no longer the utility level.
Differences in commodity sets appear at different levels of aggregation, from high frequency scanner data
on transaction prices to international price comparisons at category level data. Scanner data of daily or
weekly transactions often show frequent product turnover. Figure 1 shows the number of new ice creams,
as well as their sales share, introduced to Japanese market after the first week of January, 2017. Figure 2
illustrates the seasonal pattern of the amount of sales and the degree of product variety. As is clear from
the figures, during summer, the product variety tends to increase while in winter, the number of products
tends to decrease. According to Figure 1, within 6 years, only 30-40 % of the commodities survive. In other
products such as potato chips, the ratio becomes greater than 90 % . This implies that the direct price index
that compares prices between 2022 and 2017, reflects just a part of the actual movements in prices. Even
at a country level, during the lock down period caused by COVID19-Pandemic, we observe disappearance
of some product categories, such as international tour packages, and admission tickets to professional sport
games, in monthly data. Another example of the category level difference is beef and pork in international
comparisons. The consumption data of beef and pork do not exist in many Middle and Near East, and

South Asian countries while such items are popular in other Asian countries. Another example of product
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Figure 1: Sales Share and Number of New Items (Ice Cream)

turnover comes from seasonal products such as fresh fruits.

If preferences do not vary over time or if preferences are identical across regions, the standard method
to deal with different commodity sets is to impute reservation prices proposed by Diewert and Fox (2022).
Diewert and Fox (2022) argued that when imputing prices for disappearing products, we should use reser-
vation prices at which demands for missing products become zero. A problem in using reservation price
is that if the marginal utility does not reach zero at any finite level of prices, the reservation prices goes
infinity. However, in a path-breaking paper, Feenstra (1994) has shown that as long as the utility function
is the constant elasticity of substitution (CES), and the elasticity of substitution is greater than unity, the
aggregate price index with infinite prices becomes the Sato-Vartia index with the variety effects. Because
the variety effect index by Feenstra (1994) is easy to understand and build, the Feenstra index has become
the standard COLI when product turnover occurs. ! However, Feenstra (1994) index has several limitations.
First, it is subject to chain drift, which makes it difficult to compare price levels between two remote periods.
Figure 3 shows the chain drift associated with the Jevons and Feenstra indices applied to Japanese ice cream
data.? Note that the Jevons index is transitive if the product variety is constant over time. This implies that
the discrepancies between the direct and chained Jevons indexes are caused by the changes in the product
variety of ice cream. The second problem is that the Feenstra (1994) index cannot be defined when the
elasticity of substitution is less than or equal to unity. These issues makes the Feenstra index inapplicable
for aggregation at the category level. That is, we cannot analyze the effects of the disappearance of product
categories using the Feenstra index. The Feestra’s variety effect index is the only cost of living index in the

literature that can account for changes in the commodity sets. In conclusion, currently, there is no good

1See Hottman et al. (2016) and Redding and Weinstein (2020) for recent applications.
2The detail of the figure and data is discussed in Section7
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Figure 2: Sales and the Number of Different Commodities (Ice Cream)

method to evaluate changes in cost of living in the presence of changing commodity sets .

In this paper, we propose a cost-of-living index that can be easily applied when product turnover occurs,
which is free from chain drift, and that can be applied to category level aggregation whose elasticity of
substitution is less than unity. Our proposed cost-of-living index can also be applied when preferences vary
over time or across regions. The main idea behind our proposed method is as follows. When people’s
taste/preference for a commodity becomes zero, the demand for the product also becomes zero, which leads
to disappearance of the product. This mechanism is suitable when conducting international comparisons
where preferences vary across countries. This index can also be applied to seasonal products such as ice
cream whose demand in winter is smaller than during summer. A complexity we face when making a cost of
living index with heterogeneous preferences is that we need to compare expenditure functions under different
utility functions. In other words, we need to conduct interpersonal comparisons of ordinal utilities. While
we can compare whether a person is happier or less happier than other at a given quantity vector, the result
critically depends on the selection of the reference quantity vector. In this paper, we show that just two
popular axioms that are widely used in index number theory enables us to characterize the reference quantity
vector uniquely.

How does our proposed index compare with the Redding and Weinstein (2020) unified cost-of-living
index? While their index can handle product turnover and preference heterogeneity, their index is subject
to chain drift. Further, the Redding and Weinstein (2020)’s index assumes cardinal utility. In contrast our
index is based on ordinal utility. The assumption of ordinal utility enables us to consider product turnover
caused not only by supply shocks but also by demand shocks. We show that when product turnover is caused

by demand shocks, the cost-of-living index is free from chain drift. We will also show that our index can be
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Figure 3: Chain Drift of Feenstra’s Index

applied to price data at different levels of aggregation: from high frequency commodity-level scanner data
to international comparisons. Another contribution of the paper is that it provides a method to decompose
price changes due to demand and supply shocks. Our proposed index exhibits notable differences from
various indexes when applied to weekly scanner data. For example, in the case of ice cream for which there
are strong seasonal trends in purchasing patterns and varieties, our index goes up during the summer, which
makes the “real expenditures” on ice cream that are smoother than the observed nominal expenditures, or
real expenditures obtained using the Fisher index, Feenstra index, and the CUPI (CES-Unified Index) by
Redding and Weinstein (2020) as delfators. Furthermore, the CUPI and Feenstra index show a strongly
negative drift, whereas our index is transitive with little drift. The paper presents empirical results based
on the application of our approach to national-level data and cross-country data used for international price

and real expenditure comparisons.

2 Product Turnover and The Impossibility of Making a Transitive
Bilateral Price Index

In this section, we briefly demonstrate the difficulty of constructing a price index when product turnover
occurs. The classical work by Funke et al. (1977) shows that any bilateral index with basic properties

such as monotonicity and identity, cannot be transitive unless the index is a Cobb-Douglas function of price



relatives. When the product set changes over time, even if we relax the requirements for the price index
such that it does not need to pass the identity or monotonicity tests, we cannot construct a bilateral price
index that is transitive. The impossibility is easy to show as follows.

Consider three time periods, s,t, and k and the case where the commodity sets vary over time. Let Qg
denote the set of commodities that exist both at time s and ¢, while €2, is the set of all the commodities that

exist at time s. Thus, we have

Qstt == Qst

We assume

QsttﬂQk#¢7

that is, at least one commodity exists in all three periods.

We also assume that a commodity, say i, exists in {24, but not in Q4 nor Q4. In other words, commodity
i exists only at times s and ¢, but not at k. Let p;' be the price vector of goods that exist in both time ¢
and s at time k.

Suppose the price index between time s and ¢, P (s,t), depends only on prices and quantities of common

goods, 4, only. Thus, the price index can be written as:

P(s,t) = P (5,0t a2t ") @

We also assume that if the price of a commodity in Qg changes, the price index also changes. More

precisely, we have

P (pd.pitalt at) # P (00 6l 0r") ?
where
Pi* = (D1 Pl PRt o i o Pt 1) Y
p:St = (piftvpgft’ ) -p;‘;tv "7p(1g\§875’t> (4)
pf,tt # pﬁt (5)

Proposition 1 P (s,t) in equation (1) is not transitive. That is, for any P (s,t), we can find price and

quantity vectors such that the following inequality holds,

P (pdpi",ast ai") x P (ol 0ifs o, aff) # P (028, i a2 ai) (6)

Proof.



Suppose the following equality holds for all quantity and price vectors,

P (pdpi",ast ai") > P (o, 0ff o, af) = P (02", 2", 2" i) (7)

then , change the price of commodity i that exists only at time s and ¢. By assumption, P (pst, p5t, ¢5t, ¢i?)
will have a different value while the other price index numbers, P (pi*, pi¥, qi*, ¢i¥) and P (ps*, pi*, 5%, ¢3¥)
remain unchanged, which contradicts (7) and hence transitivity. m

The above proposition implies that when commodity sets vary over time, a standard bilateral price or
quantity index cannot be transitive; and therefore, is subject to chain drift. To obtain a transitive index
free from chain drift, the domain of the price index between s and ¢, should not be Q. A practical method
to obtain a transitive index is to use the GEKS (Gini- Eltet6 - Koves -Szulc).3 If there are M periods, the

GEKS is defined as follows,
M

PGERS — ] (Ph < PE)™ (®)
=1

where Plf is the Fisher index between time [ and ¢t while M is the number of time periods in the data set.*
Although GEKS has been widely used in the International Comparison Program (ICP) at the World Bank®
and national statistical offices in some countries such as Australia and Italy, it is also known that GEKS is
not generally the cost of living index.® Although the Fisher index is a superlaitve index, its GEKS is not a
superlative index. The lack of an economic model behind GEKS implies that the real expenditure obtained

by it does not have an economic interpretation.

3 Cost of Living Index with Product Turnover: The Reservation

Price Approach

The cost of living index (COLI) is defined as the ratio of two expenditure functions at two periods given same
preferences in both periods. When product sets change over time, the definition of “the same preferences”
becomes ambiguous. Suppose the product set at time ¢ is given by ;. Feenstra (1994) and Balk (1999)
propose the following COLI

_ E(,U ()
COLLED = 5 (0. U ()

where U (§2;) is the utility level given the commodity set at time t. Recently, Diewert and Fox (2022)

9)

introduced the following COLI,

3See Diewert (2013) for a description of the method and its properties.

