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  １文部科学省・科学研究費プロジェクト「経済統計・政府統計の応用からの提言」（2015

年~2018 年）が、2017 年 2 月２日に東京大学経済学研究科において開催した講演をまとめ

たものである。 

  ２明治大学経済学部 

  ３統計研究会 

  ４東京大学経済学研究科 



 

 

 

前書き 

 

本報告書は、日本学術振興会・科学研究費プロジェクト「経済統計・政府統計の理論と

応用からの提言」（2015 年度－2018 年度、研究代表者：山本 拓）が、2017 年 2 月 2 日

（木）に東京大学小島ホールにおいて開催した 2016 年度の研究集会における講演内容をま

とめたものである。 

本プロジェクトの目的は、経済統計・政府統計における主要な課題の、技術的および制

度的問題を、統計学的な立場から理論的・学術的に検討すること、ならびに経済統計・政

府統計の応用の際の問題点を明らかにし、それらの解決案を模索・提言することである。 

経済統計、とりわけ政府統計は、経済・社会の動向を理解し、政策を実施、評価するた

めには不可欠な情報であることは言うまでもない。近年は EBPM (Evidence based policy 

making）ということもよく聞かれ、統計の重要性は一般に広く認識されつつあると思われ

る。 

しかしながら、経済統計・政府統計への信頼性は、近年必ずしも増しているとは言えな

い状況である。経済社会の急激な変化に伴い、政府統計の質の確保が困難になりつつある

と思われる。たとえばマクロ経済統計の側面では、GDP 統計や消費統計などに代表される

マクロ公表系列の質と信頼性の問題、信頼性の高い将来人口の推計の問題、地域による経

済情勢のばらつきの把握などの問題を挙げることができる。またミクロ経済データにおい

ては、統計調査をとりまくプライバシー意識の高まりから、調査精度の確保が難しくなり

つつあるという問題や、情報開示と秘密保持の両立という匿名化問題などを挙げることが

できる。 

 本研究集会の目的は、経済統計・政府統計をめぐる技術的・制度的問題点、あるいは応

用にかかわる問題を、また統計学の研究者と実際に経済統計・政府統計に作成者または利

用者として携わっている方々との直接的な交流の場を提供しようするものである。 

 第１セッションでは、貯蓄率を通じての各種公的消費統計に関する整合性の問題、より

正確な消費統計のための需要側と供給側の調整の問題ならび高齢化に伴うと世帯変化の問

題、さらに自記式アンケートに伴う標本調査に関する問題が取り上げられた。第２セッシ

ョンでは、最近大きな話題となっている、GDP 統計に関する季節調整法とベンチマークの

影響の問題、さらに経済データの応用に関して、GDP と株価収益率の時系列データに基づ

く因果関係測定にまつわる問題が取り上げられた。第３セッションは統計的手法の問題を

取り上げており、GDP 統計の需要側と供給側の時系列的側面での調整の方法、ならびの動

学的パネルデータ推定の新しい推定法が提案された。 

 このような研究集会が経済統計・政府統計に様々な形で関わる人々の刺激となり、今後

の各種統計の改善の一助になることを期待する次第である。 

 

2017 年 2 月 

編者 



研究集会・プログラム

科研プロジェクト「経済統計・政府統計の理論と応用」

日程： 年 月 日(木)2017 2 2

会場：東京大学経済学部小島ホール １階第２セミナー室

オーガナイザー： 国友直人・山本拓

＜挨拶＞

～ 山本拓（統計研究会）13:00 13:05

研究プロジェクトの計画

＜セッション ＞ 政府統計・経済統計の諸問題１I

山本拓（統計研究会）Chair:

～ ＊宇南山卓（一橋大学 ・大野太郎（信州大学）13:05 13:40 ）

世帯類型別の貯蓄率の動向

～ 川崎茂（日本大学）13:40 14:15

景気指標としての個人消費関連統計について

～ 土屋隆裕（統計数理研究所）14:15 14:50

自記式調査における複数回答方式をめぐる諸問題

＜セッション ＞ 政府統計・経済統計の諸問題２II

星野伸明（金沢大学）Chair:

～ 長谷川秀司（内閣府）15:00 15:35

統計における時系列データ作成上の課題－ベンチマーキング及び季節調SNA

整を中心に－

～ 川崎能典（統計数理研究所）15:35 16:10

内閣支持率と株価の因果関係

＜セッション ＞ 経済統計の理論と応用III

国友直人（明治大学）Chair:

～ ＊千木良弘朗（東北大学 ・山本拓（統計研究会）16:20 16:55 ）

真のデータに線形制約がある際の観測誤差の修正－国民経済計算の場合

（ ） （ ） （ ）16:55 17:30 Breitung, J. M. Qi～ ケルン大学 ・＊早川和彦 広島大学 ・ 広島大学

Double Filter Instrumental Variable Estimation of Panel Data Models with Weakly

Exogenous Variables

＊は共著の場合の報告者



Theory and Applications of Economic and Government Statistics 2017 
 

Abstract 
 

This report is a summary of the unpublished talks and papers presented at the second  

conference held on February 2, 2016 under the title  "Theory and Applications of Economic 

Statistics and Government Statistics". The topics are on (i) the recent issues of official statistics, (ii) 

applications of economic statistics, and (iii)  statistical methodologies for economic statistics. The 

papers presented at the second conference have been written in Japanese or English 
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1989
518.9 577.6 451.2 505.7 262.6
424.7 475.5 377.9 379.8 214.1
18.2% 17.7% 16.2% 24.9% 18.5%

