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1. Introduction

The coexistence of a mildly deflationary economy despite monetary expansion and
near-zero rates of interest despite growing public debts—as experienced by the Japanese
economy in the past quarter—is quite difficult to reconcile with the implications from
standard monetary models. For example, the above combination of zero interest rates
and mild deflations is quite different from the same combination that emerges under
Friedman’s rule (Friedman 1969). In the latter economy, called Ricardian by Woodford
(1995) in the sense that both Ricardian equivalence (Barro 1974) and the quantity theory
of money (QTM) (Friedman 1956) hold tightly, the price level declines with monetary
contraction, and the cost of retiring money stock is financed by tax revenues. Accordingly,
neither the money stock nor the public bonds grow in nominal terms. As Buiter and
Sibert (2007) prove, a deflationary economy with monetary expansion is indeed ruled out
in standard monetary models.3

On the other hand, the price theory alternative to the QTM, the fiscal theory of the
price level (FTPL) with a non-Ricardian fiscal rule, which is proposed by Woodford (1994)
and others,4 may not provide convincing explanations for the above deflationary
phenomenon either. In Japan, the price level has been mildly deflationary since the
primary budget balance started to decline in the early 1990s. Given the standard
implications from the FTPL, however, deteriorating fiscal surpluses should yield not
deflationary, but inflationary pressures. In addition, the FTPL usually works as an
equilibrium selection device to restore uniqueness in a continuum of equilibria with

speculative hyperinflations,5 not in a deflationary economy.6

3 Benhabib et al. (2001) show that the adoption of Taylor’s interest rate feedback rules
may result in a steady state with near-zero interest rates and mild deflations in the
presence of liquidity traps, but their steady state case with a constant real money
balance involves a deflationary state with monetary contraction rather than monetary
expansion.

4 Others include Leeper (1991), Sims (1994), Cochrane (2001), and Bassetto (2002).

5 Brock (1975), Obstfeld and Rogoff (1983, 1986, 2017), and others point out that
speculative hyperinflations may not be ruled out in standard monetary models. Obstfeld
and Rogoff propose a partial backing to the currency as a way to rule out speculative
hyperinflations.

6 McCallum (2001) opposes the FTPL partly because depending on the sequence of fiscal
surpluses, the FTPL happens to pick up a particular initial price from the deflationary
economy, which is not supported as a legitimate equilibrium. On the other hand, Buiter



In this paper, the non-Ricardian regime with the FTPL does not continue forever,
but rather probabilistically switches back into the FKicardian regime with the QTM,
which is regarded as an absorbing state. That is, the non- Ricardian regime is considered
a temporary, or at most a persistent, deviation from the Ricardian regime. In either
regime, the money supply is expansionary. Given such an economic environment, the
role that is played potentially by the FTPL is completely reversed. While the FTPL
usually helps to restore uniqueness in a continuum of hyperinflationary equilibria, this
setup with a switching possibility from the FTPL to the QTM instead helps to create a
continuum of deflationary equilibria.

As a consequence of the above setup, the economy experiences a large, one-off
increase in the price level at the point of switching from the deflationary non-Ricardian
economy to the inflationary Ricardian economy with the QTM. Such a possibility of a big
price jump at switching yields two interesting phenomena in a situation where the
economy remains non-Ricardian. Firstly, a mild deflationary pressure is created to
balance a big price jump despite monetary expansion. Secondly, the public bonds are
gradually appreciated in a real term before they are heavily devalued at switching.

In the deflationary non-Ricardian regime, the real valuation of the public bonds
exceeds the present value of future fiscal surpluses. Such an unbacked component in the
government’s intertemporal budget constraint (GIBC), however, burst because of a heavy
devaluation triggered by a big price jump at switching,” and the remaining public bonds
are repaid over time by tax revenues in a Ricardian manner. In other words, a
government is able to operate a Ponzi scheme only in the presence of the unbacked
components during the deflationary non-Ricardian regime.

One thing to be emphasized is that the terminal condition associated with the

public bonds in the household’s intertemporal budget constraint (HIBC) is still satisfied

(2002) argues that the FTPL rests on a fundamental confusion between equilibrium
conditions and budget constraints.

7 This unbacked components in public bond pricing have the same feature as the
stochastic bubbles, which concept is proposed by Blanchard and Watson (1982), Weil
(1987), and others. The stochastic bubbles are considered to be valuations above
fundamentals, which correspond to the present value of fiscal surpluses in public bond
pricing, but they burst with some probability. See LeRoy (2004a) and Martin and Ventura
(2018) for a survey of rational bubbles.



even in the deflationary non-Ricardian regime. A major trick for this is that in the
deflationary non-Ricardian environment, ex post deflations (inflations) are always
higher (lower) than expected deflations (inflations) when it is taken into account that
there is a possibility of a large, one-off price rise at the point of switching. Accordingly,
the ex post or actual nominal return, which is eventually negative, is always lower than
the nominal rate of interest, which is determined by expected deflations (inflations) and
at least zero, in the deflationary environment. Thus, the expected present value of the
future public bonds converges to a positive constant in the GIBC as a result of
discounting by lower actual nominal returns in the GIBC, but it is discounted completely
to zero by higher nominal rates of interest in the HIBC. Given this contrast between the
two budget constraints in the deflationary non- Ricardian regime, the terminal condition
associated with the public bonds is satisfied in the HIBC, but not in the GIBC.

Viewing the above feature from a different perspective, expected inflations register
the information of an unprecedented possibility of large price jump at switching, which
never appears in actual (ex pos? inflations in the deflationary non-Ricardian regime.
Consequently, the peso problem arises in the sense that the nominal rate of interest,
which is equal to expected inflations plus the real rate of interest, is always upward
biased relative to the realized (ex posd) nominal return as long as the deflationary
environment continues.

One of the most important policy implications from this model is that the real
valuation of public bonds depends on how large the unbacked components are in the
GIBC, but it is completely independent of the present value of fiscal surpluses generated
during the non-Ricardian regime. In this setup, the non-Ricardian economy is anchored
eventually by the Ricardian economy, and the public bonds are ultimately financed by a
heavy devaluation at the point of switching to the Ricardian regime, and by tax revenues
after switching. Thus, Ricardian equivalence still holds in this FTPL setup. Sims (2016)
and others claim that weaker fiscal discipline helps to create more inflationary pressures

in the non- Ricardianregime.® In this environment, however, the price level is completely

8 As a historical perspective, Sims (2011) documents empirically a relationship between
fiscal uncertainties and the US inflation of the 1970s, and Cochrane (1999) shows how



independent of how a non-Ricardian fiscal rule is implemented, and their claim is not
relevant here.

