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The Basic Model

The old generation

Vo(h) = max {φh, h − w(h)}

The young generation

Vy(h) = w(h) + βVo(h)

Ṽy =
∫

(θh + βVo(h)) dF (h)

Frictionless matching

Vy(h) = Ṽy

Payment schedule

w(h̄) = (1 − φ) · h̄

w(h) = w(h̄) − β(h − h̄)
1 − β

Evolution of human capital distribution

G′(h) = G(h̄) · F (h) for h < h̄

G′(h) = G(h̄) · F (h) + G(h) − G(h̄) for h ≥ h̄
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Technology Adoption

F̂ : new; F̌ : old; F̃ : used

S ≡ (F̂ , F̌ , G); S̃ ≡ (S, F̃ )

Γ(S) =
{

F̂ in case of adoption
F̌ in case of conservation

Vo(h; S̃,Γ) = max
{

φh, h − w(h; S̃,Γ)
}

Vy(h; S̃,Γ) = w(h; S̃,Γ) + βVo(h; ΛS̃(S̃,Γ),Γ)

Ṽy(S̃,Γ) =
∫ (

θh + βVo(h; ΛS̃(S̃,Γ),Γ)
)

dF̃ (h)

ΛS(S̃,Γ) ≡ (ΛF̂ , F̃ ,ΛG(S̃,Γ)

ΛS̃(S̃,Γ) ≡ (ΛS(S̃,Γ),Γ(ΛS(S̃,Γ)))

Efficient Bargaining

Γ(S) = arg max
F̃

{
Ṽy(S̃,Γ) +

∫
Vo(h; S̃,Γ)dG(h)

}
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One New Technology: Institutional Change

ΛF̂ (h) = F̂ (h)

Consider: Γ(ΛS(Š,Γ)) = F̂

∆Ṽy(S,Γ) ≡ Ṽy(Ŝ,Γ) − Ṽy(Š,Γ)

= (1 − φ + βφ)(h̄(Ŝ,Γ) − h̄(Š,Γ))

∆Vo(S,Γ) ≡
∫ (

Vo(h; Š,Γ) − Vo(h; Ŝ,Γ)
)

dG(h)

= ∆Ṽy(S)G̃(h̄(Š,Γ), h̄(Ŝ,Γ))

G̃(h1, h2) ≡ 1 − G(h2) +
∫ h2

h1

h − h1

h2 − h1
dG(h)

∆Ṽy(S,Γ) > ∆Vo(S,Γ)

An equilibrium is: Γ(S) = F̂ for all S
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One New Technology: Institutional Change

ΛF̂ (h) = F̂ (h)

Consider: Γ(ΛtS(Š,Γ)) = F̌

∆Ṽy(S) = (1 − φ + βφ)(h̄(Ŝ,Γ) − h̄(Š,Γ))

∆Vo(S,Γ) =
∆Ṽy(S)G̃(h̄(Š,Γ), h̄(Ŝ,Γ))

1 − β

∆Vo(S,Γ) > ∆Ṽy(S,Γ) if G̃(h̄(Š,Γ), h̄(Ŝ,Γ)) > 1 − β

Assume:

G̃(h̄((ΛS(Š,Γ), F̌ ),Γ), h̄((ΛS(Š,Γ), F̂ ),Γ) > 1 − β

if G̃(h̄(Š,Γ), h̄(Ŝ,Γ)) > 1 − β

Then, an equilibrium is:

Γ(S) =
{

F̂ if G̃(h̄(Š,Γ), h̄(Ŝ,Γ)) ≤ 1 − β
F̌ if G̃(h̄(Š,Γ), h̄(Ŝ,Γ)) > 1 − β
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Exogenous Technological Change: Decentral Policy Making

ΛF̂ (h) = F̂ (h/λ)

Consider: Γ(ΛtS(Ŝ,Γ)) = Γ(ΛtS(Š,Γ)) = ΛtF̂

∆Ṽy(S,Γ) = (1 − φ + βφ)(h̄(Ŝ,Γ) − h̄(Š,Γ))

∆Vo(S,Γ) = ∆Ṽy(S)G̃(h̄(Š,Γ), h̄(Ŝ,Γ))

∆Ṽy(S,Γ) > ∆Vo(S,Γ)

An equilibrium is: Γ(S) = F̂ for all S

Consider: Γ(S) = Γ(ΛtS(Š,Γ)) = F̌

Ṽy((ΛtS(Š,Γ),ΛtF̂ ),Γ) ≥
∫

h(θ + βφ)dΛtF̂ (h)

∆Ṽy(ΛtS(Š,Γ),Γ) > ∆Vo(ΛtS(Š,Γ),Γ)

for some t

Not an equilibirum for any S:

Γ(S) = Γ(ΛtS(Š,Γ)) = F̌ for all t
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Endogenous Technological Change: Central Policy Making

ΛF (h) = F̃ (h/λ)

Consider: Γ(ΛtS(Ŝ,Γ)) = ΛtF̂ ; Γ(ΛtS(Š,Γ)) = Λt−1F̂

∆Ṽy(S,Γ) = (1 − φ + βφ)(h̄(Ŝ,Γ) − h̄(Š,Γ))

