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1 / 29

[1]
Toronto Sun (

)

J.N.K. Rao
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[2]

(Linear Mixed Model, LMM)

Fay-Herriot
m i = 1, . . . ,m
yi i
Di yi

x i i

yi = x�i β+ vi + εi , i = 1, . . . ,m

vi ∼ N(0, σ2
v) εi ∼ N(0,Di)

θi = x�i β+ vi θi ∼ N(x�i β, σ
2
v)

θi Bayes

θ̂Bi (β, σ
2
v) = E[θi | yi] = x�i β+

σ2
v

Di + σ2
v
(yi − x�i β)
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σ̂2
v σ2

v
β̂(σ̂2

v) β GLS

β̂(σ̂2
v) =

( m∑
i=1

1
Di + σ̂2

v
x ix�i

)−1 m∑
i=1

1
Di + σ̂2

v
x iy i

θi (EBLUP)
E[θi |yi]

θ̂EBLUP
i = x�i β̂+

σ̂2
v

Di + σ̂2
v
(yi − x�i β̂)

(a) D1, . . . ,Dm

model-based
historical data Di

(b)
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[3]
yi = x�i β+ vi + ei

(1) .
β (y1, . . . , ym) β̂(σ̂2

v) yi

x�i β̂(σ̂
2
v)

(2) .
vi θi yi

vi vi E[vi |yi] =
σ2

v
σ2

v+Di
(yi − x�i β)

yi

yi
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[4]
Nested error regression model

i = 1, . . . ,m, Battese, Harter, Fuller (1988)
(Yi1, . . . ,YiNi ) i Ni i j

Yij

y i = (yi1, . . . , yini )
T (Yi1, . . . ,YiNi ) ni

μi = Yi = N−1
i (Yi1 + · · ·+ YiNi )

Yij

Yij = xT
ij β+ vi + eij , i = 1, . . . ,m, j = 1, . . . ,Ni

vi ∼ N(0, σ2
v), eij ∼ N(0, σ2

e)
Y∗i = (Yi,ni+1, . . . ,Yi,Ni )

T

μi =

∑ni
j=1 yij

Ni
+

∑Ni
j=ni+1 Yij

Ni
=

ni

Ni
yi +

jT
Ni−ni

Y∗i
Ni

y i Y∗i
6 / 29



y i Y∗i E[Y∗i |y i] Y∗i
(y′i ,Y

∗′
i )
′

(
y i
Y∗i

)
∼ NNi

((
x i

x∗i

)
β,

(
Σ11 Σ12

Σ21 Σ22

))

x∗i = (xT
i,ni+1, . . . , x

T
i,Ni

)T , Σ11 = σ2
e Ini + σ

2
v jni

j�ni
,

Σ12 = σ2
v jni

j�Ni−ni
, Σ22 = σ2

e INi−ni + σ
2
v jNi−ni

j�Ni−ni

Y∗i |y i ∼ NNi−ni

(
x∗′i β+Σ21Σ

−1
11 (y i − x′iβ),Σ22 − Σ21Σ

−1
11Σ12

)
x̄∗i = (Ni − ni)

−1 ∑Ni
j=ni+1 x ij

E
[ Ni∑
j=ni+1

Yij

∣∣∣∣y i

]
= E

[
j∗′i Y∗i |y i

]
= (Ni − ni)

{
x̄∗′i β+

niρ

1 + niρ
(ȳi − x̄′iβ)

}

∑Ni
j=ni+1 Yij

(Ni − ni)

{
x̄∗′i β+

niρ

1 + niρ
(ȳi − x̄′iβ)

}
7 / 29

μi = Ȳi

μ̃i(ρ) =E[Ȳi |y i] =
ni

Ni
ȳi +

1
Ni

E
[ Ni∑
j=ni+1

Yij

∣∣∣∣y i

]

=x′i(p)β+
{

niρ

1 + niρ
+

ni

Ni

1
1 + niρ

} (
yi − x′iβ

)
x i(p) =

∑Ni
j=1 x ij

ρ = σ2
v/σ

2
e β 2 (GLS)

β̃(ρ) =
( m∑

i=1

nix ix
�
i

1 + niρ
+

m∑
i=1

ni∑
j=1

x ijx�ij
)−1( m∑

i=1

nix iy i

1 + niρ
+

m∑
i=1

ni∑
j=1

x ijyij

)

σ2
v , σ2

e
Henderson Rao MINQUE

Prasad and Rao (1990) Henderson
(Method III)

8 / 29



B =
∑m

i=1
∑ni

j=1(x ij − x i)(x ij − x i)
� r ,

B− β̃ = B−
∑m

i=1
∑ni

j=1(x ij − x i)(yij − yi)

σ2
e N =

∑m
i=1 ni

σ̂2
e = (N −m − r)−1

m∑
i=1

ni∑
j=1

{
(yij − yi) − (x ij − x i)

�β̃
}2

(1)

σ2
v β OLS β̂OLS = (X�X)−1X�y

σ̂2∗
v = N−1∗ {(y − X β̂OLS)