This paper is closely related to existing papers in monetary economics. As pointed
out by LeRoy (2004) and Bloise and Reichlin (2008), among others, the GIBC is relaxed
to the extent that rational bubbles, components not backed by fundamentals, are present
in financial instruments, and accordingly the price level is still indeterminate even under
the FTPL. In this paper, the government’s constraint is relaxed directly by the emergence
of the unbacked components in public bond pricing. It is seigniorage revenues in fiscal
dominance in Sargent and Wallace (1981), and unbacked components in the non-
Ricardian regime in this model, that improve the fiscal surpluses in the GIBC, thereby
creating deflationary pressures. While the condition under which the actual nominal
return is always lower than the nominal rate of interest is responsible for the emergence
of the unbacked components in this FTPL setup, Bassetto and Cui (2018) demonstrate
that lower real returns, possibly driven by either dynamic inefficiency or the liquidity
premium on government debts, may have negative implications for the FTPL. In their
FTPL environment, the present value of fiscal surpluses is not well defined, primary
deficits rather than surpluses are required, and the price level is still indeterminate with
only its lower bound. Braun and Nakajima (2012) present a case where pessimistic views
of a future debt crisis are not reflected in public bond pricing because of the presence of
short sale constraints in the context of the FTPL.9 While several papers, including Davig
et al. (2010), and Bianchi and Ilut (2017), investigate possible macroeconomic impacts of
switching among active/passive monetary/fiscal policies, this paper takes into
consideration a switch of not only fiscal rules from non-Ricardian to Ricardian, but also

pricing rules from the FTPL to the QTM.

the FTPL is consistent with a negative correlation between deficits and inflations in the
US economy of the 1980s.

9 Several papers, not related to the FTPL, also provide potential reasons why public
bonds are priced high despite a possible debt crisis. Sakuragawa and Sakuragawa (2016)
demonstrate that public bonds are priced high, when public bonds serve as safe assets
for those who strongly prefer domestic assets to foreign assets. Kobayashi and Ueda
(2017) show that public bond yields are kept low despite a possible debt crisis, when a
capital levy is imposed more mildly on public bonds than on private bonds at the time of
a debt crisis.



One of the models closest to this paper is Davig et al. (2011), which share a similar
structure of regime changes with this paper. Starting from active monetary policy and a
stationary (passive) transfers process, their economy hits the fiscal limit as a
consequence of a non-stationary (active) transfers process, and eventually enters the
absorbing state of active monetary/passive transfers policy either directly, or indirectly
by way of passive monetary/active transfers policy. In the passive monetary/active
transfers regime, their economy experiences sharp inflations, though with a small
probability, which are registered in expected inflations. Thus, expected inflations are
subject to the peso problem in the sense that they include the information concerning
unprecedented inflationary states.

As mentioned above, this paper is motivated by several empirical facts concerning
the Japanese economy. The deflationary economy accompanied by monetary expansion
and zero rates of interest is a recent monetary phenomenon in Japan. As shown in Figure
1-1, the Marshallian k, which is defined as the ratio of outstanding Bank of Japan (BodJ)
notes to nominal gross domestic product (GDP), was quite stable up to the early 1990s.
That is, the price level was approximately proportional to the nominal macroeconomic
scale, and it was broadly determined according to the QTM. However, when the call rates
(the interbank money market rates) declined from just under 8% in 1990 to around 0.5%
in 1995, the Marshallian k started to increase gradually, and the increase has accelerated
since the mid-1990s. The nominal rate of interest has been fairly close to zero since 1995.
In addition, the public bonds accumulated more quickly after the primary balance of the
government’s general account started to decline in the early 1990s, and became negative
in the mid-1990s. As shown in Figure 1-2, the ratio of public bonds to nominal GDP has
increased together with that of BodJ notes. As shown in Figure 1-3, on the other hand, a
deflationary trend started from the early 1990s.

Another potentially important observation is that the consumers’ expectations of
future inflations tended to overestimate future inflations. According to Figure 1-4, the
consumers’ forecast of one-year ahead inflations has been always upward biased in the
Consumer Confidence Survey (CCS) and the Opinion Survey (OS) since the mid-2000s,

while the professional analysts’ forecast tracked well actual inflations in the ESP



Forecast. In the years 2010-2017, the consumers averagely overestimated one-year
ahead inflations by 1.8% in the CCS, and by 3.5% in the OS. Such overestimation of
future inflations is often interpreted as the consumers’ inability to process information
precisely, but it is here taken as their ability to consider the peso problem correctly.

In this paper, it is assumed that in the early 1990s, the Japanese fiscal policy
switched from Ricardianto non-Ricardian, and the initial price level (for example, of year
1990) deviated slightly and downward from the level implied by the QTM. Consequently,
a continuum of deflationary equilibria with the unbacked components in the GIBC would
have emerged since the early 1990s. If this were the case, then at a possible switching
point in the future, the unbacked components would burst because of a heavy
devaluation caused by a large, one-off price increase. As implied by a calibration exercise
that mimics the above-described Japanese economy, the unbacked components amount
to around 40% of the real valuation of the public bonds, and the price level would jump
by more than 200%, if the economy switched back to the Ricardian regime in the 2020s.

This paper is organized as follows. In Section 2, a monetary version of an exchange
economy is employed to analyze a Ricardian fiscal rule with the QTM and a non-
Ricardian fiscal rule with the FTPL separately. Section 3 presents a simple model in
which the non-Ricardian regime with the FTPL probabilistically switches back to the
Ricardian regime with the QTM. In Section 4, several numerical examples shed light on

some interpretations of the current Japanese economy. Section 5 concludes.