4 Another method to obtain a transitive index is to use Dutot’s index whose domain is the union of Q4 and Q4.
5See Rao (2013) for a description of the framework for ICP.

6See Neary (2004) for detail.



E(p1,U ()

COLI_DF = —-21 22
E (po, U (Q))

(10)

where Q = Qy U Qy, p; is the price vector for the commodity in the set 2. When some products disappear
at time 1 so that we have Oy # g, some prices are not observable. Diewert and Fox (2022) advocate the
use of reservation prices at which the demand for the commodity that does not exist at time 1 becomes
zero. For example, when a commodity disappears at time 0 , in (10), the price of the disappeared good
becomes very high, which increases the COLI_DF. Under the same circumstances, the COLI by (9) also
increases due to smaller variety. These two COLIs are generally different. For example, suppose that U ()
is a Cobb-Douglas function. Also suppose that at time 1, one of the commodities disappears. Then, (10)
becomes zero regardless of the other prices at time 1 while (9) takes a finite value. Therefore, the utility
functions generally gives us different cost of living index numbers. However, we can show that when we have
the CES utility function with the elasticity of substitution that is greater than unity, the two COLIs are

always identical.

3.1 Disappearance of Products

In this subsection, we consider the implications of the disappearance of commodities for the cost of living
index. We assume that the utility function is of the class of constant elasticity of substitution (CES) as

follows;

Ui = (Z (‘Pi%‘t)ual> 7 ; (11)

i=1
where o > 0 is the elasticity of substitution. ¢; is the quantity of commodity ¢ at time ¢,p; > 0 is a
parameter that affects the marginal utility of commodity .

The cost of living index for the CES preference is given by

From the demand function, we can derive the following relationships

1—0o
Dit
i = 13
it (%—Pt) (13)

n-(E())

where w;; is the expenditure share of commodity ¢ at time t. p;; is the commodity price; and P; is the unit




expenditure function.

Suppose there are two goods, N = 2, and two time periods, 0 and 1. In addition, suppose that commodity
2 becomes unavailable at time 1 while the price of the first commodity is unchanged. In the reservation price
approach, this disappearance is equivalent for the consumer with the case in which the price of the second
commodity becomes extremely high. Because the demand function for commodity i does not have a finite
upper limit, we assume that the reservation price of the second commodity is infinite: ps; = oo, while

P10 = p11 < 0o. As long as the elasticity of substitution, o, is strictly greater than unity, we obtain

l1—0 1—0o

P1170 = lim p11) + (]?21) )

Pp21—00 ©®1 ©2

—0
_ (PH>

¥1

The price of the first commodity is the same in both periods. Thus, the price index for the continuing

(15)

goods is unity. The cost of the living index becomes

P o
Py l—o 1o\ To5
()" (=)
1

- 1 (16)

Using the following relationships,

l1-0
Pio .
Wip = fort=1,2, 17
0 (%Po) a7
we can obtain,

1—0o l1—0o 1—0o

(8011720> _ < P20 ) y (501130) _ Wao (18)
D10 P2 w2 Py P10 w1

Therefore, the cost of living index becomes a simple function of the expenditure share of continuing goods

at time O;

P 1

= wly? (19)



It is easy to show that the last term is equivalent to the variety effects term in Feenstra (1994). The

lambda ratio in Feenstra (1994) is;

A1 1
Al - 20
Ao wio (20)

Thus, the variety effects term in Feenstra (1994) is given by,

A\ Ve L
()" o -
0

which is identical to that of COLI (19). Note that the above calculation critically relies on the assumption
that the elasticity of substitution, o, is strictly greater than unity. If the elasticity is equal to unity, the
COLI becomes infinite when the product disappears.

3.2 Product Entry

Product entry is the reverse of the previous case of product disappearance. Suppose that a new product
appears at time 1, whereas at time 0, there is only one commodity. This case is equivalent to the case in
which the price of the new commodity is infinite before entrance. Thus, if the elasticity of substitution is

greater than unity, the unit expenditure function at time 0 is given by

P1o
=|— 22
(%01 ) (22)
The COLI can be written as

Py (pn)l_g <p21>1_a 7 puo
ol pi 42 29 23
Py ( ©1 V2 ®1 (23)

Using the demand function, and assuming p;p = p11, we can show that

1
Pl (leSOl)l—U 1—0o
— 1+

Py P11p2

o—1

= Wy (24)

Note that the lambda ratio by Feenstra (1994) is given by,
A\ VD o
()\0> =wyy (25)

10



Therefore, the COLI becomes that proposed in Feenstra (1994),

i _ ﬁ 1/(o—1) (26)
B Ao

3.3 General Case

Suppose the commodity sets vary between time 0 and 1. We denote the various sets in time 0 and 1 as
follows,

Q= Qo UQy, Qo1 = Qo N, Q5 = 01\ Qo1, 5 = 0\ Qo1
The utility function is defined over the entire set, ). At time each time, only the subset of the commodities
are available. The cost of living index is defined as the ratio of the two expenditure functions, E (p,U), as

corr==% (27)

where p; € Rff)

is the price vector at time t that includes unobservable prices at time ¢. U () is the utility
level at which the expenditure function is evaluated.

Under the CES preference structure, the expenditure function at time 1 can be written as

E(p.U(@)=U () (Z (%) ) (28)

jeq \ P
Now, suppose that the unobservable prices at time 1 are set at the reservation level. Under the CES

preference structure, the reservation price is positive infinite. This, if o is greater than unity, we can rewrite

(28) as

Thus, the COLI becomes

(29)

where p; is the price of commodities that exist at time ¢t. Note that from the first order condition, for all

1€Q,t=0,1, we get

11



-0
(p”> S T (30)

Pi
where E (pt,1) = P, (31)

Then, as Balk (1999) shows, we can multiply both numerator and denominator of (29) by a part of the

numerator, 7

S
=

l1—0o lia' P l—0o » 1—0 -0
il il
) Siea (2) Sican ()

i
Zieﬂl (QD{, i
» -0 - P l1-0o » -0
i0 il 10
ZiEQo ( @i ) ZiGQ()l ( @i ) Zieﬂg ( ©i )

Then, using (30), we can rewrite the above equation as

1—0o 1—0o 1ig
Pi1 Di1
Siea (2) Sican (2)
» l1—0o » 1—0o
i1 10
Siean (2)  Liea, (22)

1—0o -0
o—1, . o—1, .. Pit
21691 P1 Wit Ziéﬂol PO Wio (107‘,0)
o—1 o—1
ZieQm Py wi Zieﬂo Py~ wio

» 1-0o lio
. Pit
ZiEQm Wio (pig >

Zieﬂm Wil

Then, define the expenditure share in the common commodity set, g1, as follows;

Wl — Pi1gi1 Wl — DPioqio
= = Wy =
! Ziegm Pi1gi1 ! Ziegm Piodio
Also, define A\; as follows,
Ziegm Pi1gi1 Zieﬂol DPiodio
A= LA =

0=
Ziegl Di1gi1 Ziegl DPiogio

Then, it is easy to show that

"Balk (1999) does not assume o > 1 because he defines (29) as the COLL

12



» l1—0o -0
. it
EiGQUl wio (Pio )

COLI =
ZiEQOI Wi

» 1—0o s
C it
Eieszgl Aowip (pm)
C
A1 Zieﬂm Wiy

() (z) )

1€Q01

This is the product of the Lambda ratio by Feenstra (1994) and the Lloyd-Moulton index that is exact
for the CES preference. If we replace the Lloyd-Moulton index by the Sato-Vartia index that is also exact

for the CES preference, we can obtain the Feenstra index.

4 Product Turnover Caused by Demand Shocks

Movements of prices and quantities in real economic data often reflect not only supply shocks but also
demand shocks. When preferences are homothetic, demand shocks can be captured by changes in the taste
parameters, ¢.

When comparing two price vectors using expenditure functions under heterogeneous preferences, we need
to compare the levels of the two utility functions. There are two options for computing the cost of a living
index under preference heterogeneity. The first is cardinal COLI by Redding and Weinstein (2020), and the
second is ordinal COLI developed first by Balk (1989).

4.1 Cardinal Utility Approach: Redding and Weinstein

In an influential study, Redding and Weinstein (2020) propose the following cost of living index when

preferences vary over time:
E; (ptv U =U )

LIC (s,t)= =22t — 2/
co (S, ) Es (psaUs = U)

(34)

The utility functions, U; and U, have different parameters. Therefore, by setting Uy = U = Us, we
assume that utility is cardinal. When the preferences are CES, the COLI by Redding and Weinstein (2020)
(hereafter RW) is defined as:

13



COLIC (s,t)

(35)

where Ny, (k = s,t)is the number of commodities in 2. The COLI® (s,t) is not homogeneous of degree

zero with respect to the taste parameters,p;; and ¢;s. In order to identify the COLI, or to determine the

index number uniquely, we need to impose an exogenous normalization condition for the taste parameters.