1994
566.9 656.8 532.6 580.9 322.4
483.3 544.9 428.0 423.7 263.8
14.7% 17.0% 19.6% 27.1% 18.2%

1999
551.2 670.5 545 580.7 334.4
448.9 535.4 423.1 415.4 278.8
18.6% 20.2% 22.4% 28.5% 16.6%

2004
493.9 609.2 510.6 535.5 316.7
439.4 519.9 407.1 398.0 283.5
11.0% 14.7% 20.3% 25.7% 10.5%

2009
466.2 585.0 472.1 513.5 314.9
419.5 492.9 384.2 382.9 280.5
10.0% 15.7% 18.6% 25.4% 10.9% 18 
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-8.1%
-1.9% -6.2% 23.9%

1989 vs 2009 -3.0% -5.1% 37.3%
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-8.1%
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1989 vs 2009 -3.5% -4.7% 37.3%
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[2011]  

[2015]  

[2003]  

[2016]  

[2016]  BOJ Reports & Research Papers 

 [2016]  

[2016] GDP (QE )) 23  

[2012] ( 17  

28 12 13   

28 12 21  

28 7 25  

http://www.stat.go.jp/data/mssi/gaiyo.htm#midashi4 

[2016]  

 

http://www.meti.go.jp/statistics/tyo/tokusabido/gaiyo.html#menu01 
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自記式調査における複数回答方式をめぐる諸問題
土屋 隆裕（統計数理研究所）

1
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日本人の長所

合理的
当てはまる

勤勉
自由を尊ぶ

淡泊
ねばり強い

親切
独創性にとむ
礼儀正しい

明朗
理想を求める

当てはま
らない

合理的
勤勉
自由を尊ぶ
淡泊
ねばり強い
親切
独創性にとむ
礼儀正しい
明朗
理想を求める

日本人の長所は？

複数回答 強制選択

3

日本人の長所

土屋 隆裕（2014）事例に見る調査票の設計と回答者の回答行動,  マーケティングリサーチャー, No.125, 24-32.

(n=5,024) (n=2,016)

4.2%

4.2%

5.0%

12.1%

14.2%

19.6%

26.4%

43.1%

65.8%

66.8%

38.0%

23.6%

30.4%

44.5%

60.7%

59.2%

68.7%

81.5%

86.1%

83.2%

明朗
独創性にとむ
自由を尊ぶ
合理的

理想を求める
淡泊

ねばり強い
親切

礼儀正しい
勤勉

複数選択方式
0%20%40%60%80%100%

強制選択方式
0% 20% 40% 60% 80% 100%

（インターネット調査）

日本人の長所は？

（平均2.613個） （平均5.759個）
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日本人の長所

土屋 隆裕（2014）事例に見る調査票の設計と回答者の回答行動,  マーケティングリサーチャー, No.125, 24-32.

(n=5,024) (n=2,016)
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4.2%
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12.1%

14.2%

19.6%

26.4%

43.1%

65.8%

66.8%

38.0%

23.6%

30.4%

44.5%

60.7%

59.2%

68.7%

81.5%

86.1%

83.2%

明朗
独創性にとむ
自由を尊ぶ
合理的

理想を求める
淡泊

ねばり強い
親切

礼儀正しい
勤勉

複数選択方式
0%20%40%60%80%100%

強制選択方式
0% 20% 40% 60% 80% 100%

（インターネット調査）

日本人の長所は？

（平均2.613個） （平均5.759個）

複数回答方式では、強制選択方式と比べ 
　　　　　　　　過少回答傾向が見られるおそれあり
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国民生活基礎調査（厚生労働省）
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ųų ƋǓǇƢƔŵ

1 Ƌųǔ 2 Ƴųƍ ㉁ၥ4ǁ

⿵ၥ3㸫1ųƦǕƸŴƲƷǑƏƳၐཞưƢƔŵ࡚ࡍࡿࡲࡣ࡚࠶ƷၐཞӸƷဪӭƴ

ųųųųŨǛƭƚƯƘƩƞƍŵƦƷɶưஇǋൢƴƳǔၐཞӸƷဪӭǛဪӭᚡλഇ
ųųų ųƴᚡλƠƯƘƩƞƍŵ

⿵ၥ3㸫2ųஇǋൢƴƳǔၐཞƴݣƠƯŴƳǜǒƔƷၲǛƠƯƍǇƢƔŵ
ų ƷဪӭƴŨǛƭƚƯƘƩƞƍŵ࡚ࡍࡿࡲࡣ࡚࠶

1 ၏ᨈȷᚮၲƴᡫƬƯƍǔᲢࢮᚮŴᚧբᚮၲǛԃǉᲣ

2 ƋǜǇȷƸǓȷƖǎƏȷ௩ᢊૢࠖࣄᲢᘐᲣƴƔƔƬƯƍǔ

3 ٥ᕤǛƷǜƩǓŴƭƚƨǓƠƯƍǔ

4 ƦǕˌٳƷၲǛƠƯƍǔ

5 ၲǛƠƯƍƳƍ

01 ༏ƕƋǔ 15 ƤƖǍƨǜƕЈǔ 29 ᏅƜǓ

02 ˳ƕƩǔƍ 16 ᱠƕƭǇǔȷ 30 ၘ

03 ǕƳƍ ᱠ൬ƕЈǔ 31 ឱƷ᧙ራƕၘǉ

04 ƍǒƍǒƠǍƢƍ 17 ǼǤǼǤƢǔ 32 ឱƷѣƖƕफƍ

05 ǋƷࣔǕƢǔ 18 ᏎƷǋƨǕȷ 33 ឱƷƠƼǕ

06 ᪽ၘ ǉƶǍƚ 34 ឱƕϬƑǔ

07 ǊǇƍ 19 ɦၚ 35 ឱƷǉƘǈǍƩǔƞ

08 ႸƷƔƢǈ 20 ̝ᅼ 36 ƕЈƴƘƍȷބ

09 ཋǛᙸƮǒƍ 21 ഒɧਰ ބၘƍ

10 ƳǓƕƢǔ 22 ᐃၘȷᏎၘ 37 ᫁ބ(ބƷЈǔׅૠƕٶƍ)