2. Basic framework
2.1. Ricardian economy

In this section, a simple monetary model of exchange economy, proposed by Brock
(1975), Obstfeld and Rogoff (1983), and Kocherlakota and Phelan (1999), is presented as

a basic framework. The representative household has the following preference over

. M
streams of consumption (C,) and the real money balance (—):
t
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where 0< f<1,and U and V aretwice differentiable, strictly increasing, and strictly
concave.
The maximization of the objective function characterized by equation (1) is subject
to
Bt+1:Pt+1(y_Tt+1)_Pt+1ct+l_(Mt+l_Mt)+RtBt’ @)
where Yy isa constant endowment stream of consumption goods, C, is the real amount
of consumption goods, 7, is a real lump-sum tax, P is the price of consumption, M,
is the nominal money balance, B, is the nominal amount of public bonds, and R, isthe
nominal gross rate of interest. From the assumption of an exchange economy,
consumption is invariant at endowment Yy net of constant government expenditure g .
c=Y-9¢ €))
Suppose that M, grows at the rate of g . Then, equation (2) is solved in a

recursive manner as follows:

. 0 P _ 0 P
_ll_Lnl B‘g—i_MT +Z T+1z(y g)—(RlBl+M 1)+Z r+l(ry TT+1) 1711 (1 _)MT ,(4)
ljl RS r=-1 1;[1 F{s r=-1 1;[1 Rs 1;[1 Rs T
-2
where R, =1, B,=R,B,, M;=M ,, and sl:_{le =]1.10
Thus, the limiting condition dictates that
. +M

lim # =0. (5)

Tow
IT R,
s=1

As long as equation (5) holds, neither the money stock nor the public bonds serve as net
wealth.
Focusing on time ¢ and time #+1 consumption, the above maximization problem is

reformulated as follows:

10 There is no trade at time —1. As Niepelt (2004) shows, if there is an intertemporal
trade between time —1 and time 0, then only a Ricardian fiscal policy is admissible.
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where 7,,, is a Lagrange multiplier.

Given equation (3), the two first-order conditions are obtained.

P
PR -=1 (7

P

t+1

(ORI

Here, the following functional forms are assumed:

I
U(C)zl_ilcl" if 0<o and o #1,and U(c)=In(c) if o=1, 9
(o}
for U(C),and
!
V(szi( +Mj 0 (10)
P) L LT
o

for V[Fj where 0<A<1, and positive y represents a means of exchange

alternative to central bank notes.!! Without loss of generality, y is below set at
c=y-g.
One important consequence of the presence of y in equation (10) is that the

nominal (net) rate of interest (R, —1) is bounded from the above at &:0, and
t

asymptotically approaches zero as —- goes to infinity (see Figure 2-1). While o in

t

equation (9) represents an elasticity of intertemporal substitution, ¢ in equation (10)

11 This specification of V(%) follows Kocherlakota and Phelan (1999).
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determines the interest elasticity of money demand. In an environment with constant
endowment Yy and government expenditure g, the latter interpretation of o is
relevant.

Substituting equations (9) and (10) into equations (7) and (8) leads to:

R_1_1 1- 1 1+L i (11
P. AR P R(y-9)
. P . . M,
Here, 0<A<1 guarantees a positive —- and a finite B, , even if ———
Ra R(y-9)

converges to zero. Note y=y—(Q.

Let us begin with a Ricardian case where the QTM and Ricardian equivalence hold
jointly. Under the QTM, the price level and the money balance grow at the same rate /f¢.

R

Substituting —== into equation (11) leads to
t+1 1+ ,Ll
1+ u
R =—=, (12)
p
1 M
i Al+u)] y—é’ 9
L+u) |
I+u-p

where F’tR denotes the price of consumption goods in the Ricardian economy, and is

indeed proportional to the nominal amount of money balances M, .

Here, x represents a constant Marshallian k, and is defined as P—t . Given

x, A is setas follows.
11+ u-
1+ u
The nominal primary budget balance is assumed to be proportional to the nominal

public bonds, net of seigniorage revenues M, =M, , or uM, ;:

PtR (Tt_g):(Rt—l_y)Bt—l_:UMt—l’ (15)

where 0<y <1. That is, seigniorage revenues are reimbursed as a lump-sum subsidy

to households. Hence, the nominal public bonds evolve according to
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R
Bt = Rt—lBt—l - Pt (TI - g)_(Mt - Mt—l)
. (16)
=yBu=7 Bo
That is, the public bonds are repaid over time by tax revenues. Thus, in the sense of

Woodford (1995), a fiscal rule specified by equation (15) is Ricardian.

Given the above fiscal rule, equation (5) holds as long as ]-"l <1.
+u
"B, +(1+u) M . !
lim o+ ﬁ) o= limg" || L~ | B,+M, |=0 (17)
Tow Toow
(1+ yj
B

Note that Friedman’s rule with zero interest rates ( R = 1) cannot hold in this setup.
Substituting g =-1<0 into equation (14) leads to A =0, which is inconsistent with
the parameter restriction 0< A <1. Nevertheless, if £ is close to f—1, but still
larger than [ —1, then the economy approximately follows Friedman’s rule.12

This setup may yield a continuum of hyperinflationary or deflationary equilibria,

if the economy starts with an initial price other than POR given by equation (13). The

Pt+1 ﬂ

M
->—L—>1+u, —+—0, and

economy with P, > POR is hyperinflationary;

R 1-d ;
+u . . .
R — n > ——— . Then, the terminal condition is derived as
Y By (1) My .y By (1) M, 7 Y
lim ———~ 0 < lim—=2 2L =limg" —J B, +M, |=0.
Tow 1 RS Tow (l_'_luj T—>w 1"'#
s=0 ﬁ
Thus, as long as By <1, equation (5) holds, and the hyperinflationary economy is
+H

supported as a continuum of equilibria.

) . . P
On the other hand, the economy with P, < POR is deflationary; t?”—> p<1,
t

12 Buiter and Sibert (2007) rigorously prove that Friedman’s rule with 4 =-1<0 is
inconsistent with the transversality condition.
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—L —>o©,and R, — 1. Then, the terminal condition associated with the money stock is
t

derived as follows:

i
im ) Mo L,
Tow 0 RS A(RO)T»OO

s=0

- (lrp)' M, o .
where 1< A(RO) = ljlo R, <oo. Hence, !Im —=5— diverges to infinity if £ >0, it
5= NS 1_[0 RS
=

MO
ARy)

B —1< 1 <0.As Buiter and Sibert (2007) show, a deflationary economy with monetary

converges to a positivev constant or (>0)if =0, and it converges to zero if

expansion or constant money stock is not supported as a continuum of equilibria.