RW assume the following normalization condition for common goods, N¢*¢

1
NCw Z Inp;s = Iny for all s.

1€QCst
From the first order condition, we obtain

Iny;; =Inp; —In P, — In w;;

b
(1-0)

Using the normalization condition (36),

1 1 1
m Z lnwit:—lnPt—l—m Z <1npit—MIHWit> :hlgD

1E€EQCst 1€Qeost

Therefore, the COLI can be written as

InP; —1In P,

1 1 1 1

1€QC st 1€QCst

Using
c

Wi = Wie X At

we obtain the following RW’s index,
we obtain the following RW’s index,

14
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(38)



InP, —1In Py

1 1
= <o > ((mpy—Inpi) = —— (nwy — nwy,
Ncst Z,EQC‘“ <( np t np ) (1 _ 0_) ( nw t nw ))

1 1 Cor ., B # B
= NCw Z <(lnp2t —Inpis) — i-0) (lnwit Inw;g )) 1= (In Ay —InA)

1€QCst

= In CCV + Lambda Effects

where CCV (CES Common Variety) is the price index by RW for common goods. There are several
notable characteristics of RW. While RW introduce demand shocks for common goods, product entry and
exit are assumed to be solely caused by supply shocks. Second, we cannot compute the RW index when the
elasticity of substitution is unity, even if there is no product entry or exit. Third, by taking the geometric
mean of the common goods in the normalization condition, (36), the information of the prices of not common
goods are ignored. However high or low the prices are, such information are discarded in RW’s index.
Finally, the index depends on the selection of the normalization condition, (36). RW take the average over
the common goods. Alternatively, we can take the average over the smaller subset of common goods, which
gives us a different index number but one that is the COLI for the CES preferences.

What happens if the taste parameter ¢;; becomes zero at time ¢7 Specifically, we assume that people are
prevented from buying commodity ¢ at any prices. To simplify the situation, suppose product i is the only
disappearing good. No new goods exist at time ¢. The demand for commodity ¢ at time s is positive, so that
w;s > 0. Because product ¢ is not in the common set, 2¢4, the information of the price of commodity ¢ is

not considered in CUPIL. Then, we have A\; = 1 while Ay < 1. Therefore, COLI by RW becomes becomes:

InP, — In Py
! 1 Clat Cat 1
- N 2 ((lnp“_lnp“)_u—a) (nw — )) Aoy A (39)
1€QCst
1 1 X 1 . 1 1 Cst 1 Cat 40
> WZ (Inpi — npzs)—m nwS* —Inw (40)
1€QC0st
=InCCV (1)

Therefore, there is a negative variety effect. In other words, even if nobody wants to purchase commodity
i in period t, the COLI increases because of the disappearance of the commodity. This contradiction occurs
because RW assume that supply shocks cuase product entry and exit. Next, consider a case wherein the
taste parameter, @;;, becomes very small but remains positive. Then, the commodity’s expenditure share

becomes very small. Clearly, there were no variety effects. The problem here is that as ¢;; approaches
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zero, In wg goes to minus infinity. When it reaches zero, CCV cannot be defined. In other words, there is
discontinuity in the CCV at ¢;; = 0. Note that such discontinuity does not occur in the following definition

of the COLI as long as ¢ > 1.

1
1—0o T—
ZJ_Vt Dpit 7
=1\ pit
1—0o :
ZNt Pis
=1\ pis

Finally, the index by RW or Feenstra (1994) is not generally transitive. As Abe and Rao (2020) show,

COLI® (s,t) = (42)

as long as all commodities are common goods, the price index is transitive and not subject to chain drifts.
However, when there are entries or (and) exits of commodities, the normalization condition, (36), becomes

specific to the combination of times, s and ¢, which subjects the CCV and RW indexes to chain drifts.

4.2 Ordinal Utility

The cardinal COLI approach proposed by Redding and Weinstein (2020) can be expressed in a more general

form as follows,

B <& P2t PNt 1) <x U
w1t P2t T oNt?
COLI (s,t,U) .C = :
Pis P2s PNs
E (@15’ @25’"'4,91\15’1) xU
C (1& b2 pm)
w1t P2t T ONE
- D1 b2 pbN (43)
C(‘Pli’ Sazz""@zvi;)

When deriving (43) , we select the following quantity vectors, ¢; and gs with which the following equation
holds:
U (¢1:q165 P2t G2t - oNtqNt) = U (915155 925255 - PNsGNs) (44)

A monotonic transformation of the utility function changes the values of the COLI because the levels of the
two utility functions are equated. In this sense, cardinal COLI is not invariant to monotonic transformations
of the utility functions.

The other COLI with heterogeneous preferences is called ordinal COLI, originally proposed by Balk
(1989). The ordinal COLI is defined as,
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E (”— Do Zf\’,ﬁ,l) x U (1¢q15, P2tq2f, - ONtgNf)

COLI (s,,U) _ : ,
I <¢ S~ Z%Z,l) X U (p15q1f: P2592f, - PNsANF)
C (L ba %) X U (@11, P2:q2f, - PNtANf)

(45)

e (%, %%) X U (@151, p2592f 5 - PNsAN )

where ¢; = (q1f,¢2y,---,gnf) is an exogenous reference quantity vector. In (45), we compare the utility
levels that are indifferent to the exogenous quantity vector. Because this COLI is invariable to the monotonic
transformation of utility functions, (45) is called ordinal COLI.

When utility function is CES, the ordinal COLI can be written as

W () )T Ne () )T
COLI(0.0.0) 5 (ZH(%) ) 1 X(EM (pitgiy) ) | "

N, \ 1o\ =7 N, =1\ 51
(2 (2) < (52 (o))

From (46), we can observe several notable characteristics of the ordinal COLI. First, if the product variety

S
=

in the comparison period, the numerator of (46) is greater than that of the base periods, the denominator
of (46), given the price levels, the COLI tends to be greater. This is in sharp contrast to the variety effects
of Feenstra (1994), in which the COLI becomes smaller as the product variety increases. This contrast
is due to the difference in the mechanisms behind the product turnover. According to Feenstra (1994),
product turnover occurs because of supply shocks. When a product disappears, in Feenstra’s model, the
disappearance of a product is equivalent to a huge increase in the price, which increases COLI. In contrast,
in ordinal COLI, a product disappears because we do not obtain utility from the product. In ordinal COLI,
we evaluate the unit cost function at a utility level that is indifferent from the reference vector. Suppose
that at time ¢, the number of non-zero elements of ¢;; becomes greater than that in time s. Then, the utility
level at time ¢ that is indifferent from the reference vector tends to be greater than the utility level at time
s. For example, consider an example of ice cream. Suppose that during summer, people obtain utilities from
various ice creams whereas in winter, people obtain little utility from ice cream. Thus, in summer, to obtain
a utility level that is indifferent from that in winter from ice creams, we need to purchase many more ice
creams.

A potential problem in ordinal COLI is that we need to specify all the taste parameters to consturct the
COLL Balk (1989) points out that the actual calculation of ordinal COLI would be very difficult. However,
as far as we use the CES utility function, the following proposition shows that we do not need to estimate the
parameters, ¢;;, when obtaining ordinal COLI. We can easily compute the COLI from prices, expenditure

shares, and the exogenous reference vector as long as we know the value of the elasticity of substitution, o.

Proposition 2 When o # 1, the ordinal COLI can be written as
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N paeai) T (wi)7) T
COLI (s,t,U) B — (Zizl Pudir) 7 () ) . (47)

(25\21 (pisqif)% (wis)é) -

where w;; 18 the expenditure share of commodity i at time t.

Proof. See the Mathematical Appendix. =

Note that when the elasticity of substitution, o, goes to (positive) infinity, we obtain

SN (piegiy) (wit);>071
lim COLI (s,t,U)_B = h_>m - =
o—00 (e oo ]\fé o—1 1 o—1

(Zl 1 pzsqu 7 (wis) 7 )

ZL:1 (Pitgir) (48)
21:51 (pzs Chf)

.;

which is the standard fixed basket price index. It is worth noting that when the elasticity of substitution,

o, goes to infinity (positive), the RW index becomes Jevons index over the common goods as follows;

1 1 Cst Clt 1
Uhﬁngo N Z <(1npit —Inp;s) — m (ln wg™ — Inw, )) — m (In Xy —In )
1€QCst
= Z (Inpy — Inpgs) . (49)
1€Qcst

Another notable difference between the cardinal COLI by RW and our ordinal COLI becomes clear when
elasticity approaches unity. While the RW index as well as the variety effects index by Feenstra (1994)
cannot be defined when the elasticity is unity, the ordinal COLI becomes the Cobb-Douglas index as follows;

(Zjvzfl (pitqif)aT_l (w”)%) =

lim COLI (s,1,U) B = lim - —
(Zizsl (Pisqif) ° (wis)">
Ny Ny
(wi) ™ ] (pivain)™
== x o= : (50)
(wis)_wis H (pisqif)wis
i=1 i=1

The first part of (50) is identical to the price index proposed by Lewbel (1989).% The ordinal COLI has

several desirable characteristics. First, we do not need to assume constant elasticity across different times

8Lewbel (1989) derives the price index where the preferences are heterogeneous across regions. See page 314-315 in Lewbel
(1989).
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or regions. The elasticity, o, can be heterogeneous across economic states. We can show that ordinal COLI

is transitive, commensurable, and linearly homogeneous with respect to comparison prices.