�(y − X β̂OLS) − (N − p)σ̂2
e}

y i = (yi1, . . . , yini )
�, y = (y�1 , . . . , y

�
m)
�,

X i = (x�i1, . . . , x
�
ini
)�, X = (X�1 , . . . ,X

�
m)
�

N∗ = N −∑m
i=1 n2

i x�i (X ′X)−1x i σ̂2∗
v

σ̂2
v = max(0, σ̂2∗

v )
ρ = σ2

v/σ
2
e ρ̂ = σ̂2

v/σ̂
2
e , β β̃(ρ̂) μi = Ȳi

μ̃i(ρ̂) = x′i(p)β̃(ρ̂) +
{

ni ρ̂

1 + ni ρ̂
+

ni

Ni

1
1 + ni ρ̂

} (
yi − x′i β̃(ρ̂)

)
9 / 29

ni ρ̂ yi x′i β̃(ρ̂)
ni

(a)
(b) xni+1, . . . , xNi

E
[ Ni∑
j=ni+1

Yij

∣∣∣∣y i

]
= (Ni − ni)

{
x̄∗′i β+

niρ

1 + niρ
(ȳi − x̄′iβ)

}
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[5]
(1)
(Yi1, x i1), . . . , (YiNi , x iNi ) i = 1, . . . ,m

Yij =

{
1 if Ỹij > 0,
0 if Ỹij ≤ 0,

(2)

Ỹij NERM

Ỹij = x�ij β+ vi + εij , i = 1, . . . ,m, j = 1, . . . ,Ni ,

vi vi ∼ N(0, τ2).
εij −εij ∼ F(·),

y i = (yi1, . . . , yini )
�, (x i1, . . . , x iNi )

Y∗i = (Yini+1, . . . ,YiNi )
�

Yi =
1
Ni

∑Ni
j=1 Yij

Y i =
ni

Ni
yi +

Yi,ni+1 + · · ·+ Yi,Ni

Ni
, yi = n−1

i

ni∑
j=1

yij

11 / 29

Ŷ i(β, τ
2) =

ni

Ni
yi +

1
Ni

Ni∑
j=ni+1

E[Yij | y]

=
ni

Ni
yi +

1
Ni

Ni∑
j=ni+1

∫
F(x�ij β+ vi)G(vi | β, τ2)dvi∫

G(vi | β, τ2)dvi

, vi g(vi | τ2)

G(vi | β, τ2) = g(vi | τ2)
ni∏

j=1

[{
F(x�ij β+ vi)

}yij
{
1 − F(x�ij β+ vi)

}1−yij
]

β, τ2

m∑
i=1

log
{ ∫ ni∏

j=1

[{
F(x�ij β+ vi)

}yij
{
1 − F(x�ij β+ vi)

}1−yij
]
g(vi | τ2)dvi

}

β̂, τ̂2 Ŷ
EB

i = Ŷ i (̂β, τ̂
2)
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(2)
i = 1, . . . ,m, y = (y1, . . . , ym)

�
yi | θi ∼ N(θi ,Di), θi ∼ N(x�i β, σ

2
v)

[1]
m

wi =
D−1

i∑m
j=1 D−1

j
yw =

∑m
i=1 wiyi

m∑
i=1

wi θ̂
EB
i �

m∑
i=1

wiyi
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[2]
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ni
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Figure: SMR
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0 25 50 75 100 125 150 175 200 225 250 275

0.6

0.8

1.0

1.2

1.4

ni

λ̂i
EB

Figure: EB
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Louis (1984)
θ̂Bi = E[θi | y]

(B1)
∑m

i=1 wi θ̂
B
i =

∑m
i=1 wiE[θi |y]

(B2)
∑m

i=1 wi{θ̂Bi − θ̂B }2 ≤
∑m

i=1 wiE[{θi − θ}2|y]
θ̂B =

∑m
i=1 wi θ̂

B
i θ =

∑m
i=1 wiθi

(B2)

m∑
i=1

wiE[{θi − θ}2|y] =
m∑

i=1

wi

{
θ̂Bi − θ̂B

}2
+

m∑
i=1

wiVar(θi − θ|y)

≥
m∑

i=1

wi

{
θ̂Bi − θ̂B

}2

[3]
( )

∑m
i=1 wi θ̂

CB
i =

∑m
i=1 wiyi

( )
∑m

i=1 wi{θ̂CB
i − θ̂CB }2 =

∑m
i=1 wi {̂μB

i − θ̂B }2 +
∑m

i=1 wi(1−wi)
Diσ

2
v

Di+σ
2
v16 / 29



L(θ̂CB
1 , . . . , θ̂

CB
m , λ1, λ2) =

m∑
i=1

E[(θ̂CB
i − θi)2|y] − λ1

{ m∑
i=1

wi θ̂
CB
i −

m∑
i=1

wiyi

}

− λ2

{ m∑
i=1

wi{θ̂CB
i − θ̂CB }2 −

m∑
i=1

wi {̂μB
i − θ̂B }2 −

m∑
i=1

wi(1 − wi)
Diσ

2
v

Di + σ2
v

}

θ̂CB
i = θ̂Bi + {aB − 1}{θ̂Bi −

m∑
j=1

wj θ̂
B
j }+

m∑
i=1

wi(yi − θ̂Bi )

Δv =
∑m

i=1 wi(1 − wi)
Diσ

2
v

Di+σ
2
v

{aB }2 = 1 +
Δv∑m

i=1 wi{θ̂Bi −
∑m

j=1 wj θ̂
B
j }2

yi > 0 θ̂CB
i > 0

Ghosh, Kubokawa and Kawakubo(2015)
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Figure: SMR
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ni
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EB

Figure: EB
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ni
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Figure: CEB
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(3)