2.2. Non-Ricardian economy
As discussed in the introduction, the FTPL can be considered an equilibrium
selection device in the context of a continuum of hyperinflationary equilibria. Consider

a case where the initial price level PONR , which is determined by the FTPL, is larger than

NR
F’oR given by equation (13). As equation (11) implies, PH >1+ u with PONR > POR .

NR
t

Suppose that the primary balance with seigniorage revenues never responds to the
nominal amount of public bonds:

R™(z,-9)=R"e-uM,, (18)
where &€ and H are positive. Again, seigniorage revenues are reimbursed as a lump-
sum subsidy to households. Thus, the real balance of the public bonds evolves according
to

NR
Bt+1 = RIB’( - Pt+l (Tt+1 - g)_,th
\R (19
=RB -Re

In the sense that the public bonds may not be repaid completely by tax revenues, a fiscal

rule specified by equation (18) is non-Ricardian.
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Together with equation (7), equation (19) is rewritten as follows:

B B
P“:R =p ( PtJé + 8] (20)
t

t+1

Equation (20) is solved in a recursive manner.

B, - B
PNR Zoﬂ 1€+|Inlﬁ PNR
0 =
pe H( PNRJBT
=L +limII —L (21)
15 TR R

_pe (1) B,
1-f Tows= 0 Rs pONR
As equation (19) implies, the nominal public bonds B, grow at a rate less than R, as
longas €>0, R >1, and RNR > 0. Thus, the second term of the third line in equation
(20) converges to zero, or
! BT =0.

An essential aspect of equation (21) is that it cannot hold for any initial price other

(22)

than a particular price PONR. According to the FTPL, the initial price PONR is chosen

such that equation (21) may hold with equation (22), or

B, pfe
— R . (23)
F)ONR 1_18

M, : e :
From (23) with x = —=—— , the following condition is obtained.
R (y-9)
R

P%R <1—>%<Q K (24)

R B, £ _&_
y—9

In this way, with inequality (24) satisfied, the FTPL as a selection device allows us
to choose a particular value for the initial price P, > P} such that equation (23) holds

in a continuum of hyperinflationary equilibria.

3. Non-Ricardian economy as a deviation from the Ricardian economy

3.1. Three features of the model
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In the previous section, the Ricardian economy with the QTM and the non-
Ricardian economy with the FTPL are explored separately. In this section, however, the
latter is considered a temporary, or at most a persistent, deviation from the former; with
a small probability, the non-Ricardian regime with the FTPL switches back into the
Ricardian regime with the QTM. As demonstrated in this section, the setup with such a
switching possibility allows space for the unbacked components that work to relax the
GIBC (government’s intertemporal budget constraint) during the deflationary non-
Ricardian regime. Thus, the public bonds are now backed not only by tax revenues in the
current non-Ricardian regime before switching and the future Ricardian regime after
switching, but also by the unbacked components during the former regime. In this way,
the fiscal surpluses tentatively improve with the unbacked components despite the
continuing budget deficits and, indeed, create a deflationary pressure through a
conventional mechanism of the FTPL. Immediately after the economy switches to
Ricardian, however, the unbacked components burst because of a heavy devaluation
caused by a large, one-off increase in the price level, and the remaining public bonds are
repaid by tax revenues over time from then onward.

In this section, the following three points are analyzed with adequate care. First,
there are potentially two cases in which the non-Ricardian economy switches to the
Ricardian economy. In one case, the non- Ricardian economy is hyperinflationary, and the
price level jumps down to the Ricardian level at switching. In the other case, the non-
Ricardian economy is deflationary, and the price level jumps up to the Ricardianlevel at
switching. During the non-Ricardian regime, the expected inflation is formed with
consideration for such a downward or upward price jump. As demonstrated in this
section, however, the formation of price expectations is consistent with deflationary
paths, but not with hyperinflationary paths during the non-Ricardian regime. In
addition, the terminal condition associated with the money stock is satisfied in the
deflationary non-Ricardian economy even with monetary expansion, which contrasts
sharply with a deflationary case presented in Section 2.1.

Second, as long as the economy remains non- Ricardian, ex post deflations always

exceed expected deflations, thereby balancing a possible large price rise at switching.
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Consequently, the nominal rate of interest, determined by real returns minus expected
deflations, is at least zero, whereas the actual nominal return, determined by real
returns minus ex post deflations, turns out to be negative. Such eventually negative
returns are responsible for the emergence of the unbacked components that work to relax
the GIBC during the non- Ricardian regime. Accordingly, the initial price level decreases
to the extent that the unbacked components are large. On the other hand, the
representative consumer applies at least zero nominal interest rates, thereby
discounting to zero the expected present value of the future public bonds. That is, the
unbacked components appears in the GIBC, but not in the HIBC (household’s
intertemporal budget constraint. Accordingly, the public bonds with the unbacked
components never serve as net wealth for the household in the deflationary non-
Ricardian regime.

Third, the real valuation of public bonds depends on how large the unbacked
components are in the GIBC, but it is completely independent of the present value of
fiscal surpluses that are generated during the non-Ricardian regime. In this FTPL
environment, the non-Ricardian economy is anchored eventually by the Ricardian
economy, and, sooner or later, the public bonds are financed ultimately by a heavy
devaluation when switching to the Ricardianregime, and tax revenues from then onward.
Thus, Ricardian equivalence still holds in this setup. Sims (2016) and others claim that
weaker fiscal discipline (lower ¢ in this setup) helps to create more inflationary
pressures in the non-Ricardian regime. In this environment, however, the price level is
completely independent of how a non-Ricardian fiscal rule is implemented, and their

claim 1s not relevant in this model.

3.2. Dynamics in the price level

Let us start with the non-Ricardian regime where a fiscal rule follows equation (18)
with possibly zero or even negative & . With a probability 7, the non-Ricardian
economy switches back into the Ricardian economy with a fiscal rule specified by
equation (15), whereas the economy remains non-Ricardian with a probability 1—7 .