11 ƖƜƑƴƘƍ 23 ၔƴǑǔၘǈȷ 38 (ƕǋǕǔބ)ᅠڂބ

12 ѣऱ ЈᘉƳƲ 39 உኺɧȷஉኺၘ

13 ऒЏǕ 24 ഫƕၘƍ 40 ᭌ৵ȷƶǜƟȷ

14 ЭᏟᢿƴၘǈƕ ഫ 25 ഫƙƖƷƸǕȷЈᘉ ᏮƖǎƏ

Ƌǔ 26 ƔǈƴƘƍ 41 ЏǓͻȷǍƚƲƳƲƷ

27 ႆ၉(ơǜǇ၉ȷưƖǋƷ ƚƕ

ƳƲ) 42 ƦƷ˂

28 ƔǏǈ(၉ȷ൦ᖓƳƲ)
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国民生活基礎調査（厚生労働省）
㉁ၥ4 ųƋƳƨƸ⌧ᅾŴͻ၏Ტ၏ൢǍƚƕᲣư၏ᨈǍᚮၲᲢҔᨈŴഫᅹҔᨈᲣŴ

ų ų ƋǜǇȷƸǓȷƖǎƏȷ௩ᢊૢࠖࣄᲢᘐᲣƴᡫƬƯƍǇƢƔŵᲢࢮᚮŴᚧ
ųų  բᚮၲŴᙀբ�Ყ�ƷၐཞưᡫƬƯƍǔǋƷǛԃǉᲣ

1 ᡫƬƯƍǔ 2 ᡫƬƯƍƳƍ ㉁ၥ5ǁ

⿵ၥ4㸫1ųƲƷǑƏƳͻ၏Ტ၏ൢǍƚƕᲣưᡫƬƯƍǇƢƔŵ࡚ࡍࡿࡲࡣ࡚࠶

ųų ųųƷͻ၏ӸƷဪӭƴŨǛƭƚƯƘƩƞƍŵƦƷɶưஇǋൢƴƳǔͻ၏ӸƷ
ų ųųųဪӭǛဪӭᚡλഇƴᚡλƠƯƘƩƞƍŵ

㉁ၥ5 ųƋƳƨƸ⌧ᅾŴͤࡍɥƷբ᫆ưଐࠝဃƴ˴Ɣࢨ᪪ƕƋǓǇƢƔŵ

1 Ƌųǔ 2 Ƴųƍ ㉁ၥ6ǁ

⿵ၥ5㸫1ųƦǕƸƲƷǑƏƳƜƱƴࢨ᪪ƕƋǓǇƢƔŵ࡚ࡍࡿࡲࡣ࡚࠶Ʒဪӭ

ųų ųųƴŨǛƭƚƯƘƩƞƍŵ

1 ଐࠝဃѣ˺ᲢឪŴᘘბᏮŴʙŴλෘƳƲᲣ 4 ᢃѣᲢǹȝȸȄǛԃǉᲣ

2 ЈᲢ᧓Ǎ˺ಅƳƲƕСᨂƞǕǔᲣٳ 5 ƦƷ˂

3 ˁʙŴܼʙŴܖಅᲢ᧓Ǎ˺ಅƳƲƕСᨂƞǕǔᲣ

㸴ṓᮍ‶ࡢ᪉ࡣ㉁ၥ⤊࡛ࠋࡍ㸴ṓ௨ୖࡢ᪉ࠋ࠸ࡉࡔࡃ࠼⟆࠾࡚ࡅ⥆ࡣ

01 ኄބ၏ 15 ࣱ࣯ᱠԹ᪽໒(Ɣƥ) 32 ᏴᐥƷ၏ൢ

02 Ꮔၐ 16 ǢȬȫǮȸࣱᱠ໒ 33 ЭᇌᐄᏄٻၐ

03 Ꮲឋီࠝၐ 17 ॸࣱࣱصᏍ၌ध 34 ኺӍƸኺࢸᨦܹ
Უሁܹᨦ࠰ᲢᲣDPOCᲢᲣሁၐᘉȫȸȭȆǹȬǳ᭗Ტ

04 ဍཞᐄƷ၏ൢ 18 մऒ 35 ᭌ৵

05 Əƭ၏ǍƦƷ˂Ʒ 19 ƦƷ˂ƷԠԈ֥ኒ 36 ᭌ৵ˌٳƷƚƕȷ
ƲƚǍൢ၏Ʒൢ၏ƷǖƜƜ

06 ᛐჷၐ 20 ᏎȷҗʚਦᐂƷ၏ൢ 37 ᝢᘉȷᘉ෩Ʒ၏ൢ

07 ȑȸǭȳǽȳ၏ 21 ᏁᐥȷᏐƷƏƷ၏ൢ 38 फࣱૼဃཋᲢƕǜᲣ

08 ƦƷ˂ƷᅕኺƷ၏ൢ 22 ƦƷ˂Ʒෞ֥҄ኒ 39 ȷငᙙ۔ک
ᲢᅕኺၘȷၡሁᲣ Ʒ၏ൢ ᲢЏᡐ්ငŴЭፗᏒႴሁᲣ

09 აƷ၏ൢ 23 ഫƷ၏ൢ 40 ɧکၐ

10 Ʒ၏ൢ 24 ǢȈȔȸࣱႝᐎ໒ 41 ƦƷ˂

11 ᭗ᘉןၐ 25 ƦƷ˂ƷႝᐎƷ၏ൢ 42 ɧଢ

12 ᏯҡɶᲢᏯЈᘉŴᏯయصሁᲣ 26 ၘ

13 ࣎ၐȷ࣎ሂయص 27 ᧙ራȪǦȞȁ

14 ƦƷ˂Ʒࣅ֥ኒƷ 28 ᧙ራၐ
၏ൢ 29 ᏅƜǓၐ

30 ၘၐ ࡢയࡿ࡞Ẽࡶ᭱

31 ᭌቫƠǐƏၐ ␒ྕグධḍ ဪ
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第９表 性・年齢階級・症状（複数回答）別にみた有訴者率（人口千対） 

 

（単位：人口千対） 平成２５年

性
症状

総数 9歳以下 10～19 20～29 30～39 40～49 50～59 60～69 70～79 80歳以上
（再掲）
65歳以上

（再掲）
75歳以上

男
有訴者率 276.8 204.7 175.2 168.7 214.4 234.3 271.0 338.5 448.0 528.1 439.9 506.1
熱がある 7.8 28.9 7.8 7.7 7.4 5.4 4.4 3.8 3.9 7.0 4.5 5.4
体がだるい 41.0 5.9 20.9 38.6 47.2 49.0 49.2 43.2 50.4 63.3 50.4 58.7
眠れない 23.0 1.0 4.4 14.4 20.2 23.5 23.0 30.4 45.8 47.8 42.9 47.4
いらいらしやすい 20.2 3.1 10.3 18.2 24.1 23.9 22.1 20.4 28.5 31.7 27.1 30.8
もの忘れする 29.1 0.8 2.5 8.7 10.0 12.8 19.8 34.8 83.8 147.4 84.8 125.6
頭痛 22.0 4.2 17.4 26.3 34.7 30.7 20.0 16.9 20.0 23.6 19.9 22.9
めまい 13.5 0.3 4.3 6.0 10.0 12.4 12.7 15.4 29.1 42.4 27.9 38.7
目のかすみ 36.1 0.7 3.4 10.1 12.8 24.5 36.8 54.0 95.1 114.9 89.4 111.3
物を見づらい 29.3 1.3 4.1 6.6 7.3 21.2 34.2 43.3 72.5 96.6 70.2 89.3