2.
5

3.
0

3.
5

4.
0

areas

17 32 33 34 35 43 48 49 52

Figure: Boxplots of the Posted Land Price Data for Selected Areas
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i = 1, . . . ,m, y = (y1, . . . , ym)
�

yi | θi ∼ N(θi , σ
2
i ), θi ∼ N(x�i β, σ

2
v)

S2
i σ2

i niS2
i /σ

2
i ∼ χ2

ni

ni S2
i

σ2
1, . . . , σ

2
m

(a) σ2
1 = · · · = σ2

m = σ2

(b) σ−1
i ∼ Gamma(a, b), (a, b)

Tamae and Kubokawa
(2015)

θ̂AB
i = x�i β+

σ̂2
v

σ̂2
v + (niS2

i + 2/b)/(ni + a/2)
(yi − x�i β)

(c) Sugasawa and Kubokawa (2017)

σ2
i = g(z�i γ)

g(z�i γ) = (z�i γ)
2, g(z�i γ) = exp{z�i γ}
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Figure: Plot of OLS Residuals Against Distance Dij
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(4)

I) y > 0 h(·) : (0,∞)→ (−∞,∞)
(1) Box-Cox

hBC
λ (y) =

{
(yλ − 1)/λ, λ � 0,
log y, λ = 0,

λ MLE
(2) (Dual Power Transformation)

hDP
λ (y) =

{
(yλ − y−λ)/2λ, λ > 0,
log y, λ = 0.

λ MLE
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II) y1, . . . , ym, yi > 0
(1) Fay-Herriot i = 1, . . . ,m

yi =θi + εi , εi ∼ N(0,Di),

θi =x�i β+ vi , vi ∼ N(0, σ2
v)

θi = x�i β+ vi θ̂Bi = x�i β̂+
σ̂2

v
Di+σ̂

2
v
(yi − x�i β̂)

yi > 0

(2) yi > 0 yi h(yi , λ)

hλ(yi) = θi + εi , i = 1, . . . ,m

(a) θi

θ̂Bi (hλ) = x�i β̂+
σ̂2

v

Di + σ̂2
v
(hλ(yi) − x�i β̂)

h−1
λ (θ̂Bi (hλ)) Sugasawa and Kubokawa (2015)

25 / 29

(b) θi Sugasawa and Kubokawa (2017)

E[h−1
λ (θi)|yi] = E[h−1

λ (x�i β+ vi)|yi] =

∫ ∞

−∞
h−1
λ (t)φ(t ; θ̂Bi (hλ), σ

2
i )dt

σ2
i = σ2

vDi/(σ
2
v + Di), φ(t ; θ̂i , σ2

i ) ∼ N(θ̂i , σ
2
i )

(3)
Yij > 0, i = 1, . . . ,m, j = 1, . . . ,Ni

Yi = N−1
i

∑Ni
j=1 Yij

hλ(·) : (0,∞)→ (−∞,∞) hλ(Yij) = xT
ij β+ vi + eij

vi ∼ N(0, σ2
v), eij ∼ N(0, σ2

e)
y i = (yi,1, . . . , yi,ni )

�
Y∗i = (Yi,ni+1, . . . ,Yi,Ni )

�

Yi = N−1
i

∑Ni
j=1 Yij

E[Yi | y i] =

∑ni
j=1 yij

Ni
+

∑Ni
j=ni+1 E[Yij | y i]

Ni
=

ni

Ni
yi +

∑Ni
j=ni+1 E[Yij | y i]

Ni

E[Yij |y i] = E[h−1
λ (xT

ij β+ vi + eij)|y i]
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(poverty indices)

(4)Unmatched Sampling Linking Model Sugasawa, Kubokawa and Rao
(2017)

yi =θi + εi , εi ∼ N(0,Di),

h(θi) =x�i β+ vi , vi ∼ N(0, σ2
v)

θi > 0, h(·) : (0,∞)→ (−∞,∞)
h(θi) = log θi , h(θi) = log{θi/(1 − θi)}

θi = h−1(x�i β+ vi)

E[θi |yi] = E[h−1(x�i β+ vi)|yi] =

∫
θiπ(θi |yi)dθi ,

π(θi |yi) =
h′(θi) exp{−(yi − θi)2/2Di − (h(θi) − x�i β)

2/2σ2
v }∫

h′(θi) exp{−(yi − θi)2/2Di − (h(θi) − x�i β)2/2σ2
v }dθi

27 / 29

(5)

2
2

(GLMM)

(6)

(7)
AIC, BIC

AIC
Kawakubo and Kubokawa (2014)
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(8)
EBLUP

EBLUP 2 (MSE) m → ∞
2

m → ∞
2 1 − γ

2

2

2

ML
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1

76

•
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•

–

3

•
–

1. 2200 1

2. 490 1

3. 80 1

• (H29)

–

– 1 5 4

– 1 5
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1.

•
•
•

2.

•
•

3.

• 0.1%

–

5

1.

•
•

2.

•
•

3. 100%

• 1 1

• 1 “random

rounding”

• random rounding
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(Naive) Random Rounding

• 10−d (d = 0, 1, 2, . . .)

• j πj πj 10−d rj (j = 1, 2, . . . , J )

• r· :=
∑J

j=1 rj r· 10−d 0 0

– 10 r· 0

– πj > 0 rj > 0

∗ πj = 0

• XJ := (X1, X2, . . . , XJ) j rj/r· =: pj 10

Multi(10,p)

• πj 10−d 10−d Xj × 10−d−1 j

Yj

• E(Yj) = πj

∑J
j=1 Yj = 1

7

• Random Rounding 1 1

• XJ ∼ Multi(10,p) Multi(10c,p) Yj

c (c = 0, 1, 2, . . .)