Note that every varibale evolves deterministically in each regime.
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Because uncertainty arises due to the above probabilistic switching, the objective
function is reformulated as

> M
zﬂtEo U(Ct)"'v — 11, 1)
=0 P

t

where E, is the conditional expectation operator as of time 0. Thus, the first-order

condition (7) is redefined as

F)tNR ,
lBRtEt =1. (7)
Pt+l
Equation (11) is rewritten as
NR I
Et(Pt Jzizi H(HL) . )
Ra) PR P R(y-9)
Note y=y—-g.

If the non- Ricardian economy switches to the Ricardian economy, then PtNR jumps

up or down to P, which is determined by equation (13). Otherwise, P changes to

PtE'lR . Thus, the expected deflation is defined as
PNR PNR PNR
E{F; j:(l—;z)P‘Nsz F;R : (25)

t+1 t+1

t+1

NR
Together with equation (11)), equation (25) is solved for I—NR.

t+1

NR I NR
RNR =L l 1-2 l-l—L —7rPtR (26)
Pt+1 1-7 ﬁ Pt(y_g) P

t+1

As discussed in Section 2, if PONR > F’OR , the inflation rate is higher than ¢ . Then,

when the economy stays in the hyperinflationary non- Ricardian regime for a long time,

NR

t—R becomes large at switching. Consequently, the right-hand side of equation (26)
t+1

eventually becomes negative, and positive prices can no longer be supported during the
non-Ricardian regime. In other words, inflations need to be high to balance a big price

slump at switching, but too high inflations are inconsistent with the upper bound of the
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. . . . M . .
nominal rate of interest in the neighborhood of — = 0. Hence, a hyperinflationary case
t

with PONR > POR is ruled out when the economy has a chance to switch from the non-
Ricardian economy to the Ricardian economy with a probability 7 >0. On the other
hand, if the economy is deflationary with PONR < POR , the deflationary process is

accelerated in the non-Ricardian regime. Throughout the deflationary non-Ricardian

NR

regime, positive prices are still supported in equation (26) because ‘—R converges to

t+1
zZero.

As demonstrated below, the terminal condition associated with the money stock
holds in the above deflationary non- Ricardian regime in spite of monetary expansion.
The lifetime budget constraint is expressed as follows in the deflationary non- Ricardian

regime.

B, + M, = E, ip”l(f”l_g)+i 1 Ll—i]'\/'ﬁ"mﬂ

T -1 T-1
r=—1 IR ~=11] R . T R
s=—1 ° s=—1 ° o1 S
_ Zw: (1_”)T ﬂ-P‘rlj-l(THl -9) +i (1_7[)T 7(B.itM,.) 27
=0 SI;[O RS =0 SI;IO RS
e
=1 El R, r—1 131 R, . 1o El R,

In the Ricardian regime, the terminal conditions associated with the money stock and
the public bonds are satisfied by construction.

When the economy remains non-Ricardian, R, converges to one. Then, the last

U . (1-7)' M, .
term of the third line in equation (27), |Im? converges to zero if
T oo H RS
s=-1
(1—7[)(1+,u)<1.
. (1—7Z)T M; . T
lim*—————<lim[(1-7)(L+4x)] M;=0 (28)
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Accordingly, as long as u is positive but less than lL’ the terminal condition
-7

associated with the money stock holds even in the deflationary non- Ricardian economy
with monetary expansion. That is, a continuum of deflationary equilibria with monetary
expansion 1s impossible in standard monetary models, but it may be possible in this
setup with probabilistic switching.

As equations (25) and (26) imply, as long as the deflationary non-Ricardian regime

NR NR
continues, the ex post deflation —— always exceeds the expected deflation E, ( ! ],

NR

t+1 t+1

given that the price level jumps up with probability 7. Then, the actual (ex pos?)

NR
t+1

NR
t

nominal return, defined as — 1s always lower than the nominal rate of interest

11
R=———wy
"e (%)

. That is, the nominal net rate of interest is at least zero, whereas the

P

t+1

actual nominal net return turns out to be negative.

1 PNR PNR
E:ﬂE{F; J</3PtNR (29)

t+1 t+1
Inequality (29) is recognized as the peso problem in the sense that expected

deflations (inflations) are always (upward) biased relative to actual (ex pos?) deflations
(inflations). Then, it is later employed in proving that the terminal condition associated
with the public bonds still holds for the household’s intertemporal budget constraint (27)

in spite of the presence of the unbacked components in the GIBC.

3.3. A continuum of deflationary equilibria with the unbacked components in the GIBC
The primary balance of the non- Ricardian economy is determined by equation (18),
and the public bonds evolve according to
Bt+l:RIBt_Pt+l(Tt_g)_lth:RtBt_Png' (30)
Here, a non-Ricardian fiscal rule (18) is assumed to continue immediately after switching

to the Ricardianregime, and a fiscal rule shifts to equation (15) at least one period after.
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That is, a fiscal reconstruction is first announced, and is later implemented.
Together with equation (7°), equation (30) is rewritten as follows:

PE i £+8 =PtNR B, .
t Pt+1 Pt+l P P’[NR

t+1

Taking the conditional expectation operator E, of both sides of the above equation, the

following is obtained.

ﬂ{Et (%}Lg} = P?NtR (1)

The expected real public bond is determined by

B, B, RB -PRe
E, (Pt—l)z(l—ﬂ) PtNé +7 tPR LSy (32)

t+1 t+1

t+1

Together with equation (32), equation (31) is rewritten as

B B, B
R_NtRzﬂ(l_ﬁ)?ﬁ;w(l_ﬂ)Hm%.