耳なりがする 26.3 0.4 2.4 5.2 7.8 13.9 25.3 50.7 74.5 62.0 66.8 70.5
きこえにくい 29.7 2.5 2.4 4.0 4.9 7.4 16.1 36.6 93.6 175.3 96.6 146.9
動悸 13.9 0.1 0.8 4.8 7.4 9.8 13.7 20.5 32.8 47.5 33.3 43.5
息切れ 18.4 0.3 1.9 3.6 5.0 7.5 14.4 28.2 53.4 77.9 53.0 70.5
前胸部に痛みがある 8.5 0.1 1.1 4.6 6.9 7.0 8.7 10.0 18.6 25.8 17.9 24.3
せきやたんが出る 50.4 71.4 26.4 30.9 37.0 34.7 37.7 55.5 85.8 112.3 84.9 102.7
鼻がつまる・鼻汁が出る 50.9 103.6 61.1 42.2 43.0 31.8 32.5 40.5 64.1 74.2 61.2 73.2
ゼイゼイする 10.8 18.3 5.9 5.1 6.0 5.5 6.7 10.3 20.8 33.4 21.1 28.5
胃のもたれ・むねやけ 20.8 1.1 2.8 9.0 16.2 20.5 24.2 29.7 41.5 44.7 38.6 45.2
下痢 19.8 13.4 11.6 18.5 21.8 22.1 22.1 21.0 21.4 26.4 22.5 24.7
便秘 26.0 4.6 4.4 8.4 8.8 9.9 14.4 31.2 75.9 128.8 75.6 111.8
食欲不振 8.5 4.1 4.1 6.7 5.4 5.5 7.1 8.3 17.5 29.7 17.6 25.4
腹痛・胃痛 14.9 6.2 11.8 13.3 17.6 16.3 15.4 15.2 18.1 20.0 17.8 19.3
痔による痛み・出血など 9.1 0.5 0.7 6.2 7.8 9.3 10.3 13.4 15.4 19.0 16.1 18.0
歯が痛い 18.0 5.7 6.6 13.6 17.4 16.6 19.9 23.7 30.6 25.6 28.2 28.0
歯ぐきのはれ・出血 16.8 2.3 3.2 7.1 10.4 14.7 24.2 27.6 29.7 28.2 28.7 29.0
かみにくい 18.0 0.5 1.3 2.1 2.3 5.2 13.3 27.8 58.2 78.2 55.0 72.0
発疹(じんま疹・できものなど) 16.1 25.0 14.0 12.8 14.6 12.6 13.1 16.1 20.3 23.3 20.0 22.5
かゆみ(湿疹・水虫など) 39.1 34.0 21.2 22.5 25.6 26.5 29.6 48.7 76.2 94.7 75.1 88.5
肩こり 60.2 0.2 10.0 37.2 61.8 71.9 82.5 79.9 92.6 85.3 87.3 89.9
腰痛 92.2 0.1 14.0 42.0 73.4 86.4 105.4 133.9 181.5 209.0 176.1 200.6
手足の関節が痛む 41.8 1.3 10.7 9.6 18.3 27.6 49.7 64.8 93.9 127.7 93.9 117.4
手足の動きが悪い 23.8 0.4 1.2 3.4 5.0 10.0 16.9 31.8 65.6 133.9 71.1 107.4
手足のしびれ 32.8 0.1 1.1 4.6 10.7 20.4 38.3 56.4 82.6 99.5 79.2 94.6
手足が冷える 15.3 0.0 0.5 2.8 3.8 5.8 8.0 21.0 49.8 74.4 47.7 66.4
足のむくみやだるさ 16.8 0.2 1.3 4.2 7.5 9.2 17.1 22.3 39.9 75.6 43.0 63.8
尿が出にくい・排尿時痛い 12.9 0.1 0.4 1.6 1.0 3.4 7.3 22.2 44.4 53.7 41.7 52.4
頻尿(尿の出る回数が多い) 31.9 0.4 0.7 2.6 4.8 10.1 20.8 52.1 103.2 139.5 99.3 129.2
尿失禁(尿がもれる) 8.0 0.2 0.2 0.3 0.4 0.9 3.2 9.6 25.7 57.7 28.7 45.9
月経不順・月経痛 ・ ・ ・ ・ ・ ・ ・ ・ ・ ・ ・ ・
骨折・ねんざ・脱きゅう 9.8 5.2 22.7 5.7 7.2 8.8 6.9 7.9 12.0 16.2 11.8 13.9
切り傷・やけどなどのけが 7.7 17.8 13.6 7.9 5.9 5.1 5.6 4.6 5.4 8.6 5.8 7.5
その他 14.7 10.0 13.6 9.2 11.6 14.2 16.7 15.4 20.2 24.4 19.5 22.0