4.3 Product Turnover in the Ordinal COLI

In (47), there are no Lambda effects or any other specific terms to capture product entry and exit. It is
noteworthy that in (47), the denominator and numerator take the summation of different commodity sets.
That is, ordinal COLI can be defined over different sets quite simply. More precisely, when the quantity of

commodity ¢ becomes zero, as long as o > 0, we have

o
Jim w1

That is, the COLI of (47), includes the effects of product entry and exit caused by demand shocks. A
product disappears when its taste parameters become zero. Unlike the index by Feenstra (1994) or RW, we
do not discard the price information of commodities that are not in the set of common goods.

Another notable characteristic of ordinal COLI, (47), is that when the number of products increases at
time ¢, the numerator has more factors when taking the summations, which leads to greater COLI in general.
This is the opposite of the variety effect in Feenstra’s COLI, (33) which decreases when variety increases.
For example, during summer, as indicated in Figure 2, the nominal expenditure for ice cream was greater
than that in winter. When deflated by Feenstra’s COLI, the real expenditure exhibits greater seasonality,
whereas deflated by the ordinal COLI, the seasonality becomes smaller. This sharp contrast arises because
of the differences in the mechanism of seasonality. According to Feenstra (1994) and Redding and Weinstein
(2020), seasonality in product variety is caused by supply shocks. In other words, consumers prefer a greater
variety in winter. However, owing to exogenous supply shocks, consumers cannot enjoy a greater variety of
ice creams during winter. In ordinal COLI, seasonality occurs because consumers change their the marginal
utility from that of ice cream. During winter, consumers do not enjoy much utility from ice cream, as in

summer, thus decreasing variety.

5 The Reference Vector

The reference vector plays a critical role in ordinal COLI, (47) because it enables us to compare the minimum
expenditures between two different preferences. In the literature on social choices and welfare economics, the
use of references to make inter personal comparisons has long been proposed and discussed.’ A potentially

serious problem in the reference vector is that the order of the utility levels might depend on the choice of

9See Fleuebaey (2009) and Bosmans et al. (2018), for example.

19



the reference vector. That is, when denoting the utility at the reference vector g y under the preferences
s and t by U (qr,s) and U (¢y,t), U(qs,s) < U(qy,t) for some g5 and U (¢ s,s) > U (g ,t) for some gy,
While there is no solid economic theory that justifies a particular reference vector for the ordinal COLI, we
can show a few popular axioms in index number theory characterize a unique reference vector. Before going
into details of the characterization, let us examine how different reference vectors lead to different index
numbers.

To simplify the discussion, let us consider the case with constant variety. That is, we assume that the

number of commodities is always /N over time. Suppose we set ¢ = ¢s.Then, the index becomes

Yoict (Pieqis) 7 (wir) .
PI (s, t;q5) = —— ifo#1 (52)

Ei]\il (piSQis)oTl (wis)%) .
N
(wit)_wit X H (pith‘s)w”
== = if o =1. (53)

>7wis

q
|
A
9=
N———
q
|
-

/N

== 7

T
<
Il

X

.

~
Il
—

)wis

—

(wiS (piSQis

i=1

If o goes to oo, the index becomes the Laspeyres index,

N itYis
>l .

If we set g¢ = g+, the index becomes the Paasche index when elasticity is infinite,

PI (s,t;qf) =

Tisi (pudin) (55)

N .
Zi:l (piSQit)

If we adopt the arithmetic mean of quantities at s and ¢, we obtain the Marshall-Edgeworth Index when

PI(s,t;qf) =

o = 00,

N is+qi
Zi:lpit(q 42-11 t)

N istqit)
Z i (gis+qit)

=1 1718 2

PI (s,t;q5) = (56)

Finally, when using the geometric mean of the quantities, we obtain the Walsh index when o = oo,

N
PI (8, t: Qf) _ 53\71 Pit+/4isqit . (57)
i=1 Pis\/qisqit

5.1 Characterization of the Reference Vector

Suppose we consider the following functional form for q]sct when comparing time s and ¢,
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af = (a45%, 5%, - aiy)
SRY, 5 Riy
qffc =m (g1, iz, -, Ging) fori=1,..,N
ms' (a,a,...,a) =a forany a € Ry, fori=1,..,N
where M is the number of regions or times where ¢;; is the quantity of commodity 4 at time (location) k.
Note that the domain of the reference function, m;’, is not restricted to the two comparing states, s and ¢
as in the Laspeyres or Walsh indexes, but the domain contains all the economic states.

We denote ¢; = (q1i, ¢i2, --, @inr ) - Then, the price index from states s to ¢ can be written as,

L (SR et @) )
PI(s,t;qf): . p— = ifo#£1 (58)
(S pismit (0:) 7 (i)
N N
H (wi) ™" x T ] (i3 (ai)) ™"

B -N ifo=1 (59)
(wis) ™™ X H (pisms® (gi))"™

—

1

@
Il
-

3

Similarly, the price index from states ¢ to s is given by

™
L
2
Q
\
L
Q=
N———
Q
|
L

1(pzs (ql)) i (wi8>

PI (t,s;4%) = — ———ifo #1 (60)
(S (et (@)% (wa)?)”
N N
I (wio) ™™ = [T ismt= (@)™
== = if o = 1. (61)
H wip) X H (piem?® (g:))""*
i=1 i=1

We denote the quantity vector in which ¢;s and ¢;; are exchanged as q; st = (i1 -, Qisy o> Qity -, Gid )-

Then, by construction, the following equation must hold for all i = 1,2,..., N and s,t =1,2,..., M,

mi* (qi) = mi* (gist) - (62)

Now, let us introduce the following three axioms, which have played major roles in index number theory

since Fisher (1922):
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Definition 3 Symmetric function: A function m; : Rfﬂ — R4 is symmetric if it is invariant to changes

in order of the variables, that is, for any s # t,we have
M (Qits - Qiss -+os Qits - Gidr) = M (Qi1y -5 ity s Qis -5 Gidd) (63)
Definition 4 State Reversal: for any s,t, ps, ps,qs,and q¢, we obtain
PI (s,t;q}t) x PI (t,s;q}s) =1 (64)
Definition 5 Transitivity: PI1 (8, t; q}t> is transitive if for any s,t, k, we always have

PI (s,t;q5") x PI (t,k;q}) = PI (s,k;q") (65)

The above axioms impose a useful structure on the reference vector, m$*.Note that if both prices and

quantities at s,t are identical, we get

(S ioain) ™ (win)?)™
PI (s,s;qf) = — = 1. (66)

o—1

(Zfil (pisqif)T (wls)i) -1

That is, PI (s, t; qjct) passes (weak) identity test. Therefore, if PI (s, t; q}"}t) is transitive, PI (s, t; q}t) passes

the state reversal test.

Proposition 6 Suppose PI (s,t; qjct) is transitive. Then, for all s,t =1,2,..., M, we have

ms* (qi) = mi (¢:) (67)
and

m; (¢i) = mi (¢ist) - (68)
That is, all the reference vectors have identical symmetric functional forms across economic states.

Proof. For the proof, see Mathematical Appendix. m
If the price index, PI (s,t;qstf) , is transitive, the above proposition shows that, for any s, ¢, the reference

vector must take the following form:

q = (m1(q1) . m2 (q2),-.,mn (qn)) for all s.t. (69)

where ¢; = (¢i1, G2, .-, Ginms) -

That is, the domain of the price index, Pl (s,t;q‘;t> , 18 ps, Pty s, q, and the quantities in all states.

Thus, the index becomes multilateral. To be transitive, the reference vector needs to be common across all
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the comparisons. Thus, we can drop the upper script, st, from q;”ct. We denote the index as

PI (s,t;qr) = PI (ps,pt,q) (70)

where q= (Q17 »(IN) .

Before going into the main proposition, let us introduce the following Lemma,;

Lemma 7 Let ¢ = (q11,921-,9n1) 92 = (q12,G22-..,qN2) € R]-i\-" Suppose for all A > 0and q1,qo, the

following equation holds:
mi1 (Aq11,921,--) mMa (Aq12,q22...)

= . 71
m1 (q11, go1,---) ma (q12-q22,--) (7)
Then, there exists a function, f (\), that satisfies
m1 (A1, @21,-) _ ma2 (AMuz, gaa.-) OV (72)
my (Q117QQ1,---) ma (qlz-Q22,~)
Proof. Set (q11,¢21...,qn1) = (1,1...,1) ,then, for any g» € RY, the following equation holds:
mq ()\, 1) _ mo ()\qlg, q22’..) (73)
miq (17 1) mo (q12.q227..) '
Similarly, set (q12, ¢22-.., gn2) = (1, 1...,1) .Then, for any ¢; € Rf, the following equation holds:
mi (/\Q117Q21,~-) _ mao ()\71a1a") (74)
my (qi1,q21,-+-) ms (1.1..)
Because for any ¢i,¢2 € RY, (74) must hold, we obtain
m1 (A1, ga1,-) _ ma (Aqi2, g22.-)
mi (Q117QQ1,---) ma2 (C]12-Q22,-~)
_ mi ()\, 1..)
omy (1,1..)
meo ()\, ]., ].7 )
=1 75
meo (1.1..) ( )
We define
mi ()\, 1..)
A)= ———"7——. 76
UG mq (1,1...) (76)
Then, we get
m1 (A1, g21,-) _ ma2 (Mg, goa.-) FOV (77)

mi ((J11,CI21,~-~) ma (Q12~(I22,~~)

Following axiom is the last that enables us to characterize the reference vector.
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Definition 8 Invariant to proportional changes of a state
Suppose in a state, j, all the quantities are multiplied by A > 0, that is, the new quantity vector for state

7 becomes,

Ejj :A(Q1j7q2j7"'7QNj)7 (78)

a: (qla"'an—laaj7Qj+1a"7QM)7 (79)

then, PI (ps,pt,q) is unchanged, that is,

PI (psaptaQ) =PI (p57pt7® (80)

This axiom is regarded as one of the most important in international price comparisons. Without this
property, the price index is significantly affected by the prices and quantities of large countries. We can also
interpret the axiom as a requirement, so that the price index should not be affected by the total consumption
or per capita consumption of a country is used. For temporal comparisons, the axiom implies that common
seasonal fluctuations in quantities do not affect the price index.?

