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— FrfRIE 2T 1 THHAL, 5 M 4 M,
— WX ENT S 1 T-HEAL, 5 #T,
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1 AT E AL A S R E

o HEHFIGHE IZHNI OB LNARWVWDT GRINZHZ ) F—2%0E L,
o F—ZHTHRITH VYT« TERTHS S,
o F—LHLOIEIIZ Y, LUV T 4 TEBITHIEE T2 HEIZRVD, FHEIXL
NI DB,
2. fifit by Fa—54 79
o HEDMEURIZHNILERTWVWDT, F— LTI LV,
o fEREN DI WIS Z £ & 5 & iBI A REZRMEREILIK D T,
3. by 7 a—FT 4 VIRONREEGEEZ ED X DIZHE R B0,
o WiRIZEE (0.1%HALTE S D) R SEELSM, HAOIZ LB IEENRED,
- by TaA=FT 4 VT INBWMERENFRELTE R 2 L HBEMTES T,

NiRZLLTEA S I DR

1. NERD LTI R S FEEADFID 720 2

o MMEAMM N w T a—F 4 V7 INTWBEE., WiRDEENLD 1672\,

o MY T I—FT 4 VI TRITNXYY DI E 5256 (L) LarknweEbhs,
2. MR DR R BRI 4 7

o HERLEIZF =2 TIEAR W EE S D, O DK CLREI RN L D 5,

o FERLL 2 BEEL I X TREER R I £V 5,
3. NERDRHIN 100%IZ72 SR\ 2 2T 2

o FELLD T 1 MDA UFEFLAZZ EHAFINE 112705 L IER 5 7\,

o ¥AF 1 A AT S CHARMEN E DR LLIZ 7 5 & 5 iR R 2 M)V % FH\W 5 “random
rounding” 2 A ¥ — b,

e random rounding | & EL D —F,




(Naive) Random Rounding I

o BRERILD THMNIE % 1071 2 B< (d=0,1,2,...

o HOH j I m; DI, m; Z 10794 THIo 2RV Z r; 2EL (G =1,2,...,J)

o RODEME r. =37 r; &#L 1 E107 40D EBSH, BT o TRWET S,
— PRI I 10 EIRIC 22D 2 BTN, r B0 RS R VEEENRD,
;>0 RBHEAETIZOWT 1y > 0 L RDERZERRE,

« ;=0 LR PHHZRET 5ITIXEAZ AND LR,

o MERZLI T N Xy = (Xl,XQ,...,XJ) =N %j ﬁ)bﬁﬁgﬁﬁs"ly/r. =!p; T 10 Z=Hid
% ZIH 3 A Multi(10, p) 126D &9 5,

o m; % 1074 THIS 722 1077 22T X; x 1079 2R %, A S NTE j i
KL Y; £ 5,

o HOMIZEY)) =m DY Y =1,%5,

7

— AL : BEEE DIBEL

e Random Rounding 72 & N 1 MDA T v X LTZM, 1 M TH HHEIT RN,

o HiDNR—YT X7 ~Milti(10,p) D& I A% Multi(10%,p) & LTY; ZiHEITNILT
ckMiz I VU RALIZHFEKSD c=0,1,2,...)

o —MRTALRL DKM - BRI T
J
E(Y;) =7, ZYj =1
j=1

iz TIEE DR E T v X AT AT RE,
~ BEELE Y, 13 BRMT 7R O THERZ L
o ZDTHEDLZEMIIZLHELHGDT v XL AMEKET 5,




BELDEEMH I

o BILDLZEMIZOWTDEZHI#HHD DD, T I TIIARKIE x 5 Eff p 2 HEHIT
TLBELEZD,

o HHREANMLTIE, ED e lZDWT V(z, p)

PIX =x;p+ A)
P(X =z;p)

 le— BPTI74R=F OP)] EFER, 72720 A IZEME p O 1 A2 LZ KT,
o ()ARDHEAELDL |A|=172DT

logP(X =x;p+ A) —logP(X = z;p) <. 2
A -

¢ ENTIANY—1Fb b T —EZR—AD—IKDEALZEZTWDDT p HEEEK
PNz 20T 5,

o HixIT 2 XTIA| =0 LT, NWBLEHBOMEN c MTNROLZREEZ LD,

< exp(€) (1)