•

E(Yj) = πj ,

J∑
j=1

Yj = 1

– Yj

•

8



• x p

• ε ∀(x,p)
P(X = x;p+Δ)

P(X = x;p)
≤ exp(ε) (1)

ε− (DP) Δ p 1

• (1) |Δ| = 1

log P(X = x;p+Δ)− log P(X = x;p)

|Δ| ≤ ε (2)

• p

• (2) |Δ| → 0 ε

9

• P(X = x;p) 0 (x,p)

– pj = 0 P(Xj > 0) = 0

• p̃j = pj + δj

• Δ pj

(log P(X = x; p̃+Δ)− log P(X = x; p̃))/|Δ|
= (xj(log(pj + δj +Δ)− log(pj + δj)))/|Δ| → xj/p̃j

• ∀(xj , pj)

xj/p̃j ≤ ε

• p̃j j xj = 10c

– 1

• p̃j c

10



• XJ ∼ Multi(10c,p) E(Yj) = πj ,
∑J

j=1 Yj = 1

•

• Xk

Yj

• π F J ∈ F|n,J := {fJ : fj ∈ N0, j ∈ [J ],
∑

fj = n}
E(Fj) = nπj

11

• (Total) Bell polynomial:

Bn(w) := n!
∑
s∈S|n

n∏
i=1

(wi

i!

)si 1

si!
,

where

S|n := {s : si ∈ N0, i ∈ N,
∞∑
i=1

isi = n}.

• B0(·) := 1.

• Partial Bell polynomial:

Bn,k(w) := n!
∑

s∈S|n,k

n∏
i=1

(wi

i!

)si 1

si!
,

where

S|n,k := {s : si ∈ N0, i ∈ N,
∞∑
i=1

isi = n,
∞∑
i=1

si = k}.

12



• Simple fact: Bn(w) =
∑n

k=0 Bn,k(w).

• We write λw = (λw1, λw2, λw3, . . .). ⇒ Bn(λw) =
∑n

k=0 λ
kBn,k(w).

• ⇒ dBn(λw)/dλ =
∑n

k=0 kλ
k−1Bn,k(w)

• If wi ≥ 0, i ∈ [n], then Bn(w) ≥ 0 ⇒ dBn(λw)/dλ ≥ 0 if λ ≥ 0.

13

Bell Polynomial Distribution

• Define, for n ∈ N, J ∈ N, λj ≥ 0, j ∈ [J ], wj ≥ 0, j ∈ [n], the J dimensional Bell polynomial

distribution with parameters (n, λ1, λ2, . . . , λJ ,w) by

p(fJ) =

(
n

fJ

)
1

Bn(λ·w)

J∏
j=1

Bfj (λjw), fJ ∈ F|n,J . (3)

• Denote this distribution by BellPJ(n, λ1, λ2, . . . , λJ ,w).

• When w = (1, 0, 0, 0, . . .), it reduces to the J dimensional multinomial distribution with cell

probabilities λj/λ·, j ∈ [J ].

• When
∑∞

i=1 wi/i! < ∞, it reduces to the Conditional Compound Poisson (CCP) distributions (H,

2009).

14



Marginal Moments

• Write πj := λj/λ·.

• Theorem 1 Suppose that F J ∼ BellPJ(n, λ1, λ2, . . . , λJ ,w). Then

E(Fj) = nπj , j ∈ [J ]. (4)

V(Fj) = nπj(1− πj)φ(n, λ·,w), j ∈ [J ], (5)

where

φ(n, λ·,w) = 1 +
λ·(n− 1)!

Bn(λ·w)

n−2∑
i=0

Bi(λ·w)wn−i

i!(n− i− 2)!
.

Cov(Fi, Fj |N = n) = −nπiπjφ(n, λ·,w), i ∈ [J ], j ∈ [J ], i �= j. (6)

• Remark 1 φ(n, λ·,w) = 1 if and only if wi = 0 for i ≥ 2.

• Corollary 1 For all w the correlation matrix of BellPJ (n, λ1, λ2, . . . , λJ ,w) is that of

Multi(n, π1, π2, . . . , πJ).

15

ex) Negative Hypergeometric Distribution

• wi = (i− 1)!, Bn(λw) = λ(λ+ 1) · · · (λ+ n− 1).

• BellPJ(n, α1, α2, . . . , αJ , (0!, 1!, 2!, . . .))’s pmf:

p(fJ) =

(
n

fJ

)
Γ(α·)

Γ(α· + n)

J∏
j=1

Γ(αj + fj)

Γ(αj)
, fJ ∈ F|n,J .

• Write πj = αj/α·.

• When F J ∼ BellPJ(n, α1, α2, . . . , αJ , (0!, 1!, 2!, . . .)), it is known that

E(Fj) = nπj .

V(Fj) = nπj(1− πj)(1 + (n− 1)/(α· + 1)).

• Hence φ(n, α·, (0!, 1!, 2!, . . .)) must be 1 + (n− 1)/(α· + 1).

• Proposition 1
(n− 1)!α·
Γ(α· + n)

n−2∑
i=0

(n− i− 1)Γ(α· + i)

Γ(i+ 1)
=

n− 1

α· + 1
.