女
有訴者率 345.3 187.9 177.8 257.6 301.4 325.7 365.8 385.5 497.4 542.9 486.6 538.8
熱がある 9.2 27.2 7.5 10.6 10.7 8.3 5.5 5.3 6.4 8.8 6.8 7.5
体がだるい 59.1 5.6 26.9 63.0 76.0 80.7 73.1 52.1 62.1 70.2 61.7 67.8
眠れない 35.0 2.2 6.9 24.0 25.5 26.8 36.7 45.4 66.5 68.1 62.6 67.4
いらいらしやすい 36.9 2.5 22.5 49.3 59.4 49.9 39.9 29.6 36.5 29.0 32.9 33.0
もの忘れする 42.8 0.5 5.3 12.4 16.7 20.8 29.4 42.4 101.9 166.8 107.6 147.0
頭痛 54.4 6.4 35.5 69.3 84.1 84.5 65.2 40.9 40.9 41.9 40.9 42.2
めまい 31.2 0.1 11.1 28.2 31.8 38.4 32.0 28.3 47.9 54.3 45.4 54.5
目のかすみ 51.9 1.0 5.8 16.9 16.4 34.8 57.1 71.3 116.3 129.9 111.8 128.9
物を見づらい 40.1 1.8 6.1 9.8 9.9 27.8 46.8 54.9 82.0 111.0 84.7 103.8
耳なりがする 34.0 0.6 6.8 15.7 17.4 24.6 34.9 51.5 74.2 61.2 65.7 68.3
きこえにくい 34.9 3.0 4.5 9.4 8.2 9.9 16.1 33.4 82.9 168.5 96.8 140.0
動悸 23.8 0.2 3.0 12.9 17.1 24.5 26.8 27.4 41.2 53.2 41.7 49.9
息切れ 18.7 0.3 2.3 8.1 9.1 12.6 17.7 21.4 38.5 57.8 40.5 52.0
前胸部に痛みがある 9.9 0.5 2.4 5.5 6.2 8.6 9.5 12.4 19.4 21.3 18.5 21.3
せきやたんが出る 48.0 68.2 23.9 37.2 44.2 38.9 43.6 47.4 64.2 72.3 63.0 69.8
鼻がつまる・鼻汁が出る 51.5 94.3 51.0 54.7 57.8 48.3 47.0 39.8 45.9 41.7 43.2 43.5
ゼイゼイする 10.3 12.9 4.1 7.1 8.4 7.5 8.5 9.4 15.2 22.9 16.1 20.6
胃のもたれ・むねやけ 29.3 0.9 5.1 18.1 23.6 26.7 31.4 40.0 53.8 48.7 49.7 52.3
下痢 15.8 10.5 10.4 21.7 19.9 18.8 14.8 12.3 14.6 19.7 15.7 17.9
便秘 48.7 7.4 17.0 40.7 38.3 36.2 40.6 48.2 93.2 116.2 89.3 111.7
食欲不振 10.9 4.1 4.6 10.6 10.0 7.9 7.8 9.1 16.0 31.5 19.3 26.8
腹痛・胃痛 23.5 6.9 20.2 32.3 29.2 29.3 24.6 19.4 23.5 21.8 22.1 22.8
痔による痛み・出血など 6.5 0.5 1.1 5.8 6.7 6.0 5.6 7.0 11.8 11.8 10.8 12.4
歯が痛い 18.9 4.6 6.8 22.3 21.7 19.8 19.6 20.0 28.0 20.4 23.7 23.4
歯ぐきのはれ・出血 20.9 2.4 3.0 11.7 14.4 17.5 29.4 30.8 37.1 27.5 32.3 32.1
かみにくい 22.0 0.4 1.5 3.5 3.0 7.1 16.8 29.7 58.0 78.0 57.8 72.3
発疹(じんま疹・できものなど) 20.8 22.3 15.7 27.3 27.3 23.5 20.0 15.9 18.6 17.8 17.6 18.7
かゆみ(湿疹・水虫など) 39.4 31.3 22.4 36.2 36.5 33.1 36.6 40.4 57.9 58.9 54.5 60.3
肩こり 125.0 0.6 22.9 104.7 139.0 162.7 175.4 145.6 162.7 125.8 146.8 141.0
腰痛 118.2 0.2 17.4 65.0 90.2 110.8 132.1 147.2 216.8 231.8 205.8 234.9
手足の関節が痛む 70.3 1.4 10.1 12.1 22.5 44.5 86.6 99.8 151.8 176.6 146.9 172.7
手足の動きが悪い 34.6 0.3 1.2 2.4 4.5 10.8 23.1 38.9 84.3 159.1 95.4 136.8
手足のしびれ 39.4 0.2 2.7 8.3 14.4 27.5 45.9 51.2 87.0 103.9 83.7 101.7
手足が冷える 32.6 0.0 3.7 16.6 20.2 21.3 26.2 36.4 73.0 93.0 70.8 88.7
足のむくみやだるさ 46.3 0.3 6.5 32.3 38.0 49.7 48.9 43.8 78.7 109.6 79.1 102.4
尿が出にくい・排尿時痛い 5.5 0.3 0.4 2.4 1.9 3.5 3.9 5.7 14.2 17.7 13.2 17.2
頻尿(尿の出る回数が多い) 24.4 0.2 1.2 5.8 7.9 12.4 18.9 32.6 57.5 82.0 59.8 74.5
尿失禁(尿がもれる) 16.1 0.3 0.5 1.0 3.0 6.4 9.9 18.1 39.3 72.0 44.2 61.6
月経不順・月経痛 17.3 0.0 15.2 47.3 42.7 41.3 8.4 - - - - -
骨折・ねんざ・脱きゅう 11.7 2.5 16.2 4.3 5.7 7.4 9.9 12.5 20.7 27.7 20.9 26.6
切り傷・やけどなどのけが 8.2 15.2 13.8 9.4 7.5 7.6 7.3 5.2 5.9 6.8 6.1 6.5
その他 17.6 7.9 12.4 11.6 17.1 18.6 21.5 17.7 21.4 26.4 21.8 25.8