The above equation is solved in a recursive manner as follows:

T oo
0 =0 7+l T

o= S B () | B m)e e |+lim BT (1-7) Dk
(33)
_BA-m)e &y v RB. e r By
_1_ﬂ(1_ﬂ)+;,8 (1-7) pr o +lim g (1-r) o

Equation (33) represents the GIBC, and serves as a vital part in determining the
initial price PONR given B, in the context of the FTPL. The public bonds are now
B(l-7)e

1—/3(1—7r))’

financed by the primary balance during the current non-Ricardianregime (

a heavy devaluation caused by a one-off price rise at switching together with tax

= : . RB
revenues during the future Ricardian regime (Z b’ (l—ﬂ) pr—==), and the

7=0 7+l

unbacked components appearing tentatively in the GIBC if any

(lim 5" (1-7)' BNTR >0).
T

Let us rewrite equation (33) to illuminate an interesting feature of the GIBC. If
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t-1
& =0, then the nominal public bonds grow at exactly the rate of R, or B, = Ho R.B,.
S=

Compared with the case of & =0, the real valuation of public bonds decreases with the
repayment through tax revenues, or the present value of the primary balance

p(l-7)e
1- f(1-7)

, and equation (33) is rewritten as follows:

B, _ A7) S o1 oy pr| RBe | tim 7 (12 Br
PONR_l—ﬂ(l—ﬂ)+,Z:(;ﬂ (1 ”) 'Bﬂ|: pR :|+T||_r;'1ﬂ (l ”) PTNR

7+l

-1 T-1

B(l-7)e = . |RIORB |  HRBy | p(l-7)e (34)
— T (1— s | 1— s=0 _
1-p(-n) 2P (o) pr e — |+ (=) o 1-B(1-7)
-1 T-1
R TIR.B, IR,

=S p (1-n) pu —t e lim BT (1)
7=0 T

7+1

BO
NR
0

Accordingly, 1s independent of ¢.

In this setup, the primary balance & has impacts not on the real valuation of
public bonds in the non-Ricardian regime, but on the distribution of the repayment of
the public bonds by tax revenues between the non-Ricardian regime and the Ricardian
regime. That is, the repayment by tax revenues obviously increases with ¢ during the
non-Kicardian regime, but it decreases with & during the Ricardianregime. In this way,
Ricardian equivalence still holds in this FTPL setup.

Let us below demonstrate that there emerges a continuum of deflationary

equilibria. Firstly, the initial price equal to the Ricardian level ( PONR = POR) 1s consistent

T-1
I1R.B

with equation (34) without any stochastic bubble (Tlim A (l— 7Z')T S:(;D—SO =0). Suppose

NR
T

+u

1
that R = and B" =(1+ ,u)t P} asin the Ricardian economy. Then, equation (34)

1s rewritten as
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PR (1+ 1) T L+u) PF (39
< : B B
:;(1—7[) ﬂ?;-i_lm(l_ )qu—?;.

T4

; T T I1RB, NR R

Hence, TII_TO’B (1—72') s=0 w—=0,and B =R .
T

Secondly, the initial price less than the Ricardian level ( PONR < POR) is also

consistent with equation (34) with the unbacked components,
T-1

im 8" T 1575 Gi pw pr M d 1. TIRB

0<lim (1-7) T <w . Given PBJ© <P, piF —o, and R —1, I RB,

reaches a certain constant B in the deflationary non- Ricardian regime. From equation

NR
(26), Pt—,t‘lR—> p (1—7?) . Thus, the last term of the second line in equation (34) is
t

rewritten as

_ "TIRB, s 1 )IIRB
lim " (1-7) = =lm I — 0 |0
' PR ) (35)
]
= im{ = | B __ 1 B 4
O(R") T S0 ) BT o(RW) R
1 P

where q)(PONR ) = gm PNR

T4
T T 1_Io RBq
. . 5=
That is, _Il_l_lllﬁ (1— 72') ST
A

converges to neither zero nor infinity, but to a

positive constant. A reason for this is that in the limit, the real value of the public bonds

t

NR
R

grows at the rate of deflation , which is exactly equal to an inverse of a

1
B(-7)
discount factor [ (1— 71') . This part corresponds to the unbacked components that work

to relax the GIBC during the deflationary non- Ricardian regime. The presence of the

unbacked components tentatively improves the fiscal surpluses, and it creates a
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deflationary pressure according to a conventional mechanism of the FTPL. Accordingly,
PONR becomes lower than POR to the extent that the unbacked components are larger.
In this way, a government is able to operate a Ponzi scheme as long as the deflationary
non-Kicardian economy continues.

Let us finally prove that the terminal condition associated with the public bonds
still holds in spite of the presence of the unbacked components during the deflationary

. . . . M .
non-Ricardian regime. With PONR < POR , P—NtR —>o, R —>1, PtNR — 0, and equation
t

(29), the nominal amount of public bonds reaches a certain constant B in the
deflationary non-Ricardian regime. When the economy remains non-Ricardian, R, -1
and B, — B. Then, the last term of the third line in equation (27), converges to zero.

T
. (1-x ) .
|Imﬁﬁ|lm(l—ﬂ')T B=0. (36)

Tow 11 To®

s=1 °

In the deflationary non- Ricardian regime, the terminal condition associated with
the public bonds holds in the household’s intertemporal budget constraint, but the
unbacked components are still present in the GIBC.13 A major reason for this seemingly
puzzling phenomenon is that the unbacked components emerge under the negative ex
post nominal return (defined as real returns minus ex post deflations), but the
representative consumer applies the nominal rate of interest, which is determined not
by the ex post, but by the expected deflation (inflation), to evaluate the terminal

condition. Let us compare equation (35) with equation (36).

N - O =T L -
i ' 1) o= tim(1- 1 5B | O

: T P¥ Y| B . 171 1) B
7 i) EVE[P ﬂwl'm“‘”) il a0

T—w —o
s+1

(37)

13 Bloise and Reichlin (2008) show that the unbacked components in infinite-maturity
public debts relax the GIBC, and that their presence is consistent with the terminal
condition as long as the supply of such public debts is declining over time in real terms.
In the current setup, on the other hand, the nominal amount of public bonds converges
to a positive constant.
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Given a possible price rise at switching to the Ricardian economy, the above inequality
is established by the fact that actual deflations always exceed expected deflations in the
non-Ricardian regime, as implied by inequality (29).

In this setup with probabilistic switching, the FTPL in which the initial price is
determined by the GIBC, serves not as an equilibrium selection device among a
continuum of hyperinflationary equilibria as in standard monetary models, but as an
Iinstrument to generate a continuum of deflationary equilibria with the unbacked
components in the GIBC. The GIBC is satisfied not only for F’ONR = POR, but also for
PONR < POR with the unbacked components. If the initial price PONR is chosen as
F’ONR < F’oR , then a deflationary pressure is generated, and the unbacked components are
created; in fact, a deflationary pressure and the unbacked components interact with each
other thanks to the tentative relaxation of the GIBC.