16



Direct Proof of Proposition 1

• Lemma 1
n∑

i=0

Γ(a+ i)

Γ(1 + i)
=

Γ(1 + n+ a)

aΓ(1 + n)
.

• Thus we have

φ(n, α·, (0!, 1!, 2!, . . .)) = 1 +
(n− 1)!α·
Γ(α· + n)

n−2∑
i=0

(n− i− 1)Γ(α· + i)

Γ(i+ 1)

= 1 +
(n− 1)!α·
Γ(α· + n)

{
(n− 1)

n−2∑
i=0

Γ(α· + i)

Γ(i+ 1)
−

n−2∑
i=1

Γ(α· + i)

Γ(i)

}

= 1 +
(n− 1)!α·
Γ(α· + n)

{
(n− 1)

Γ(n− 1 + α·)
α·Γ(n− 1)

− Γ(n− 1 + α·)
(α· + 1)Γ(n− 2)

}

= 1 +
(n− 1)!α·
Γ(α· + n)

{
Γ(n+ α·)

α·(α· + 1)Γ(n− 1)

}
= 1 + (n− 1)/(α· + 1). �

17

ex) Quasi-Multinomial

• BellPJ(n, θ1/λ, θ2/λ, . . . , θJ/λ, (1
0, 21, 32, . . .)) is “Quasi-Multinomial (type 2)” (Consul and

Mittal, 1977):

P(F J = fJ) =

(
n

fJ

)
1

θ·(θ· + nλ)n−1

J∏
j=1

θj(θj + fjλ)
fj−1, fJ ∈ F|n,J . (7)

• Reparameterize (7) as β := λ/θ· ≥ 0, πj = θj/θ·, j ∈ [J ].

• Consul and Mittal (1977) derive

V(Fj) = nπj

[{
(n− 1)!

1 + nβ

n∑
i=2

πj + iβ

(n− i)!

(
β

1 + nβ

)i−2
}

+ 1− nπj

]
. (8)

• Theorem 1 tells us that π’s can be separated in (8).

18



Proposition 2 For β > 0 eq. (8) can be rewritten as

V(Fj) = nπj(1− πj)φ(n, β
−1, (10, 21, 32, . . .)), (9)

where

φ(n, β−1, (10, 21, 32, . . .)) = 1 +
(n− 1)!

(β−1 + n)n−1

n−2∑
i=0

β−1(β−1 + i)i−1(n− i)n−i−1

i!(n− i− 2)!

Proposition 3 When F J ∼ BellPJ(n, θ1/λ, θ2/λ, . . . , θJ/λ, (1
0, 21, 32, . . .)),

Cov(Fi, Fj |N = n) = −nπiπjφ(n, β
−1, (10, 21, 32, . . .)).

19

• BellPJ(n, λ1, λ2, . . . , λJ ,w)

• λj

(logBfj (λjw)− logBn(λ·w))′ =
B′

fj
(λjw)

Bfj (λjw)
− B′

n(λ·w)

Bn(λ·w)
(10)

• (f , (λ1, . . . , λJ)) ε

• (10) f

B′
fj
(λjw)

Bfj (λjw)
=

∑fj
k=0 kλ

k−1
j Bfj ,k(w)∑fj

k=0 λ
k
jBfj ,k(w)

• k/λj

• λj j n (10)

20



Theorem 2 Suppose that n ∈ N, J ∈ N, λj > 0, wj ≥ 0, j ∈ [J ]. Write λ = minj λj . Then

BellPJ(n, λ1, λ2, . . . , λJ ,w) is ε-DP if and only if

B′
n(λw)

Bn(λw)
− B′

n(λ·w)

Bn(λ·w)
≤ ε. (11)

Corollary 2 Suppose that n ∈ N, J ∈ N, pj > 0, j ∈ [J ],
∑J

j=1 pj = 1. Then Multi(n,p) is ε-DP

if and only if, ∀j,

n(1/pj − 1) ≤ ε. (12)

• NB: Bn(λ, 0, 0, . . .) = λn.

• When cell probabilites are uniform, i.e., least unsafe, (12) reduces to n(J − 1) ≤ ε.

– ε can never be small !

21

Corollary 3 Suppose that n ∈ N, J ∈ N, αj > 0, j ∈ [J ]. Then NegHyp(n, 
α) is ε-DP if and only if

n−1∑
k=0

(
1

α+ k
− 1

α· + k

)
≤ ε. (13)

• When α·/α is fixed at c, (13) reduces to

n−1∑
k=0

(
(c− 1)α

(α+ k)(cα+ k)

)
≤ ε.

– LHS→ 0 as α → ∞: Multi

Proposition 4 Suppose that n ∈ N, J ∈ N, αj > 0, j ∈ [J ]. Then for any positive ε, NegHyp(n, 
α) is

ε-DP as α· → ∞ where cell probabilites are fixed.

22



Remarks

•
Machanavajjhala et al. (2008)

• deterministic

– stochastic

– deterministic
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• LHS of (11) is further written as

∑n
k=0 kλ

k−1Bn,k(w)Bn(λ·w)−∑n
k=0 kλ

k−1
· Bn,k(w)Bn(λw)

Bn(λw)Bn(λ·w)

=

∑n
k=0 kBn,k(w){λk−1Bn(λ·w)− λk−1

· Bn(λw)}
Bn(λw)Bn(λ·w)

≤
∑n

k=0 kBn,k(w){λk−1
· Bn(λ·w)− λk−1

· Bn(λw)}
Bn(λw)Bn(λ·w)

≤
∑n

k=0 nBn,k(w){λk−1
· Bn(λ·w)− λk−1

· Bn(λw)}
Bn(λw)Bn(λ·w)

=
n

λ·
Bn(λ·w){Bn(λ·w)−Bn(λw)}

Bn(λw)Bn(λ·w)
=

n

λ·
{Bn(λ·w)−Bn(λw)}

Bn(λw)
.
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Proposition 5 Suppose that the conditions of Theorem 2 hold. Then BellPJ(n, λ1, λ2, . . . , λJ ,w) is

ε-DP if
n

λ·

(
Bn(λ·w)

Bn(λw)
− 1

)
≤ ε.