注：1) 有訴者には入院者は含まないが、分母となる世帯人員数には入院者を含む。

　　2) 「総数」には、年齢不詳を含む。

http://www.mhlw.go.jp/toukei/saikin/hw/k-tyosa/k-tyosa13/dl/16.pdf
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目的
• （複数回答方式と強制選択方式のどちらが適切な方式か？） 

• 複数回答方式の過少回答傾向は有無が明確な症状等の内容でも見られ
る傾向か？ 

• 複数回答方式の過少回答傾向が生じる原因は何か？ 

• 複数回答方式の過少回答傾向を抑制する方法は？

※ 冨田尚希医師（東北大学病院）との共同研究
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Web実験調査の概要

• 調査票 :６種類用意


• 調査対象 : ６５歳以上個人

-ネット調査会社の登録パネルから無作為に抽出

-各調査票に無作為に割当


• 調査期間 : 2016年2月24日 - 2月25日


• 標本サイズ : 各調査票 500

-目標標本サイズが確保できるまでサイトにアクセス可
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あなたは、ここ１ヶ月の間に次のようなことがあ
りましたか？

複数回答方式 強制選択方式

12



あなたは、ここ１ヶ月の間に次のようなことがあ
りましたか？

複数回答 (n=500)
 (1.79個)
強制選択 (n=500)
 (2.94個)熱っぽい、もしくは熱が一時的に上がる

背骨あるいは関節の変形
噛むのに難儀する、もしくは食事中か食後にむせる

ここ半年間で2kg以上体重が減った
目が回る、もしくはふわふわする

3日以上便が出ないか排便できない不快感あり、
もしくは下剤を使っている

動作がおそい、ぎこちない
よくつまずく、もしくは転びやすい

調子が良い時と悪い時の違いが大きい
わけもなく疲れる、もしくは何もはじめる気がしない

見えにくい、もしくは見えない
聞こえにくい、もしくは聞こえない

皮膚の荒れがある
よく眠れない、もしくは睡眠薬が欠かせない

日付や曜日を思い出すのに時間がかかる
気が散りやすい、ひとつのことに集中しにくい

トイレが近い、もしくは間に合わない
腰痛、もしくは肩・膝・その他の関節の痛み

0% 5% 10% 15% 20% 25% 30% 35% 40% 45% 50%
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次のうち、あなたがそう思うものをいくつでも選
んでください