∆Vo(S,Γ) = ∆Ṽy(S)Ğ(h̄(Š,Γ), h̄(Ŝ,Γ))

Ğ(h1, h2) ≡ G̃(h1, h2) +
β(λ − 1)h2

h2 − h1

×
∞∑

t=0

{∫ λt+1h2

λth2

(
1 − λtβt

1 − λβ
+

λtβt(h − λth2)
λt+1h2 − λth2

)
dG(h)

}

∆Ṽy(S,Γ) > ∆Vo(S,Γ) if G(h̄(Š,Γ), h̄(Ŝ,Γ)) < 1

Not an equilibrium: Γ(S) = F̂ for all S
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Endogenous Technological Change: Central Policy Making

ΛF (h) = F̃ (h/λ)

Consider: Γ(ΛtS(Ŝ,Γ)) = F̂ ; Γ(ΛtS(Š,Γ)) = F̌

∆Ṽy(S) = (1 − φ + βφ)(h̄(Ŝ,Γ) − h̄(Š,Γ))

∆Vo(S,Γ) =
∆Ṽy(S)G̃(h̄(Š,Γ), h̄(Ŝ,Γ))

1 − β

∆Vo(S,Γ) > ∆Ṽy(S,Γ) if G̃(h̄(Š,Γ), h̄(Ŝ,Γ)) > 1 − β

Not an equilibrium: Γ(S) = F̌ for all S
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Endogenous Technological Change: Central Policy Making

ΛF (h) = F̃ (h/λ)

Consider: Γ(ΛtS(Ŝ,Γ)) = ΛtF̂ ; Γ(ΛtS(Š,Γ)) = F̌

∆Ṽy(S,Γ) = (1 − φ + βφ)(h̄(Ŝ,Γ) − h̄(Š,Γ))

∆Vo(S,Γ) =
∆Ṽy(S)Ğ(h̄(Š,Γ), h̄(Ŝ,Γ))

1 − β

∆Vo(S,Γ) > ∆Ṽy(S,Γ) if Ğ(h̄(Š,Γ), h̄(Ŝ,Γ)) > 1 − β

Assume:

Ğ(h̄((ΛS(Ŝ,Γ), F̂ ),Γ), h̄((ΛS(Ŝ,Γ),ΛF̂ ),Γ)) ≤ 1 − β

if Ğ(h̄(Š,Γ), h̄(Ŝ,Γ)) ≤ 1 − β;

Ğ(h̄((ΛS(Š,Γ), F̌ ),Γ), h̄((ΛS(Š,Γ), F̂ ),Γ)) > 1 − β

if Ğ(h̄(Š,Γ), h̄(Ŝ,Γ)) > 1 − β

Then, an equilibrium is:

Γ(S) =
{

F̂ if Ğ(h̄(Š,Γ), h̄(Ŝ,Γ)) ≤ 1 − β
F̌ if Ğ(h̄(Š,Γ), h̄(Ŝ,Γ)) > 1 − β
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Generational Transfers

Vo(h; S̃,Γ) = max
{
φh, h − w(h; S̃,Γ)

}
+ τ(S̃,Γ)

Vy(h; S̃,Γ) = w(h; S̃,Γ) + βVo(h; ΛS̃(S̃,Γ),Γ) − τ(S̃,Γ)

Ṽy(S̃,Γ) =
∫ (

θh+βVo(h; ΛS̃(S̃,Γ),Γ)
)
dF̃ (h) − τ(S̃,Γ)

Wo(h; S̃,Γ) ≡ Vo(h; S̃,Γ) − τ(S̃,Γ)

W̃y(S̃,Γ) ≡ Ṽy(S̃,Γ) + τ(S̃,Γ)

Transfer Rule

Ṽy(S̃,Γ) − (ρW̃y(Ŝ,Γ) + (1 − ρ)W̃y(Š,Γ))∫
(Vo(h; S̃,Γ)−(ρWo(h; Ŝ,Γ)+(1−ρ)Wo(h; Š,Γ)))dG(h)

=
σ

1 − σ

τ(Ŝ,Γ) = (1 − ρ)
{

(1 − σ)∆W̃y(S; Γ) + σ∆Wo(S; Γ)
}

τ(Š,Γ) = −ρ
{

(1 − σ)∆W̃y(S; Γ) + σ∆Wo(S; Γ)
}
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One New Technology Revisited

∆W̃y(S) = (1 − φ + βφ)(h̄(Ŝ,Γ) − h̄(Š,Γ))

+ β(τ(ΛS̃(Ŝ,Γ)) − τ(ΛS̃(Š,Γ)))

Assume: ΛG(Š,Γ) = G

Consider: Γ(ΛS(Š,Γ)) = F̂

∆Ṽy(S,Γ)>∆Vo(S,Γ) if G̃(h̄(Š,Γ), h̄(Ŝ,Γ))≤ 1
1 + β(1 − ρ)

Consider: Γ(ΛtS(Š,Γ)) = F̌

∆Vo(S,Γ)>∆Ṽy(S,Γ) if G̃(h̄(Š,Γ), h̄(Ŝ,Γ))>
1 − β

1 − βρ
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