• When λ·/λ is fixed at c,

lim
λ→∞

Bn(λ·w)

Bn(λw)
− 1 = lim

λ→∞
(cλ)nBn,n(w) +O(λn−1)

λnBn,n(w) +O(λn−1)
− 1 = (cn − 1)

Theorem 3 Suppose that n ∈ N, J ∈ N, λj > 0, wj ≥ 0, j ∈ [J ]. Then for any positive ε,

BellPJ(n, λ1, λ2, . . . , λJ ,w) is ε-DP as λ· → ∞ where cell probabilites are fixed.

• When cell probabilites are fixed, Multi is unchanged as λ· → ∞.

Proposition 6 Let ρj = θj/λ. Then QM(n, 
ρ) is ε-DP as ρ· → ∞ where cell probabilities are fixed.

• Bn(ρ(1
0, 21, . . .)) = ρ(ρ+ n)n−1

25

•
•
• 1

• random rounding 1

• random part

• random part

•
–
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2016 -2017
( )

( )
(Kunitomo-Sato(2017),

Kunitomo-Awaya-Kurisu(2017), )

(CTI)
( ) HP CTI



t m = 28, 29, 30, 31

yt

yt = xt + swt + smt + ht + vt (t = 1, · · · ,T ),

xt swt smt
ht vt

vt N(0, σ2)

xt = xt−1 + v xt (t = 1, · · · ,T ),

v xt N(0, σ2
x)

(Kitagawa (2010) )

(1 + L+ · · ·+ L6)swt = vwt (t = 1, · · · ,T ),

L vwt N(0, σ2
w )

(1 + L+ · · ·+ L11)[
∑

t∈Ii (t)
smt ] = vmIi (t) (t = 1, · · · ,T ),

smIi (t) =
∑

t∈Ii (t) s
m
i

smi N(0, σ2
m)

vmIi (t) σ2
m



2000 1 2016 10 6000

2000

2010.1.1 500
2000.1-2016.12

2:

GDP



GDP

GDP
GDP

GDP
( (2010))

:
y1t (t = 3(i − 1) + j ; i = 1, · · · ,m; j = 1, 2, 3;T = 3m).

p − 1
y2t (t = 12(i − 1) + j , i = 1, · · · , n; j = 1, · · · , 12;T = 12n)

x1t (t = 12(i − 1) + j , i = 1, · · · , n; j = 1, · · · , 12)
xt = (xkt)

β
′
x ,tyt = Op(1) , st = (sk,t)

β
′
s,tst = Op(1) ,

Kunitomo-Sato(2017) βx ,βs

SIML( )

β
′
xxt = β0 + u

(x)
t

(co-integrated relations)



y1t
y2t y3t (
)

(i) ,
(ii) (i.e. ),
(iii) ,
(iv)

GDP
etc.

X-12-ARIMA, DECOMP

( )
ranl(xtx

′
t) p − 1

βx ,t x
′
tβx ,t = Op(1)

βx ,t

Y0 θ

LT (θ) =
T∏
t=1

f (yt |Yt−1,θ)

( DECOMP hyper-parameter
)



SIML

SIML :

yij : j i
( tni ; i = 1, · · · , n; j = 1, · · · , p; 0 = tn0 ≤ · · · ≤ tnn = T )

n = T , tni − tni−1 = 1, yi = (y1i , · · · , ypi )′ p × 1

, Yn = (y
′
i ) (= (yij)): n × p , y0 : .
xi (= (xji )) at t

n
i (i = 1, · · · , n)

s
′
i = (s1i , · · · , spi ).

v
′
i = (v1i , · · · , vpi )

.

yi = xi + si + vi

xi , si ,

Δdxi = (1− L)dxi = w
(x)
i

Lxi = xi−1, Δ = 1− L, E(w(x)
i ) = 0,

E(w(x)
i w

(x)′
i ) = Σx ,

(1 + L+ · · ·+ Ls−1)Dsi = w
(s)
i

Lssi = si−s , E(w(s)
i ) = 0, E(w(s)

i w
(s)′
i ) = Σs ,

vi =
∞∑

j=−∞
Cjei−j ,

Cj , i.i.d.
E(ei ) = 0, E(eie′

i ) = Σe



d = D = 1

β p × 1
β

′
yi = Op(1) (i = 1, · · · , n) , B

q × p (q ≤ p)

Byi = Op(1) (i = 1, · · · , n)

Bssi = Op(1) (i = 1, · · · , n).

d = D = 1, (
si = 0) Δxi vi (i = 1, · · · , n)

Np(0,Σx) Np(0,Σv )
n × p Yn = (y

′
i ), np × 1

(y
′
1, · · · , y

′
n)

′
y0

vec(Yn) ∼ Nn×p

(
1n · y′

0, In ⊗Σv + CnC
′
n ⊗Σx

)
,



Cn =

⎛
⎜⎜⎜⎜⎝

1 0 · · · 0 0
1 1 0 · · · 0
1 1 1 · · · 0
1 · · · 1 1 0
1 · · · 1 1 1

⎞
⎟⎟⎟⎟⎠

n×n

.

y0 (ML)

L∗n = log |In ⊗Σv + CnC
′
n ⊗Σx |−1/2

− 1

2
[vec(Yn − Ȳ0)

′
]
′
[In ⊗Σv + CnC

′
n ⊗Σx ]

−1[vec(Yn − Ȳ0)
′
] ,

Ȳ0 = 1n · y′
0 .