The following proposition shows the characterization of the reference vector for the ordinal COLI.

Proposition 9 Suppose m; is an increasing function of gim,or m; is a continuous function. If PI (ps,pt,q)
is invariant to proportional changes of any one state and passes the transitivity test, m; should have the

following functional form,
M

m; = H (qim)l/M. (81)

m=1

Proof. For the proof, see the Mathematical Appendix. m

Proposition 9 enables us to uniquely determine the reference vector. In general, choosing the reference
vector for evaluating the utility level across different individuals is a very difficult task. It is possible
to characterize the reference vector because our purpose of conducting inter personal comparisons is to
compare the minimum expenditures across individuals. Because the minimum expenditure is cardinal, we
have a strong restriction on the comparisons, which makes a sharp contrast to the more general objectives
such as welfare comparison among people. Note that if we restrict the domain of the reference vector to the
quantities at states s and ¢, and drop the transitivity axiom, we obtain the Walsh Index when the elasticity
of substitution is infinite, which is known to be a superlative index by Diewert (1976). That is, the ordinal
COLI, (47), contain not only the Laspeyres, and the Paasche indexes, but also a superlative index such as

the Walsh index as its special case.

10See Diewert (2001, p.207) for the discussion.
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5.2 Reference Vector with Product Turnover

When there are product turnovers, or differences in the commodity sets between two different states, the
quantities of the product that go out of the market, or that do not exist in the country are zero. Suppose
there are M states or times. If one of the states or times contains zero quantity, the geometric formula of
the reference vector, (81), becomes zero even if all other states report a very large quantity. This implies
that we lose much information about the commodity that has zero quantity in one of the states. To mitigate
this problem, we must approximate (81). Therefore, we do not need to discard much information. Among
the many possible approximations, our preferred method is to use a function known as a generalized mean
of order r, as follows:
LM 1/z;
m; = (M Z (%%)) ) (82)
m=1

where

LM
P = Iim (qim = 0) . 83
= 57 2 T i =0 (59)

Ly is an indicator function that takes unity when quantity ¢ at state m is zero. z; is the ratio of
observations of quantities that are zero. Then, as z; approaches zero, (82) will converge to (81), that is, we

get

| M 1/zi M
) B B 1M
Jim, (M z_l@m)) = I (@)™

5.3 Both Demand and Supply Shocks

When a product appears or disappears because of changes in the taste parameters, the ordinal COLI can
automatically handle such turnover. However, if product turnover is caused by supply shocks, as in Feenstra
(1994) or RW, we need to devise the COLI. Suppose that the preferences are fixed. In such cases, product
turnover occurs purely because of changes in supply. Suppose p;; increases. If all other variables and param-

eters are unchanged, this will increase the quality (taste) adjusted price, p;;/ @;:- Given the taste parameters,

Pit

it

l1—0o
an increase in price will increase the COLI. If p;; increases to infinity, as long as o > 1, ( ) will converge

to zero. That is,

) l1—0o ) l1—0o
lim (“) — lim (pt> - 0.
Pit—00 \ Yyt wit—=0 \ Vit

Now, consider the following ordinal COLI,
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Ne (e 1")“1” Ne (g )T
COLI (5,t,U) B = (= (W)l ==  (E5 o7 . (s4)
(Ziv—l (%) _0) o (Zf\il (Soisqif)a;1>m

The increase in the price of good j affects the first part of the R.H.S as follows,

1

1
—=4 . l1—0o 1o\ T2\ "7
o\ 1o\ T-e J=1 ( p; N Di
. <Z¢_1 (%) ) <Zi—1 (Soitt) + <Zi—j+1 (wi) ) >
s 1o\ TR N /o \l-o\ e
(= (2)7) (=X (2)7)

On the other hand, the second part of the R.H.S. becomes,

g led

lim (vazl (%tq”)%l> o _ (Zf\; (%tqif)T) o

o—1

Pjt—r00 N g—1\ -1 N -1\ o—1
" <Zi:1 (Pistif) © ) (22:1 (Pisdif) © )

N o=1\ 721 i=1 g=1 N g=1\ o—1
(Zi:l (pitqir) = ) (Zle (pitqir) = + 2241 (Pitdif) ° )

lim =
o—1

@;it—0 N og=1\ -1 N 5T
! (Zi=1 (@is(h'f) 7 ) (Zi=1 (‘Pis%'f) 7 )

Therefore, when we have a missing product caused by the supply factor, COLI becomes:

1

j—1 (ﬂ)1_0+ ZN (p“)l—o ﬁ - o—1\ 327
=1\ AR (ZZIL (Pitqiy) 7 )07

>
COLI(s,t,U)BS:< — — - (86)
(22 (2)) (X ™)

If the disappearance is caused by the demand factor, the COLI becomes

COLI (s,t,U) _BD

1

1

. l1—0o 1o\ T=7 \ ' °°
i1 (M) + ( N (p”) > i—1 o—1 N o1\ 757
<Zz=1 wit Zz:ﬁ_l wit (Z‘Z:l (pirqir) +Zi:j+1 (pirgir) )

= X
o—1

(B (2)7) b (S (o))

(87)

The only difference between the two COLIs is in the utility levels of the reference quantity vector. To
obtain COLI (s,t,U) _BS, we need to know the value of ¢;; even if we do not have information on prices at
time ¢. To estimate COLI (s,t,U) _BD, (47) can be used. In other words, (47) automatically includes the

effects of product turnovers caused by preference changes.
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Obviously, we obtain

COLI (s,,U) _BS
— COLI (s,t,U) _BD x (ZL (%qﬁ)gol):l " (Zﬁvzl (pistis) ~ )ﬁ

(Eij\il (%Sqif)%l) o (Ei;l (pitqir) = + Zij\;jJrl (‘Pit%’f)g‘:l ) o
(Zijil (%‘tqif)%l o

o—1

i—1 N =1\ o—1
(X2 i)™ + 240 (paain) ™)

o—1 o—1

=COLI (s,t,U)_-BD x

Ied

A possible way to obtain ¢;; is to assume @;; = ;5. If commodity is available at time s, we can easily
obtain ;5. The main steps are as follows. First, we find a commodity with positive quantities for both
s and t. If there are several commodities that take positive values for all sample periods, we choose the
product whose expenditure share is the largest. We denote such a commodity as commodity 1 and set

p1¢ = pis = 1. Then, from the first-order condition, we have

_1
_ <pzs> (wzs> ot
Spis — .
Pis Wis

When we take the natural logarithms of both sides, we get

1
In ;s =In (pis) — In (p1s) + ] (Inw;s — Inwyg) . (88)

Then, set

Inp;s = In ;.

Then, compute

N o—1\ o—1
(Zi:l (pitaif) © )
o—1 o—1

=1 =1 N =
(23:1 (pitqif) © +Zi:j+1 (pitqif) ° )

Finally, we obtain

COLI (s,1,U) -BS = <Zf\;1 (pitqif)a%l (wit)%> tl X (Z{f_ll(@it%f)aal)m

N a—1 1\ o—1 i—1 N o—1
(Z Gisae) ™™ i) )™ (SE (eaain) ™ + X000 (pugin) ™)

This is the COLI when product turnover occurs because of the supply factor.
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Generally, if there are multiple disappearing commodities, we can use

o—1

(Zielt (Pitgiy) = (wit)g) T

o—1 o1\ 521
(Zie[s (witqif) )
X

COLI (s,t,U) .BS =

a—1 1\ 721
(Zz’ezs (Pisqif) (wis)”>

a—1 ﬁ
(Sier, (uain) ™)

When a new product, commodity N + 1, appears at time ¢ the opposite procedure can be conducted. If

the newly appearing product is indexed as N + 1,we need to estimate ¢x15.Using the same definition for

commodity 1, we can obtain ¢;; from the following first order condition,

PN+1t = (
D1t Wit

Take the natural logarithms of both sides, we get

pN+1t) (wN+1t

1
Iyt =In(pn+1) — In(pre) + p—] (Inwni1e —Inwie).

Then, by setting

Inpnt1s =Inpniae,

we obtain ;.