In this way, a deflationary economy emerges despite monetary expansion, and the
price of the public bonds is high despite the continuing primary deficits and growing
public debts. With the terminal condition satisfied, the deflationary non-Ricardian
regime is supported as a legitimate continuum of equilibria. Such a seemingly
paradoxical phenomenon is sustained only by the possibility that the non-Ricardian
economy sooner or later reverts to the Ricardian world. Once it switches to the Ricardian,
the economy experiences a sudden and difficult turnaround phase before everything
returns to normal. That is, the unbacked components burst because of a significant
devaluation caused by a one-off price rise at the switching point, just before the
remaining public bonds are repaid over time by tax revenues, and the prices gradually

increase with monetary expansion according to the QTM.

4. Some numerical examples and calibration exercises
In this section, several numerical examples are presented first to illuminate the
general properties of the deflationary non-Ricardian regime, and then to demonstrate

how this model mimics the current Japanese economy.



24

4.1. Numerical examples

Let us begin with the case where f=0.96, ©#=0.01, x=0.1, 7=0.05, o is
either 1 or 0.1, and A is determined by equation (14). Here, (1+ ,u)(l—ﬂ')<1 is
satisfied. Note that o is interpreted as the interest elasticity of money demand in this
context. In terms of the initial conditions, y—g =100, & issetatzero, M, =100, and
B, =100. Given this set of parameters, F’oR =10. Then, any initial price PONR less than
10 is consistent with the deflationary non- Ricardian economy. Thus, PONR 1s set at 8.

As shown in Figure 3-1, the nominal net rate of interest (R, —1) decreases mildly
from 5.1% to 4.6% over 30 years if o is 1, but it declines substantially from 4.1% to
almost zero if o =0.1. The relative size of the money stock or the Marshallian k

Mt

R™(y-9)

o0 =0.1. Figure 3-2 shows that the price level RNR declines despite monetary expansion

( ) increases from 12.5% to 24.5 % if o =1, and from 12.5% to 75.8% if

in the non-Ricardian regime, whereas F’tR grows at the rate of 1% in the Ricardian
regime. With o =0.1, for example, PIQR =4.1 in year 19, but PZF; =12.2 in year 20.
Thus, if the economy switches back into the Ricardian regime in year 20, then the price
level jumps by around 200%. As a consequence of this one-off large price increase, the
public bonds are heavily devalued when switching to the Ricardian economy.

As Figure 3-3 demonstrates, the expected present value of the future public bonds

in the GIBC, which is discounted according to the actual nominal return

T
TRB,

( ﬂT (l—ﬂ)T S:(;:)Tin equation (34)), converges to a positive constant, whereas the

T

T1( 1
value that is discounted according to the nominal rate of interest ((1— T )T Hl[?j F?JR
§=—
S 0

in equation (35)) converges to zero. The share of the unbacked components amounts to

. . B . .
26% of the real valuation of public bonds ( l\?R ) under the above assumption. This

0
numerical example demonstrates that the unbacked components are present in the
GIBC, but that they never constitute any net wealth for the household even in the

deflationary non-Ricardian regime.
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4.2. Calibration exercises

Next, let us present calibration exercises that mimic the recent Japanese economy.
It is assumed that in 1990, the fiscal policy switched from Ricardian to non- Ricardian,'4
and the price level of 1990 (the initial price level) deviated slightly and downward from
the level implied by the QTM as a consequence of some deflationary shocks.15 The
exercises are constructed such that the relative amounts of Bank of Japan notes (BoJ
notes) and the public bonds during the 1990-2016 period can be matched approximately
with those predicted by the model.

A set of parameters is chosen as follows. [ is set at close to 1 or 0.99 to yield low
nominal rates of interest, ¢ 1is either 0.1, 0.05, or 0.01 to reproduce a substantial

decrease in interest rates over time, x 1s 0.078, which i1s equal to the 1980-1995

Mt
R(y-9)

average growth of BoJ notes, and A is determined by equation (14). In this setup with

average Marshallian k(E { }, 4 18 0.033, which corresponds to the 2000-2016

constant consumption, ¢ isinterpreted as the interest elasticity of money demand, and
extremely low o 1is consistent with the fact that the Marshallian k was relatively stable
with positive nominal interest rates. Note that even with finite o, the interest elasticity
is infinite at zero nominal rates of interest.

Given y-g =100, the primary balance ¢ is set at —2.9, which is obtained from
the 2000—2016 average ratio of the primary balance of the government’s general account
to nominal GDP. Setting 1990 as the starting year, M4y, is standardized as 100, and
Bisgo 1s set at 493, because the outstanding BodJ notes and public bonds amounted to 40
trillion yen and 196 trillion yen, respectively, in 1990. Given the above set of parameters,

Ph, is computed as 12.8; then, the initial price (P ) needs to be less than 12.8 to

14 According to Ito et al. (2011), the estimation result based on the net public bonds
indicates that Japanese fiscal policy switched from a stationary Ricardianrule to a non-
stationary non-Ricardian rule in the early 1990s.

15 Such deflationary shocks may include the tremendous decline in asset pricing which
was triggered by consecutive sharp interest hikes by the Bod. The Bod raised the call
rates from 6.4% in December 1989 to 8.5% in March 1991. Upon these hikes, the Nikkei
index declined from close to 40,000 yen in December 1989 to less than 20,000 in October
1990, and land pricing also started to decline from early 1991.
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present a deflationary case.

Being consistent with (l+ 0.033) (1— 71') <1, & issetat0.04. Py must be less
than 12.8, and it is set at 10.7 for 0 =0.1, 11.6 for 0 =0.05, and 12.7 for o =0.01. As
shown in Figure 3-4, the predictions and observations are matched approximately in the
years of 1990-2016. In a case of 0 =0.01, a slightly downward deviation of the 1990
price from the level determined by the QTM gurantees reasonable predictions.

As Figure 3-5 shows, the predicted inflation rate captures the actual trend except
in year 2014 when the consumption tax rate was raised from 5% to 8%. If ¢ 1s 0.05, the
predicted nominal rate of interest is close to zero in the 2010s, but it still declines a little
more slowly than the observations did. If o is set at 0.01 together with PlggFE) =127,
then the predicted rate of interest approaches zero in the early 2000s. As shown in Figure
3-6, the unbacked components amount to about 40% of the real valuation of public bonds
in these calibration exercises. In the deflationary environment of the years 2000-2017,
one-year ahead inflations are overestimated by around 2.4% in either &, which degree
of over-forecasting is quite comparable with those reported in Figure 1-4 (1.8% in the
CCS and 3.5% in the OS).