Kn− Yn Zn (= (z
′
k))

Zn = Kn

(
Yn − Ȳ0

)
,Kn = PnC

−1
n ,

C−1
n =

⎛
⎜⎜⎜⎜⎝

1 0 · · · 0 0
−1 1 0 · · · 0
0 −1 1 0 · · ·
0 0 −1 1 0
0 0 0 −1 1

⎞
⎟⎟⎟⎟⎠

n×n

,

Pn = (p
(n)
jk ) , p

(n)
jk =

√
2

n + 1
2

cos

[
2π

2n + 1
(k − 1

2
)(j − 1

2
)

]
.



C−1
n C

′−1
n = PnDnP

′
n Dn

k-

dk = a∗kn = 2[1− cos(π(
2k − 1

2n + 1
))] = 4 sin2(π/2)[(2k − 1)/(2n+1)]

Ln =
n∑

k=1

log |aknΣv +Σx |−1/2 − 1

2

n∑
k=1

z
′
k [aknΣv +Σx ]

−1zk ,

akn (= dk) = 4 sin2
[
π

2

(
2k − 1

2n + 1

)]
(k = 1, · · · , n) .

zk (k = 1, · · · , n)
Np(0,Σx + aknΣv ), ak 4 sin2(x) in
(0, π/2)



zk aknΣv +Σx zkz
′
k

k n → ∞ akn → 0
k akn k = kn

(1/mn)
∑mn

k=1 akn mn n

mn/n → 0(n → ∞) (SIML) (Σ̂x)

Σ̂x ,SIML =
1

mn

mn∑
k=1

zkz
′
k .

Σ̂x mn

n mn = O(nα)(0 < α < 1
SIML

1

1
(q = 1)

yi = xi + vi , Yn = (y
′
i ), xi

xi = xi−1 + πμi ,

π p× 1 vector, μi i.i.d. ( )
N(0, σ2

μ) vi i.i.d. (p- )
Np(0,Σv ) Σv )



b = σμπ,A = aknΣv

A
|A+ bb

′ | = |A|[1 + b
′
A−1b]

[A+ bb
′
]−1 = A−1 − A−1b[1 + b

′
A−1b]−1b

′
A−1

(Σx = bb
′
)

Ln

L1n =
n∑

k=1

[
log |aknΣv |+ log(1 + a−1

kn b
′
Σ−1

v b) + a−1
kn z

′
kΣ

−1
v zk

−a−1
kn (z

′
kΣ

−1
v b)2

akn + b′Σ−1
v b

]

=
n∑

k=1

log |aknΣv |+
n∑

k=1

a−1
kn z

′
kΣ

−1
v zk

+
n∑

k=1

[
log(1 + a−1

kn c)−
a−1
kn (z

′
kΣ

−1
v b)2

akn + c

]
,

c = σ2
μπ

′
Σ−1

v π .



π ML π
β

′
= (1,−β

′
2)

[
Σ̂x .SIML − λΣ̂v .SIML

]
β̂SIML = 0 ,

Σ̂x .SIML =
1

mn

mn∑
k=1

zkz
′
k ,

Σ̂v .SIML(1) =
1

2
[
1

n

n∑
k=1

zkz
′
k − Σ̂x .SIML] ,



Σ̂v .SIML(2) =
1

ln

n∑
k=n+1−ln

a−1
kn zkz

′
k −

1

4
Σ̂x .SIML ,

Zn = (z
′
k) = PnC

−1
n

(
Yn − 1nȳ

′
0

)
,

Σ̂v .SIML SIML (Σv ) λ

Σx 1 λ1

β̂SIML β SIML

Σ̂x .SIML × β̂SIL = 0 ,

Σ̂x .SIML × [
1

−β̂2.SIL
] = 0 .

β̂2.SIL = Σ̂
−1
22x .SIMLΣ̂21x .SIML ,
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Figure 1 : Likelihood Function of β2 (n = 1, 000)
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Figure 2 : Likelihood Function of β2 (n = 1, 000)
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Figure 3 : Likelihood Function of ρ (n = 1, 000)
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Figure 4 : Wrong Likelihood Function of ρ (n = 1, 000)

SIML

Theorem 4.2 (KAK 2017)) : Assume that vi (i = 1, · · · , n) are
a squence of i.i.d. random vectors and |Σv | �= 0. Then under the
assumption of Gaussian distributions the maximum likelihood
estimator of β is consistent as n −→ ∞.

Theorem 4.3 (KS 2017) : Assume the non-stationary
errors-in-variables model and |Σv | �= 0. Then under the
assumption of existence of fourth order moments the SIML
estimator of β is consistent as n −→ ∞.

SIML (KS(2017).)