The COLI is

1
N pic 1—0 1—0o
=1\ it Z
X

N+1
i=1

fed

o=1\ -1
(tpz‘tfhf) 7 )

(Z
COLI (s,t,U) _BS =

(s () ) (=

If there are multiple appearing goods, COLI_BS becomes
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N+1
i=1

o

o—1\ 5—=1
(sﬁisqif) 7 )
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COLI (s,t,U) _BS (90)
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If there are both multiple appearing and disappearing products, we can obtain
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where I, is the set of commodities whose quantities are positive at time k.

Note that
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corresponds with the Lambda ratio in Feenstra (1994). This captures the hypothetical impacts of product

entry and exit on the utility levels. In this paper, we employ a CES utility function with variable preferences,
whereas Fenestra (1994) assumes that preference parameters are fixed over time. Moreover, Feenstra (1994)
uses the Sato-Vartia index as the COLI, which can be justified when the observed data are consistent with
the consumer’s optimization behavior. In this study, we assume a variable preference model in which we can
always regard the observed data to be consistent with consumer’s optimization behavior. (94) is different
from the CUPI in RW in that we adopt the ordinal utilities while the CUPI relies on the cardinal utility, and,
therefore on the selection of the normalization of the parameters. Unfortunately, index number formula (94)
is not transitive. Violation of transitivity occurs because of the imputation of the missing taste parameters. A

possible way to maintain transitivity is to infer the taste parameters from all time periods. More specifically,
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using commodity 1 as the benchmark such that ¢, = 1 for all ¢, we can obtain ¢y1¢ from the following

first order condition:

1
w o—1
ONt1r = PN 1t N+1t . (96)
D1t w1t

We pool the above equations from all time periods, 0 < ¢ < M when the product is not missing. Then,

taking the natural logarithms of both sides and the simple arithmetic mean, we obtain

1 1
Inpnyir = ) Z {ln (pN41s) —In(p1s) + p— (Inwnt1s —Inw,)| . (97)

# (TC se€Tc

The index with the above imputed taste parameters should be transitive.

6 Identification of Demand and Supply Shocks

Usually, it is very difficult to identify whether supply or demand factors cause product turnover. A simple
and practical method when there is no information on the extent of demand and supply shock is to take the

geometric mean of the COLI (s,t,U) _BS and COLI (s,t,U) _BD, that is,

o—1 P o _ a 1/2

(Ziat ) © wit)%) G X (Ziels (wisqi'f)%l) B X (Ziels (%‘tqz'f)%l) B
(Ziefs (pisql'f)c%1 (wis)é) - (Zielt (%‘sqif)T) o (Zielt (%tqif)%l) -

(98)

o—1

This index is easy to construct without complex nonlinear estimation. But it is based on a strong
assumption that demand and supply shocks are the same. In the absence of such information, in this
section, we show how to estimate the degree of demand and supply shocks.

First, rewrite the first- order condition (88) as follows,

(Inp;y —Inp;s) — (In P, —In Py) + In (wir — Inw;s) = In e — In ;. (99)

_
(0—=1)
b

Alnpit:AlnPt—( 0
o —

Alnw; + Aln gy (100)

where Alnz;; = Inx;y — Inx;s. Alng;; can be interpreted as the demand shock between times s and ¢ in

commodity 4. Following Feenstra (1994), we can also use the following simple supply function,

Alng; =wAlnp; +Cy+ Alndy,w >0 (101)

while C} is the category specific time effects that affect the supply of quantities. C;+A In d;; can be interpreted
as the supply shocks between times s and ¢. By employing the estimation strategy of Feenstra(1994) or other
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related papers such as Hottman et al. (2016), we can estimate o and w.

In practice, we estimate ¢ and w by applying nonlinear GMM using the following three moment conditions,

1
Nem 2 Fia (AAIg + oAAnpy) =0,
) 1€Cs¢
1
W Z Zit (AA In qit — wAA lnpit) = O7
1€Cst
1
e Y (AAIng + oAA ) (AAIn gy — wAAInpy) =0,

where,

AAlng; = Alngy; — Alngyy,
AAlnp; = Alnpy — Alngyy,

and 0 > 0 and w > 0. For the instrumental variable z;;, we use the AAInp;, o . The reference item for
calculating the relative price change and relative quantity change was the product with the largest sales
share among the products that were continuously sold during the entire period. Estimation results based on
this method were ¢ = 8.64 and w = 14.98.

Once we obtain the two consistent estimates of the elasticities, by putting the observed information into
(100) and (101), it is possible to obtain Alng;; and Cy + Alnd;;, which are demand and supply shocks for
product i between time periods (or locations) s and ¢. Next, we aggregate the commodity level demand and
supply shocks to create category level shocks. Although there are several ways to aggregate the shocks, we
prefer Tornqvist Index. Other formulas such as the Sato-Vartia, or Fisher do not create much differences.
We do not use our ordinal COLI because the COLI assumes that all the shocks are caused by demand side.
One potential problem in the above procedure is that we need to take the time (locations) differences to
obtain the shocks. That is, we must drop the information of the product entry and exit when estimating the
demand and supply shocks. Therefore, we need to assume that the demand and supply shocks that create
product entry and exit are closely correlated with the demand and supply shocks observed in the continuing

goods.

7 Empirical Examples

7.1 Weekly Scanner Data

Weekly scanner data on processed food and daily necessities are being increasingly used as official data in
many countries. While scanner data contain very rich information about transactions, they are also known

to exhibit a high level of product turnover. In this study, we use Japanese store-level weekly scanner data,
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Figure 4: Ordinal COLI and Other Indexes

known as the SRI, collected by INTAGE Inc. Sales records in the dataset cover sales of processed foods,
daily necessities, cosmetics, and drugs that have a commodity code known as the Japanese Article Number
(JAN). In particular, we selected ice cream and snacks for this study

Figure 4 shows our ordinal COLI as well as the Feenstra index and the CUPI by Redding and Weinstein.
For Feenstra index and CUPI, we show direct as well as chained indices. We show only direct Ordinal COLI
because Ordinal COLI is transitive. Figure 4 indicates that both Feenstra’s index and the CUPI proposed
by Redding and Weinstein (2020) exhibit serious chain drifts. Second, ordinal COLI is subject to strong
seasonality. During summer, ordinal COLI tends to increase, reflecting an increase in product varieties.
These seasonal movements create the general movement of the “real expenditure,” the nominal expenditure
deflated by the price index, which is stable.

Figures 5 and 7?7 show differences in the real expenditures cased by the chain and direct price indexes,
respectively. As is clear from the figures, the real ice cream expenditure deflated by the ordinal COLI exhibits
smaller seasonal movements compared to nominal expenditure or real expenditures using other price index

series as deflators.

7.2 Monthly Official CPI: Fruits

The official Japanese consumer price index (CPI) is constructed from the Familiy Expenditure Survey (FES)
and the elementary level CPI. In this study, we use the official statistics of monthly expenditure of Japanese

families by the FES and monthly item-level prices for each prefecture in Japan.
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Figure 7 shows the direct price index of orange while Figure 8 shows differences between the Direct and
the Chain index (Direct Index - Chain Index). Because oranges occasionally become unavailable, the Jevons

Index is not transitive. As in the ice cream, the ordinal COLI exhibits greater seasonality than other indices.

Figure 9 shows the differences in real expenditure in oranges with various index numbers. Although the
differences are not large, the real expenditures obtained by ordinal COLI exhibit smaller volatility than other
real expenditures. In the price survey we used, the change in variety comes from prefecture-level differences
in the availability of oranges. That is, the variety effects from various “different” oranges such as organic
orange; orange imported from abroad is not reflected in the figure, which mitiates the degree of the chain
drift to a great extent. However, we can still observe the effects of product turnover on volatility in real

expenditure

7.3 International Comparisons Program (ICP) data for PPP

The final empirical application of our index is an application to the purchasing power parity (PPP). The
International Comparison Program (ICP) of the World Bank compiles price levels in different countries on a
global scale. The ICP used the GEKS index number formula, which is a transitive index build using bilateral
Fisher Indexes. Table 1 presents PPPs of currencies computed using different index number formulae.
Because the ICP makes use of data at the category level in its computation of PPPs, the elasticity of
substitution, such as the substitution between fruits and educational services, is supposed to be small.
However, when the elasticity of substitution is smaller than unity, neither Feenstra’s index nor the CUPI
are not well-defined. As is clear from Table 1, CUPI and Feenstra’s index exhibit very different values from

the GEKS based on the Fisher index used in PPP computation in the the ICP . Compared to CUPI and
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Table 1: Purchasing Power Parties Based on ICP 2017

Country Ordinal | Ordinal | Feenstra | CUPI Ordinal | Fisher | GEKS Geary
COLI COLI (1.1) (1.1) COLI Fisher | Khamis
(0.9) (1.1) (1)
Cameroon 266.52 263.79 238.32 73.04 265.11 239.77 | 240.91 213.56
Kenya 40.64 39.62 40.84 246.39 | 40.01 42.32 43.18 39.10
China 5.26 13 8.13 83.03 5.20 4.03 4.21 4.02
Myanmar 329.48 333.29 516.23 0.09 331.48 400.22 | 397.09 | 361.53
Australia 1.70 1.72 1.60 6.68 1.71 1.51 1.51 1.48
Switzerland 1.22 1.24 0.99 4.13 1.23 1.27 1.33 1.27
Germany 0.91 0.89 0.65 16.18 0.90 0.80 0.80 0.78
United Kingdom 0.93 0.92 0.76 2.53 0.92 0.82 0.77 0.76
Japan 145.93 138.79 96.25 18.29 141.95 108.75 | 118.18 111.66
New Zealand 2.12 2.03 1.67 38.74 2.07 1.61 1.57 1.53
United States 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
Peru 2.75 2.57 1.93 10.27 2.65 1.85 1.95 1.88
Saudi Arabia 2.44 2.40 2.26 6.71 2.42 1.65 1.71 1.54
Sudan (WAS) 6.26 6.08 6.42 1.50 6.17 5.33 5.48 5.23
Note:

The numbers in parentheses are the elasticity of substitution. The values are normalized so that the PPP for the
United States is unity.