What would happen to the Japanese economy if the regime switched from non-
Ricardian to Ricardian? Figure 3-7 demonstrates that a difference between PtNR and
PtR becomes larger and larger as time goes on. For example, consider o =0.1,
Pz'(\)'fg =10.8, and Pzgzo =34.0. Thus, if the economy switched back to Ricardian in 2020,
then the price level would jump by more than 200%, the accumulated nominal bonds
would be devalued heavily from 230% to 75% in terms of the ratio to nominal GDP, the

Marshallian k would fall from 25% to 8% (= x'), and the nominal rate of interest would

. + o
rise suddenly from near-zero rates to more than 4% (= —’u). If the switching occurred

in 2026, the price level would jump by even 364%, and the relative amount of public

bonds would reduce more dramatically from 311% to 68%.

5. Conclusion
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A deflationary economy with monetary expansion and growing public debts under
near-zero rates of interest is hard to reconcile with the implications from standard
monetary models with the QTM, and it is also difficult to justify using alternative
monetary models with the FTPL. However, if the latter models are viewed as a temporary,
or at most a persistent, deviation from the former, then a deflationary economy with
monetary expansion can be characterized as a legitimate continuum of equilibria. Given
such probabilistic switching from the FTPL to the QTM, the unbacked components of the
real valuation of the public bonds may emerge in a deflationary environment, thereby
relaxing the GIBC (government’s intertemporal budget constraint), but they burst
because of a heavy devaluation caused by a large, one-off increase in the price level at
switching. In this way, a government is able to operate a Ponzi scheme only in the
deflationary non- Ricardian economy.

In terms of policy implications, Ricardian equivalence still holds in this FTPL setup.
The price level decreases with the size of the unbacked components, but it is completely
independent of how a non- Ricardian fiscal policy is implemented. A major reason for this
is that the non- Kicardian economy is eventually anchored by the Ricardian economy, and
the public bonds accumulated under the continuing primary deficits are sooner or later
repaid by a heavy devaluation at switching, and by a Ricardian fiscal policy after
switching. Given this implication from this FTPL setup, weaker (stronger) fiscal
discipline never generates more inflationary (deflationary) pressures on the price level;
thus, a fiscal policy may not be employed as an instrument to control the price level.

There are also positive implications from this model. As the calibration exercises
demonstrate, once a fiscal policy shifts to non- Ricardian, a slightly downward deviation
of the initial price level from the level determined by the QTM helps to generate
reasonable predictions for the recent Japanese experience. In addition, a transition from
the non-Ricardian regime to the Ricardian regime is never smooth, but rather
discontinuous in terms of the price level, the relative amounts of the public bonds and
the money stock, and the nominal rate of interest, in the presence of the unbacked

components that eventually burst at switching.
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A difficult part of the current model with the peso problem is that it is next to
1mpossible to rigorously examine theoretical implications by current data. In the context
of this model, a large, one-off increase in the price level is unprecedented by construction.
Accordingly, any information associated with such a price jump is almost absent in
current datasets. In the current case, only circumstantial evidence for a possible price
jump is that consumers always hold expectations of higher inflations relative to actual
inflations.

An alternative examination is to look for some historical evidence. Is there any
episode where monetary expansion and growing public debts were followed by a big price
jump in the history of the Japanese economy? Figure 4-1 depicts the time-series of
Marshallian k, defined by the ratio of the Bod notes to nominal GNE, together with those
of the official discount rate for the years 1885 to 2016.16 There was a wartime/postwar
period when Marshallian k initially increased, and then decreased quickly. That is,
Marshallian k rose sharply from 9.8% in 1937 to 48.4% in 1945, and then jumped down
to the prewar level (10.5%) in 1949. During the wartime, the public bonds relative to
nominal GNE grew enormously from 57.0% in 1937 to 204.0% in 1944 and 174.2% in
1945. By the late 1940s when a drastic fiscal reconstruction was initiated, however, the
GNE deflator skyrocketed from 114.5 in 1945 to 3,276.0 in 1949, 29.5 times as high as
before. At the same time, the ratio of the public bonds shrunk dramatically to 18.9% in
1949.

If the above historical event corresponded to the prediction of this model, then the
recent deflationary Japanese economy accompanied by monetary expansion and growing
public debts—which has been often viewed as the new normal in practical policy debates—
would experience a sudden and difficult reversal before everything returns to the old

normal.

16 All the data are available from Saito (2017).
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Figure 1-1: BoJ notes/Nominal GDP and shortterm interest rates
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Figure 1-2: Public bonds and primary balances
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Figure 1-3: Pirce indexes and inflation rates
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Figure 1-4: A comparison between actual and expected inflation rates using survey data
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Figure 2-1: The shape of a money demand function
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Figure 3-2: Non-Ricardianand Ricardian price levels
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Figure 3-3: Expected present value of real bonds
according to actual and expected deflations (o = 1)
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Figure 3-4: Relativesizes of BoJ notes and nominal publicbonds

60% 350%

300%
50%

250%
40%

200%
30%

150%
20%

100%
10%

50%

TG AR gt I g gt e e g
Bal notes/Nominal GDP (actual == == Bolnotes/Mominal GOP (predicted, o
= o= e B0l notes/Mominal GDP (predicted, o0=0.05) ssssss Bol notes/Mominal GOP (predicted,
Nominal public bonds/Nominal GDP (actual, right scalke) = == Mominal public bonds/Nominal GDP (predicted, o=0.1, right scale)

.01, right scale)

= = = Nominal public bonds/Nominal GDP (predicted, o 5, right scale)= «+ Nominal public bonds/Nominal GDP | predicted,

Sources: The author’s calculation, Bank of Japan, Cabinet Office, and Ministry of Finance.



36

Figure 3-5: Nominal rates of interest and inflation rates
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Figure 3-7: Non-Ricardian and Ricardian price levels
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Table 4-1: A drastic change in Marshallian k (BoJ notes/Nominal GNE) in the years 1937

to 1949
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