9

%IO)?FDZ\IEI

e P(X =x;p) B 012745 (x,p) WEIELZSEN T T4 R— K TIEAEW,

- ZIHMMEIFZERIL (p;=0) TP(X; >0)=0RDTHEDSTTA4X—FTIERW,
o ETDYVIVIERNIEIZRD XD ICLTHEN O ERE : p; =p; + 0,
o A D p; ODWUNELE ATRT -

(logP(X =x;p+ A) —logP(X = x;p))/|A|
= (zj(log(pj +d; + A) —log(p; + 6;)))/|Al = x;/p;
o Mo TENTTAR=LTHBHIZIE, V(z,p;)
xj/Pj < €

e DED p; BWERUNLZRD jIZDWT a; = 10° TH > TH ERDRNL % ER,

— BTREOBRMD 1 2 \WS 2 ANTIEIET 5,
o fER. p; H—BEDD c AN WVIFE RS,

10




%Eﬁﬁ@—%%'

o ML DIEELTIX X ; ~ Multi(10%,p) & LGSR, E(Y;) = WJ,Z] Y, =1 %zl
TIEADHERILLD T ¥ X LITERE Nz,

o ZDBILDZEVEIZZ I DHERBIBUTMKAF U TR S iz, DR EDNIX L2
MHeLLEb 5,

o ZIHMG L AEIANE U CRADIFHEDS R U2 AmIZ X, AMES 6. [ Uil 2 it 7z
j— Y ﬁ)ﬁ‘:{}ﬁjﬁbo

o LNTRAIGD miZ2WT, Fyre F,:={f;:f;€No,jelJ],> fj=n}»D
E(F;) =nm; LRD50MEZRKL T DOHEZRT,

11

ﬁﬁ)&w%ﬁﬁl

e (Total) Bell polynomial:

where
S = 1{s:5; € Ny,i € N,Zisi =n}.
i=1
® BO() = 1.

e Partial Bell polynomial:

DS I

SES|nk'L 1

where

o0 oo
Sinie =18 :5€Np,i € N,Zisi = n,Zsi =k}.
i=1 i=1

12




e Simple fact: B, (w) = >} _ By x(w).

o We write \w = (Awy, Awa, Aws, ...). = B,(Aw) = > A\ B, 1 (w).
o = dB,(Aw)/d\=>]_ kAN 1B,, i (w)

e ifw; > 0,i € [n], then B, (w) > 0= dB,(Aw)/d\ > 0if A > 0.

13

Bell Polynomial Distribution I

e Define, forn € N, J € N, \; > 0,5 € [J],w; > 0, € [n], the J dimensional Bell polynomial

distribution with parameters (12, A1, A2, ..., Ay, w) by

n 1 J
p(f;) = (f) mEBh(Ajw)a Fi € Fnu (3)

e Denote this distribution by Be11P ; (1, A1, A2, ..., Aj, w).

e Whenw = (1,0,0,0,...), it reduces to the .J dimensional multinomial distribution with cell
probabilities \; /., j € [J].

e When Zfil wz/z' < 00, it reduces to the Conditional Compound Poisson (CCP) distributions (H,
2009).

14




Marginal Moments I

Write 7m; 1= Aj /..

Theorem 1 Suppose that F'; ~ BellP;(n, A1, Ao, ..., Ay, w). Then
E(F}) =nm;, jelJ] (4)
V(F;) =nm;(1 —m)p(n, A\, w), je€lJ], (5)
where ,
A(n—1)! & Bi(Aw)w,_;
dp(n, A, w) = 1+W; i!(fl—i)— Ik
Cov(F;, Fj|N =n) = —nmmjp(n, A, w), i€ [J],je[]],i#]. (6)

Remark 1 ¢(n, A.,w) = lifand only if w; = 0 fori > 2.

Corollary 1 For all w the correlation matrix of Be11P j(n, A1, Ag, ..., Ay, w) is that of
Multi(n,m, T2, .., 7).

15

ex) Negative Hypergeometric Distribution
w; = (-1, B,(Aw)=AXA+1)---(A+n-—1).
BellP;(n, a1, ag,...,ay, (01, 11,21 ...))'s pmf:

[ n ['(a.) / (e + ff)
w0 = (7)o =5 o€ i

Write 7m; = o /cv..
When F'; ~ BellP;(n,aq, o, ..., ap, (0! 11,21 ...)), itis known that
E(Fj) = nm;.
V(F;)=nmj(1—m;))(1+ (n—1)/(a. +1)).
Hence ¢(n, a., (01, 11,21 .. .)) mustbe 1 + (n — 1) /(. + 1).