Feenstra’s indices, ordinal COLI is much closer to GEKS. In some countries such as Japan, China, and Saudi
Arabia, the discrepancies between GEKS and the Ordinal COLI are relatively greater, while differences in
Germany and the United Kingdom are relatively small. We suspect that the differences are related to the

degree of heterogeneity in preferences.

8 Conclusion

In this paper we have presented a framework for measuring changes in prices and real expenditures in
the presence of product turnover, a phenomenon observed in frequency scanner data as well as data at
higher levels of aggregation. The current approach to deal with differing commodity sets and the variety
effects is the cost of living index proposed by Feenstra(1994) with costant elasticity substitution preferences.
We show that the Feenstra index exhibits significant chain drift which in turn makes it difficult to make
comparisons between two remote periods. Further, the Feenstra index can be defined only when the elsasticity
of substitution is less than or equal to unity, which makes the index in application for aggregation at
category or higher levels with substitution elasticities less than unity. We also discuss the recently proposed
unified cost-of-living index proposed by Redding and Weinstein (2020) as a possible way of handling product
turnover. The Redding and Wenstein approach uses hetrogeneous preferences and under the assunption of
cardinal utility which is somewhat restrictive. Further, it is shown that their index is also subject to chain
drift because product turn over, as in Feenstra (1994), is assumed to be purely due to supply shocks.

In our new approach, we replace cardinal utility approach of Redding and Weinstein with ordinal utility,
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and also allow the possibility for product turn over to be a result of supply as well as demand shocks.
Based on Balk (1989), we advocate the use of reference quantity approach to multilateral price comparisons
under heterogeneous preferences. Our approach does not require any normalization procedure similar to that
necessary in the Redding and Wenstein (2020) approach. This approach is equally applicable at different
levels of aggregation and can be applied even when elasticity of substitution is less than or equal to 1. In
order to implement our approach, it is necessary to identify a suitable reference quantity vector for measuring
the cost of living index under heterogenour preferenes. Using three standard axioms of index number theory,
we characterise the reference vector which is subsequently used in all the ampirical applications. The paper
has also developed a procedure to decompose the effects of demand and supply shocks on the cost of living
index. Further, our index can also be applied to price data at different levels of aggregation: ranging from
commodity-level scanner data to international price comparisons above the elementary level. In the empirical
section, we have shown that our index has superior performance when applied to weekly scanner data. For
example, in the case of ice cream for which there are strong seasonal trends in purchasing patterns and
varieties, our index goes up during the summer, which makes the “real expenditures” on ice cream much
smoother than the nominal expenditures, or other real expenditures deflated by Fisher’s index, Feenstra’s
index, and the CUPI (CES-Unified Index) by Redding and Weinstein (2020). Furthermore, the CUPI and
Feenstra’s index show a strongly negative drift, while our index is transitive. In the empirical section we have
also demonstrated the applicability of our approach to national-level data as well as international comparison
data are also presented. The results presented clearly show that our approach eliminates the strong negative
drift associated with the Feenstra (1994) and the Redding and Weinstein (2020) indexes when applied to
scanner data and that it leads to more meaningful price and real expenditure comparisons when applied to

data from the International Comparison Program.
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A Mathematical Appendix

A.1 Proof for Proposition 2

Proof. If o # 1, we obtain
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where w;; is an expenditure share of commodity ¢ at state t. One of the first-order conditions for consumers’

1
i Wit \ 771
it = (p t) (t> P©1t- (A~2)
D1t w1t

Because COLI (s,t,U) _B is the homogeneous of degree zero with respect to w;; (i = 1,2,..IV;) , we can set

utility maximization is as follows;

1t = 1 without it affecting COLI (s,t,U) _B. Substituting ¢1; = 1 to the first-order condition gives us
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A tedious calculation leads us to

We can also obtain the following relationships easily,
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Therefore, the numerator of the COLI (s,t,U) _B can be written as
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A smilar calculation for the denominator gives us the following expression,

(Zi\; (pitqif)j'l (w“);) 6;1 ) (A.10)

COLI (5,t,U) B = —
(SX ioain) ™ (win)?)™

Q=

A.2 Proof for Proposition 6

Proof. Assume o # 1. Then, by state reversal,
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Using m?* (q:) = mi* (g;_st) , we get
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Therefore, we obtain
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Suppose we have

Then, there exists X # 1 such that,
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However, by choosing p,,it is possible to make
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This is a contradiction. Therefore, the following equation must always hold.

mft (Ql) = mft (qi—st) .

41

(A.13)

(A.14)

(A.15)

(A.16)

(A.17)



Because the index is transitive, we get

= PI(s,k;q%) " (A.18)

That is, we get

)T (wik);' (A.19)

Because the last line of the above equation does not depend on the prices in state ¢, the second line does

not depend on the price vectors in state ¢, either. In other words, the following terms are used:

o—1
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Q=

does not depend on p;;. This is possible only when we get
mst (q;) = mi* (¢;) for alli=1,2,..,N, and s,t,k =1,2,..., M.

Thus, the mean function, m;, must take an identical value across all possible combinations of states, s, t.

Thus, we obtain the following equations.

mi* () = m* (q:) = mi (a:) .-
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Assume o = 1, then, from the sate reversal test, we must have
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=
=
=

(wis)_wmS X (pismft (Qi))WiS H wzt T X
1 7 =1

T
Il
-
.
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-

=1

Note that we can erase the price and share vectors, which leads to

Using m!® (¢;) = m$t (qi_st)

() ~IGHS)

Assume for some 7, we have

m* (a5) # mi" (qist) -

Then, by choosing w;; and w;s appropriately, it is possible to have

fl ()" AT )

which is a contradiction. Therefore, for all ¢ =1,2,.., N, and s,t = 1,2, ..., M,we must obtain

m;* (qi) = mi" (qist) -
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By transitivity, we have

PI (s, t;q5) x PI (t,k; qf)
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We can erase the price and share variables, which leads to the following simple relation,

(mi" (@) ]I

P

(pismi* (¢:))

X

“r T )

—

@
Il
—

N

(mi* (q:))
N

(mi* (g:))

i (@)™ [

N . :
T e (@)

Wis

(A.24)

(A.25)

Because the R.H.S. of the above equation does not depend on w;;, the L.H.S. does not depend on w;;,

either. Thus, we must get

Therefore,

Set g; = 1. Then, we get

Therefore, we obtain

mft (@) = mgk (¢i) = mq ()
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A.3 Proof for Proposition 9

Proof. The price index between the two states, s, t, is,

(Zfil (Pt (qins Qi -y C]z‘M))UTi1 (wit)%> o
PI(ps,pt,q) = — e ifo #1 (A.31)
(vazl (Pismi (it iz oo Ging)) 7 (wis)7 )
N N
H (wig) ™ x H (piemi (i1, Gizs s Gine )™
== = if o =1. (A.32)
H (wis) ™ x| | (0is (g0, Gizs s @inag)) "
i=1 i=1

Suppose o = 1. Let us change the quantities in state 1 by A. Then, by the invariance to proportional

changes in a state, we obtain

N N
(piemi (g1 Giz, -+ Gine))"" H (Piem: (Agit, )"
izflv =5 (A.33)
I vis (@irsaiz oo qana)™ T (pisins (Aga, )™
i=1 i=1

We can simplify the above to

—
—

(m (gi1, )" (mi (Mg, )"

i=1 i=1

N = N . (A34)
[T 0mi(gin, )™ T (ms (Agan, )™

i=1 i=1

Arranging the above,

N N

H (mi (Agi, )" H (mi (Mg, .-))"™

= ==l . (A.35)

(m (i1, --.))"" (mi (i, ...)""

—.