複数回答 (n=500)
 (2.99個)
強制選択 (n=500)
 (5.92個)あなたの状況は絶望的だと思う

現在のありのままのあなたを、かなり価値がないと感じる

あなたに何か悪いことが起ころうとしているのではないか
と心配である

あなたの人生はむなしいと感じている
たいていの人はあなたより良い暮らしをしていると思う

これまでやってきたことや、興味があったことの多くを
止めてしまった

しばしば無力であると感じている
たいていの人よりも記憶が低下していると思う

しばしば退屈になる
外出して新しいことをするよりも、自宅にいる方がよいと思う

元気いっぱいである
たいてい機嫌がよい

現在生きていることは素晴らしいことだと思う
たいてい幸せだと感じている

あなたの人生にほぼ満足している

0% 10% 20% 30% 40% 50% 60% 70% 80% 90%
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次のうち、あなたがそう思うものをいくつでも選
んでください

複数回答 (n=500)
 (2.99個)
強制選択 (n=500)
 (5.92個)あなたの状況は絶望的だと思う

現在のありのままのあなたを、かなり価値がないと感じる

あなたに何か悪いことが起ころうとしているのではないか
と心配である

あなたの人生はむなしいと感じている
たいていの人はあなたより良い暮らしをしていると思う

これまでやってきたことや、興味があったことの多くを
止めてしまった

しばしば無力であると感じている
たいていの人よりも記憶が低下していると思う

しばしば退屈になる
外出して新しいことをするよりも、自宅にいる方がよいと思う

元気いっぱいである
たいてい機嫌がよい

現在生きていることは素晴らしいことだと思う
たいてい幸せだと感じている

あなたの人生にほぼ満足している

0% 10% 20% 30% 40% 50% 60% 70% 80% 90%

症状等に関しても、複数回答方式では 
　　　　　　　　強制選択方式と比べ、過少回答傾向

15

なぜ複数回答方式は過少回答となるのか？

・仮説（その１）
複数回答方式では該当が明確な選択肢のみを選ぶため

➡ 強制選択方式を段階評定方式とするとどうなるか？

➡ 該当・非該当が明確であれば過少回答は生じないか？

16



あなたは、ここ１ヶ月の間に次のようなことがあ
りましたか？

段階評定方式

17

あなたは、ここ１ヶ月の間に次のようなことがあ
りましたか？

複数回答 (n=500)
 (1.79個)
強制選択 (n=500)
 (2.94個)
何度もあった (n=500)
 (0.57個)
何度もあった＋時々あった (n=500)
 (3.39個)熱っぽい、もしくは熱が一時的に上がる

背骨あるいは関節の変形
噛むのに難儀する、もしくは食事中か食後にむせる

ここ半年間で2kg以上体重が減った
目が回る、もしくはふわふわする

3日以上便が出ないか排便できない不快感あり、
もしくは下剤を使っている

動作がおそい、ぎこちない
よくつまずく、もしくは転びやすい

調子が良い時と悪い時の違いが大きい
わけもなく疲れる、もしくは何もはじめる気がしない

見えにくい、もしくは見えない
聞こえにくい、もしくは聞こえない

皮膚の荒れがある
よく眠れない、もしくは睡眠薬が欠かせない

日付や曜日を思い出すのに時間がかかる
気が散りやすい、ひとつのことに集中しにくい

トイレが近い、もしくは間に合わない
腰痛、もしくは肩・膝・その他の関節の痛み

0% 10% 20% 30% 40% 50%
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あなたは、ここ１ヶ月の間に次のようなことがあ
りましたか？

複数回答 (n=500)
 (1.79個)
強制選択 (n=500)
 (2.94個)
何度もあった (n=500)
 (0.57個)
何度もあった＋時々あった (n=500)
 (3.39個)熱っぽい、もしくは熱が一時的に上がる

背骨あるいは関節の変形
噛むのに難儀する、もしくは食事中か食後にむせる

ここ半年間で2kg以上体重が減った
目が回る、もしくはふわふわする

3日以上便が出ないか排便できない不快感あり、
もしくは下剤を使っている

動作がおそい、ぎこちない
よくつまずく、もしくは転びやすい

調子が良い時と悪い時の違いが大きい
わけもなく疲れる、もしくは何もはじめる気がしない

見えにくい、もしくは見えない
聞こえにくい、もしくは聞こえない

皮膚の荒れがある
よく眠れない、もしくは睡眠薬が欠かせない

日付や曜日を思い出すのに時間がかかる
気が散りやすい、ひとつのことに集中しにくい

トイレが近い、もしくは間に合わない
腰痛、もしくは肩・膝・その他の関節の痛み

0% 10% 20% 30% 40% 50%

「複数回答」≠「何度もあった」 
　　　　　　≠「何度もあった」＋「時々あった」
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次のうち、あなたが定期的に使用している薬を選
んでください？

飲み薬

ぬり薬

目薬

座薬

貼り薬

吸入薬

注射薬

点鼻・点耳薬

飲み薬

ぬり薬

目薬

座薬

貼り薬

吸入薬

注射薬

当てはまる 当てはまらない

点鼻・点耳薬

複数回答 強制選択
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次のうち、あなたが定期的に使用している薬を選
んでください？

飲み薬

ぬり薬

目薬

座薬

貼り薬

吸入薬

注射薬

点鼻・点耳薬

複数回答 (n=500)
 (1.33個)
強制選択 (n=500)
 (1.60個)

0% 5% 10% 15% 20% 25% 30% 35% 40% 45% 50% 55% 60% 65% 70%
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次のうち、あなたが定期的に使用している薬を選
んでください？

飲み薬

ぬり薬

目薬

座薬

貼り薬

吸入薬

注射薬

点鼻・点耳薬

複数回答 (n=500)
 (1.33個)
強制選択 (n=500)
 (1.60個)