Proposition 1
n—z—l (o +i) n—1
+1) Ca A+ 1

M |

16




Direct Proof of Proposition 1

e Llemmal
“T(a+i) T'(l+n+a)
; (1+i)  al(l+mn)
e Thus we have
B (n— 1)l 3 (n—i—-1a +1
d(n,a, (01,11,21..)) = 1+ T(a. + 1) ; L(i+1)
B (n—1)la. =D +i)  w=T( +2
- 1+F(a.+n){(n_1)§ I'(i+1) 2:: }
el i) Heore
= 1+F<a_+n) {(” 1) al(n—1) (e +1)I'(n—2)
B (n— 1)l I'(n+a.)
= 1 F(a.+n){ (o -|-1)F(n—1)}

ex) Quasi-Multinomial

QJ/)‘7 (107217327 .

BellPJ(n, 91//\, 92/)\, ceey
Mittal, 1977):

P(F;=f,)= (J:LJ) 0.(6. +1nA)

Reparameterize (7) as 5 := \/0. > 0,7, = 0;/0.,j € [J].

Consul and Mittal (1977) derive

Theorem 1 tells us that 7’s can be separated in (8).

18

J
n—1 Hej(ej_'_fj)‘)fj_l? fJ EJ_-'ln,J'
j=1

.)) is “Quasi-Multinomial (type 2)” (Consul and

(7)

(8)




Proposition 2 For 8 > 0 eq. (8) can be rewritten as
V(Fj) :nﬂ'j(l_ﬂ-j)gb(naﬁ_la(107217327'”))7 9)

where

(n—1)! 2

(BT + )"

BB 4 4)i~ Y (n — q)n—i=1
il(n —i—2)!

o(n, 71, (19,2132 ..) =1+
1=0

Proposition 3 When F'j ~ BellP (n, 01 /X, 02/X,...,0;/X, (1°,21,32,..))),

Cov(E;, Fj|N = n) = —nmmp(n, 871, (19,21, 3%..)).

19

NIVZIRADHIRICE 2BEALOZE M I

o fEELIZ BellPs(n, A1, Ao, ..., Ay, w) 25 & ULTED T T4 NY —%25Hlis 5,
o WHLEZ N\, THHTHL

B (\jw) B! (Aw)
| B r_ fi\" . n
(log By, (Ajw) =log BaAw)) = 55 00y ™ Bu(how) )

o THHRETO (f,(\,..., ) IEOVT e AR RS #H T T4 X—h,

o (10) RDLWHE IHIX f DT OVWTER LD THE - HOAEFE T
Bl (\w) ST kAT By (w)
By; (Ajw) Egjzo A?ijvk(w)

o NN FRIKT DL b/ MREWIZE EXITHEINT 5,
o oT N BIRE/NST W ITn Z2R2TEDLZHEIZ 10 RiFmAILE NS,
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Theorem 2 Suppose thatn € N, J € N, A\; > 0,w; > 0,5 € [J]. Write A = min; A;. Then
BellP;(n, A1, A2,..., Ay, w) is €-DP if and only if

BL(w)  Bi(\w) _ -
B,(Qw) B,(Aw) ~

Corollary 2 Suppose thatn € N, J € N, p; > 0, € [J], Z‘j]:lpj = 1. Then Multi(n, p) is €-DP
if and only if, V7,

n(l/p; — 1) <e. (12)
e NB: B,()\,0,0,...) = \".

e When cell probabilites are uniform, i.e., least unsafe, (12) reduces to n(] — 1) <e.

— € can never be small!

21

Corollary 3 Suppose thatn € N, J € N, o; > 0,5 € [J]. Then NegHyp(n, @) is €-DP if and only if

”il( ! — 1 ><e (13)
— a+k o +k)

e When a./g is fixed at ¢, (13) reduces to

> (@ fm_(cli k)) =

k=0

— LHS— OQasa — oo: Multi

Proposition 4 Suppose thatn € N, J € N, a; > 0, j € [J]. Then for any positive €, NegHyp(n, @) is
€-DP as «. — o0 where cell probabilites are fixed.