&
Il
-
Il
_

=

Because the R.H.S does not depend on w;;,while the L.H.S. does not depend on w;s, (A.35) does not

depend on w;;. Therefore, we should be able to find a function L such that
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s
I
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m; A i1y - Wit
s (.- Li (Agiy, --)

= ; A.36
N wi, Lt (%‘1» ) ( )
H (mi (girs )"
i=1
N
[T (ms O™ )
i=1 s (AGi1, -
= . A.37
N w. LS (q“,...) ( )
H (mi (gi, )"
i=1
Thus, we can apply Lemma 7 to get a function f () such that
N N
H (mi (Agin, .-))"" H (mi (g, )"
i=1 =1 _
N - N =f() (A.38)
[T 0mi(gan, )™ T Oma (@i, )™
i=1 i=1
Take the natural logarithms,
N N
Z Wit (lnmi ()\qih ) — ln m; (%‘17 )) = Z Wis (lnm, ()\C]ﬂ, ) — lnmi (%‘17 ))
=1 i=1
=Inf(N). (A.39)
Using the fact that
N
Zwit = 17
i=1
we can obtain
N N
Zw“ (Inm; (A1, ..) —Inm; (gin,...) —In f (X)) = Zwis (Inm; (A1, ..) — Inm; (gin,...) = In f (X))
i=1 i=1
=0 (A.40)
Because the above is an identity with respect to w;; an w;s, we get
Inm; (Mg, ..) — lnm; (¢i1,...) —In f (X)) = 0.
That is,
m; (A, ) = f(A) mi (g1, ) (A.41)
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Next, suppose o # 1. Again, let us change the quantities in state 1 by A. Then, the invariant property
implies that:

o—1 1 o—1 1
S (pami (g, ) 7 (wi)™ S (pumi (Mg, ) 7 (wir) (A.42)
o—1 1 o—1 1 :
Zij\il (pismi (gi1,---)) = (wis)” Zz:l (pismi (A, --)) = (wis)®
Arranging the above,
o—=1 1 N o—1 1
Soisy (piems (Agin )):1 (wn): _ iz (Pismi (Agan, "))ai (wis);‘ (A.43)

SN (Pismi (i, ) 7 (wis)

Because the R.H.S. does not depend on p;;, while the L.H.S. does not depend on p;s, there must exist a
function, g (A, o) such that

o—1

Zij\; (pirmi (Agit, ))f _ Zivzl (pisTi (Agi, ))FT1 (N o), (A.44)

2?21 (pirmi (i1, ~~))Tl Z£i1 (Pisi (%‘1,~~-))T

which leads to the following equation,

N N I
Z pztml )\qd; . )) 7 Z pltmz qu ) 7 . (A45)
i=1 i=1

Arranging the above,

szt ( m; (Agi1, ))6771 — g\ 0) (m; (g, ))6771) =0. (A.46)

Because the above is an identity with respect to p;;, we must obtain

o=1 =1
Take the power to the —Z5 , and arrange the above function,
m; ()\qﬂ, ) _o
——— =g\ o) T. A48
oy P g (X 0) (A.48)

Because the L.H.S. does not depend on o, g (), a)ﬁ does not depend on o, either. Therefore, we define
F) =g o)7. (A.49)

Then, we get
mi (Agit, ) = f(A) mi (gi-..) , (A.50)
which is identical to (A.41).

From Theorem 1 in Luce (1964), p.281, if the functions m; and f are increasing functions, the general
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solution of the functional equation is given by

M
mi (qit, @2, @i3y 5 s Qia) = H (qim)"" - (A.51)

m=1
From Proposition 5, we get

Therefore, for all i, we obtain

(qim) "™ . (A.52)

M=

m; (qilv qi2,4i3; »%M) =

m=1

B Data Appendix

B.1 Weekly Scanner Data

We use weekly Japanese store-level scanner data, known as SRI+, collected by INTAGE Inc. The data set
includes sales records of processed foods, daily necessities, cosmetics, and drugs with a Japanese Article
Number (JAN) code. The data set covers about 3,000 stores, located all over Japan.

The price indexes and cost-of-living indexes were computed using data for the category of ice cream sold
in supermarkets for the week of January 8, 2017 through the week of September 11, 2022. The stores from
which data were collected were limited to the 960 stores where ice cream sales were recorded for all weeks
of the relevant period. The number of ice cream brands recorded for the relevant period is 4843. When the
same brand is sold in different stores, the number of items is 827,919 if they are considered to be different

products.

B.2 Monthly Official Statistics

In Section 7.2, two publicly available official statistics, (1) the Retail Price Survey (hereafter, RPS), and
(2) the Family Income and Expenditure Survey (hereafter, FIES), were used to estimate the price index for
oranges. We begin with an overview of these official statistics, followed by a description of how the data set
for oranges was created.

The Consumer Price Index in Japan is estimated by collecting price information from RPS and expen-
diture information from FIES used as weights . The former is a survey of stores and the latter is a survey
of households; both are monthly surveys. As shown below, the two surveys are closely related. First, both
surveys are conducted by the Statistics Bureau of the Ministry of Internal Affairs and Communications

(hereafter, Statistics Bureau of Japan), and the target municipalities were selected using the same sampling
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method. Specifically, of the 1,718 municipalities in Japan, 168 are selected by both statistics. Second, the

selection of survey items in RPS is based on information from FIES. In other words, whether an item reaches

at least 1/10,000th of the total expenditure in FIES is a criterion for its selection as a survey item in RPS.

A summary of each survey is as follows.

1)

Retail Price Survey (RPS):
How to conduct the survey

The investigator goes to the target store and asks for the price of the product designated as the basic
brand. Price information is entered into a tablet terminal by the investigator and transmitted to the

Statistics Bureau of Japan.
How to select stores for survey

The number of stores surveyed is approximately 28,000 throughout Japan. The survey stores are

representative stores with high sales volume in the survey area, and the selection method is not random.
Period of the survey

The survey is conducted on one Wednesday, Thursday or Friday of the week that includes the 12th of
each month. However, some fresh products are surveyed a total of three times: early (week including

the 5th), mid (week including the 12th), and late (week including the 22nd).
Items covered in the survey

The number of items surveyed is approximately 500, although it varies from month to month. The
prices to be published are those for commodities designated as basic brand, with no quality adjustments

implemented. Note that unit prices are published for fresh products.
Data availability

Monthly and item-specific price information is published for 81 cities. Incidentally, quality-adjusted
price indexes by item are published only for the nation and for the Tokyo metropolitan area. There-
fore, in order to obtain quality-adjusted price information on a prefectural basis, econometrician must

conduct their own quality adjustment from RPS, which is a very difficult task.
Family Income and Expenditure Survey (FIES):

How to conduct the survey

Households respond to the following questions: (a) demographics of household members; (b) income for
the past year; and (c) diary-based household income and expenditures. The diaries here are specially
prepared by Statistics Bureau of Japan, and surveyors visit the surveyed households to provide detailed
instructions on how to fill out the form. With these survey methods, it is assumed that the information

on expenditures obtained from FIES is considerably more accurate than the recall method.

How to select households for survey
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Surveyed households are selected using a stratified three-stage sampling method (municipality - unit
district - household). As mentioned above, the municipalities selected in the first stage are the same

as those covered by RPS.
The total number of households with two or more persons is approximately 8,000.
Period of the survey

As a rule, a household is surveyed continuously for six months. However, the survey period for single-

person households is three months. Every month, one-sixth of the households are replaced.
Items covered in the survey

There are no pre-defined items. This is due to the fact that the item column of the survey form is
an open-ended field, as households spend on a wide variety of goods and services. In addition, by not

pre-setting the survey items, it will be possible to collect information on new products.
Data availability

Although there are no pre-defined items, the Statistics Bureau of Japan tabulates entries in diary into
broad categories or item units, and publishes information on expenditures by approximately 500 items.
Information on expenditures by month and by item is published only for households of two or more

persons in 50 cities, including prefectural capitals.

How to merge RPS and FIES:

In this paper, we compiled monthly panel data by 47 prefectural capitals and by item from the above
two surveys. However, the two surveys have different item codes, and furthermore, the item contents
are not exactly the same. Therefore, when the researcher independently matches the two surveys, it
is necessary to split or combine the items. The method of dividing and combining items is partially
published by Statistics Bureau of Japan at the following website (however, the PDF file is written in

Japanese).

Statistics Bureau of Japan (2022) “Division and integration of the FIES items to the CPI items,”
2020-Base Explanation of the Consumer Price Index, IV 6.

URL: https://www.stat.go.jp/data/cpi/2020/kaisetsu/pdf/4-6.pdf

Reasons for choosing the item ”oranges”

We chose fresh fruit as our estimation target because of its seasonality and lack of need for quality ad-
justment. Among fresh fruits, we reported price indexes for oranges that meet the following conditions.
The first condition is that the price data exist in January 2018, the base date. The second condition is
that price information is available in at least one of the 47 prefectures for each month. Also, because
the two surveys are combined, there are cases where price information exists even when there is zero
spending, or where there is positive spending but the price information is missing. In this paper, data

with zero expenditures or missing price information were removed.
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5) Estimated results for o:

When estimating the elasticity of substitution (o) based on the monthly panel data by item for 47
prefectures, we use Feenstra’s (1994) method. The results are shown in the following appendix table.
Note that the four items listed in the table are those that satisfy the two conditions described in (4)

above.

Table Al: Estimation Results for o

Item Estimated o
Oranges 9.06
Apples 8.87
Bananas 2.30
Kiwi fruits 6.94

B.3 Data from the International Comparison Program (ICP) 2017 for Cross-
country Comparisons of Price Levels and Real Expenditures

We use data from the ICP covering 177 countries of the world. Details of the methods used in the compilation

of data and the subsequent compilation of PPPs and real expenditures at the regional and global level can

be found in the 2017 ICP reports from the World Bank (2020). In this paper, we focus on data for household

consumption which consists of 109 basic headings.
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