( )

fv (λ) =
1

π
(

∞∑
j=−∞

Cje
2iλj)Σe(

∞∑
j=−∞

Cje
−2iλj) (−π

2
≤ λ ≤ π

2
),

(Δyi (= yi − yi−1))

fΔy (λ) =
1

π

[
Σx + (1− e2iλ)fv (λ)(1− e−2iλ)

]
.

SIML

yi = xi + si + vi (i = 1, · · · , n), xi
, si , vi

Δ = 1− L (Lyi = yi−1)

B
(3)
n = (b

(3)
jk ) = PnC

−2
n C

(s)
n ,

C
(s)
n = CN ⊗ Is , N, s (≥ 2), n = Ns

n∑
j=1

b
(3)
kj b

(3)

k ′
,j
= 4δ(k , k

′
)
sin4

[
π
2
2k−1
2n+1

]
sin2

[
π
2
2k−1
2n+1 s

] + o(
1

n
) .



O(n−1)

L
(SI )
n =

n∑
k=1

log |a∗knΣv + a
(s)
kn Σs +Σx |−1/2

−1

2

n∑
k=1

z
′
k [a

∗
knΣv + a

(s)
kn Σs +Σx ]

−1zk ,

a∗kn

a
(s)
kn = 4

sin4
[
π
2

(
2k−1
2n+1

)]
sin2

[
π
2

(
2k−1
2n+1 s

)] (k = 1, · · · , n) .

Theorem 5.1 : In the new setting with N, s, n (= Ns) (positive
integers), we assume the moment conditions on the seasonal

components as E [w (s)4
ig ] < ∞.

For Σ̂x , we have
(i) For mn = [nα] and 0 < α < 1, as n −→ ∞

Σ̂x −Σx
p−→ O .

(ii) For mn = [nα] and 0 < α < 0.8, as n −→ ∞
√
mn

[
σ̂
(x)
gh − σ

(x)
gh

] L−→ N

(
0, σ

(x)
gg σ

(x)
hh +

[
σ
(x)
gh

]2)
.

The covariance of the limiting distributions of
√
mn[σ̂

(x)
gh − σ

(x)
gh ]

and
√
mn[σ̂

(x)
kl − σ

(x)
kl ] is given by

σ
(x)
gk σ

(x)
hl + σ

(x)
gl σ

(x)
hk (g , h, k , l = 1, · · · , p).



Σs = (σ
(s)
gh ) Σ̂s = (σ̂

(s)
gh ),

Σ̂s,SIML =
1

mn

∑
k∈I(s)n

a
(s)−1
kn zkz

′
k ,

s , [x ] , I
(s)
n

I
(s)
1n = {[2n/s] + 1, · · · , [2n/s] +mn]}
mn = [nα] (0 < α < 1).

I
(s)
2n = {[2n/s]− [mn/2], · · · , [2n/s], · · · , [2n/s] + [mn/2]]}

[2n/s] (s = 4, s = 12.)

E [zkz′
k ] = Σx + a

(s)
kn Σs + a∗knΣv .

E [a(s)−1
kn ziz

′
i ] = Σs + a

(s)−1
kn Σx +

a∗kn
a
(s)
kn

Σv .



Theorem 5.2 : In the new setting assume the moment conditions

on the seasonal components as E [w (s)4
ig ] < ∞. For Σ̂s with I

(s)
1n or

I
(s)
2n ,
(i) for mn = [nα] and 0 < α < 1, as n −→ ∞

Σ̂s −Σs
p−→ O .

(ii) For mn = [nα] and 0 < α < 0.8, as n −→ ∞
√
mn

[
σ̂
(s)
gh − σ

(s)
gh

] L−→ N

(
0, σ

(s)
gg σ

(s)
hh +

[
σ
(s)
gh

]2)
.

The covariance of the limiting distributions of
√
mn[σ̂

(s)
gh − σ

(s)
gh ]

and
√
mn[σ̂

(s)
kl − σ

(s)
kl ] is given by

σ
(s)
gk σ

(s)
hl + σ

(s)
gl σ

(s)
hk (g , h, k , l = 1, · · · , p).

� SIML
integrated-volatility, co-volatility, Quadratic

Variation

� SIML

�

� SIML

�



� Kitagawa, G. (2010), Introduction to Time Series Modeling, CRC Press.

� Anderson, T.W. (1984), ”Estimating Linear Statistical Relationships,”
Annals of Statistics, 12, 1-45.

� Johansen, S. (1995), Likelihood Based Inference in Cointegrated Vector
Autoregressive Models, Oxford UP.

� Kunitomo, N, S. Sato, and D. Kurisu (2017), Separating Information
Maximum Likelihood Method for High-frequency Financial Data,
Springer, in preparation.

� Kunitomo, N, and S. (2008), ”Separating Information Maximum
Likelihood Estimation in of Realized Volatility and Covariance with
Micro-Market Noise,” Discussion Paper CIRJE-F-581,
(http://www.e.u-tokyo.ac.jp/cirje/research/dp/2008), also in North
American Journal of Economics and Finance (2013).

� Kunitomo, N. and S. Sato (2017), ”Trend, Seasonality and Economic
Time Series : the Non-stationary Errors-in-variables Models,”
DP(SDS-4), MIMS, Meiji University,
(http://www.mims.meiji.ac.jp/publications/datascience.html)

� Kunitomo, N., N. Awaya and D. Kurisu (2017), ”Some Properties of
Estimation Methods for Structural Relationships in Non-stationary
Errors-in-Variables Models,” DP(SDS-3), MIMS, Meiji University.