22




o BOMRM (=ZHT 1+ VI VIRE) BHEVRERTITAR—PML VSR €y T+
v 7 H3iE S 73 Machanavajjhala et al. (2008) & #2 &1,

o ZIHM IR % deterministic IZIBEL L TH —MRIZED T T4 RX— MZHSEZR W,
— BDOMBAT DI IH D DR % IR E U stochastic (Z#2EL L T\ 5,
— deterministic 72 & EL D ANHEFEMEIE L IZ H7Z2 W,

23

ERT AN =DM

e LHS of (11) is further written as

> b0 FA T Bo g (w) Bu(Aw) — 350 kAT B, g (w) By (Aw)
By, (Aw) B, (Aw)

ZZ:O an,k('w){Ak_an()‘-'w) - Af‘:_an(Aw)}
B, (Aw)B, (A w)

> r—o kB, k(w){N* 1B, (Aw) — \F1B, (A\w)}
B, (Aw) B, (\.w)

S o nBn g (W) {NTIB, (A w) — A IB, (Aw)}

IA

IN

B, (Aw)B,(A\.w)
0 BuOw){BOw) — BuQw)} 0 {Bu(\w) - B,(w))
A. B, (Aw) B, (A w) A. B, (Aw) '
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Proposition 5 Suppose that the conditions of Theorem 2 hold. Then Be11P ; (1, A1, A2, ..., Ay, w) is

€-DP if B ()

e When \./\ s fixed at c,

B (. A)"Bn o'

i Zrw) g (A" Bua(w) + @4)—1:«W—D
Theorem 3 Suppose thatn € N, J € N, A\, > 0,w; > 0,5 € [J]. Then for any positive €,
BellP;(n, A1, A2,..., Aj,w)is €-DP as A\. — 0o where cell probabilites are fixed.

e When cell probabilites are fixed, Multi is unchanged as A\. — oc.

Proposition 6 Let p; = 0. /\. Then QM(n is e-DP as p. — o0 where cell probabilities are fixed.
Pj J ) P P

o Bn(p<10721, .. )) = p(p_|_ n)n—l

25

xE&H

o Kt CIZEAVEZ MR L 2 NERIEIDIER L2 B L L 72,

o MMEAM by TaA—T 4 VI THZOLNTWTH, WRDIIFEKRLH 5,
o NRT DD T —MEVEAANTBRE, MM 1ITRD EIEFRS W,
e random rounding 7% SFRFIE AT 11275 LLZ2eMWd EH.,

e random part 23 NIV ZIHA AR S ARtk ILNL T 5,

e UL random part DXL IENAE TIEZED T T4 RXR— MIR 62,

o “IVEHEANEIXLENEIIIENE ZATEDT T4 R=MNIkb,

— BIVHERDINIWFIZZ K DR =D O NEEVWIEBL WA R NDOER)E, &
WHERDZEANZ D WTIILNIN R 5 E0 T T4 R— N T2,
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Figure 1 : Likelihood Function of 8y (n = 1,000)

Figure 2 : Likelihood Function of 8, (n = 1,000)




Figure 3 : Likelihood Function of p (n = 1,000)

Figure 4 : Wrong Likelihood Function of p (n = 1,000)
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Theorem 4.2 (KAK 2017)) : Assume that v; (i =1,--- ,n) are
a squence of i.i.d. random vectors and |X,| # 0. Then under the
assumption of Gaussian distributions the maximum likelihood
estimator of 3 is consistent as n — <.

Theorem 4.3 (KS 2017) : Assume the non-stationary
errors-in-variables model and |X, | # 0. Then under the
assumption of existence of fourth order moments the SIML
estimator of 3 is consistent as n —» oc.

726 SIML HEE & OWnE ERME € R85 1A T 5 (KS(2017).)
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Theorem 5.1 : In the new setting with N, s, n (= Ns) (positive
integers), we assume the moment conditions on the seasonal
components as E[Wg)zl] < 0.

For }A:X, we have

(i) For mpy=[n*land 0 < a < 1,as n —

) VD LY o

(i) For m, = [n®] and 0 < & < 0.8, as n — o0
2
\/ﬁ[ 5 aéh)} — N (O aég)af,h) + [aéh)} ) .

The covariance of the limiting distributions of \/min[(,)\'g;) — ag;)]

and /m [6,(( — ak,)] is given by

ng?ai(ﬂ) —|—a( )ahk) (g, h,k,1=1,---p).
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Theorem 5.2 : In the new setting assume the moment conditions
on the seasonal components as E[Wg)zl] < 00. For X5 with Ig‘? or

1)
(i) for m, =[n“]and 0 < a < 1, as n — ¢

.-y, 2 o0.

(i) For m, = [n“] and 0 < @ < 0.8, as n — o0
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The covariance of the limiting distributions of \/min[(%;) — ag}]

and \/mn[(%,(j) — a,(j)] is given by
Jé(;()aﬁ) + 05)0,(53 (g, h,k,1=1,---p).
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