0% 5% 10% 15% 20% 25% 30% 35% 40% 45% 50% 55% 60% 65% 70%

該当・非該当が明確な内容であっても、 
複数回答方式では過少回答傾向が見られるおそれあり
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なぜ複数回答方式は過少回答となるのか？

・仮説（その２）
Satisfice（最小限化）傾向のため

➡ 順序効果が生じるか？

➡ 全て該当するような内容でも割合が低くなるか？

23

あなたは、ここ１ヶ月の間に次のようなことがあ
りましたか？

気が散りやすい、ひとつのことに集中しにくい

よく眠れない、もしくは睡眠薬が欠かせない

日付や曜日を思い出すのに時間がかかる

調子が良い時と悪い時の違いが大きい

ここ半年間で 2kg以上体重が減った

わけもなく疲れる、もしくは何もはじめる気がしない

目が回る、もしくはふわふわする

熱っぽい、もしくは熱が一時的に上がる

よくつまずく、もしくは転びやすい

見えにくい、もしくは見えない

聞こえにくい、もしくは聞こえない

動作がおそい、ぎこちない

腰痛、もしくは肩・膝・その他の関節の痛み

背骨あるいは関節の変形

皮膚の荒れがある

トイレが近い、もしくは間に合わない

3日以上便が出ないか排便できない不快感あり、もしくは下剤を使っている

噛むのに難儀する、もしくは食事中か食後にむせる

ここ半年間で 2kg以上体重が減った

わけもなく疲れる、もしくは何もはじめる気がしない

目が回る、もしくはふわふわする

気が散りやすい、ひとつのことに集中しにくい

よく眠れない、もしくは睡眠薬が欠かせない

日付や曜日を思い出すのに時間がかかる

調子が良い時と悪い時の違いが大きい

熱っぽい、もしくは熱が一時的に上がる

よくつまずく、もしくは転びやすい

見えにくい、もしくは見えない

聞こえにくい、もしくは聞こえない

動作がおそい、ぎこちない

腰痛、もしくは肩・膝・その他の関節の痛み

背骨あるいは関節の変形

皮膚の荒れがある

トイレが近い、もしくは間に合わない

3日以上便が出ないか排便できない不快感あり、もしくは下剤を使っている

噛むのに難儀する、もしくは食事中か食後にむせる
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あなたは、ここ１ヶ月の間に次のようなことがあ
りましたか？

気が散りやすい、ひとつのことに集中しにくい

よく眠れない、もしくは睡眠薬が欠かせない

日付や曜日を思い出すのに時間がかかる

調子が良い時と悪い時の違いが大きい

ここ半年間で 2kg以上体重が減った

わけもなく疲れる、もしくは何もはじめる気がしない

目が回る、もしくはふわふわする

熱っぽい、もしくは熱が一時的に上がる

よくつまずく、もしくは転びやすい

見えにくい、もしくは見えない

聞こえにくい、もしくは聞こえない

動作がおそい、ぎこちない

腰痛、もしくは肩・膝・その他の関節の痛み

背骨あるいは関節の変形

皮膚の荒れがある

トイレが近い、もしくは間に合わない

3日以上便が出ないか排便できない不快感あり、もしくは下剤を使っている

噛むのに難儀する、もしくは食事中か食後にむせる

ここ半年間で 2kg以上体重が減った

わけもなく疲れる、もしくは何もはじめる気がしない

目が回る、もしくはふわふわする

気が散りやすい、ひとつのことに集中しにくい

よく眠れない、もしくは睡眠薬が欠かせない

日付や曜日を思い出すのに時間がかかる

調子が良い時と悪い時の違いが大きい

熱っぽい、もしくは熱が一時的に上がる

よくつまずく、もしくは転びやすい

見えにくい、もしくは見えない

聞こえにくい、もしくは聞こえない

動作がおそい、ぎこちない

腰痛、もしくは肩・膝・その他の関節の痛み

背骨あるいは関節の変形

皮膚の荒れがある

トイレが近い、もしくは間に合わない

3日以上便が出ないか排便できない不快感あり、もしくは下剤を使っている

噛むのに難儀する、もしくは食事中か食後にむせる

0.448個 
(.024)

0.274個 
(.021)
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あなたは、ここ１ヶ月の間に次のようなことがあ
りましたか？

気が散りやすい、ひとつのことに集中しにくい

よく眠れない、もしくは睡眠薬が欠かせない

日付や曜日を思い出すのに時間がかかる

調子が良い時と悪い時の違いが大きい

ここ半年間で 2kg以上体重が減った

わけもなく疲れる、もしくは何もはじめる気がしない

目が回る、もしくはふわふわする

熱っぽい、もしくは熱が一時的に上がる

よくつまずく、もしくは転びやすい

見えにくい、もしくは見えない

聞こえにくい、もしくは聞こえない

動作がおそい、ぎこちない

腰痛、もしくは肩・膝・その他の関節の痛み

背骨あるいは関節の変形

皮膚の荒れがある

トイレが近い、もしくは間に合わない

3日以上便が出ないか排便できない不快感あり、もしくは下剤を使っている

噛むのに難儀する、もしくは食事中か食後にむせる

ここ半年間で 2kg以上体重が減った

わけもなく疲れる、もしくは何もはじめる気がしない

目が回る、もしくはふわふわする

気が散りやすい、ひとつのことに集中しにくい

よく眠れない、もしくは睡眠薬が欠かせない

日付や曜日を思い出すのに時間がかかる

調子が良い時と悪い時の違いが大きい

熱っぽい、もしくは熱が一時的に上がる

よくつまずく、もしくは転びやすい

見えにくい、もしくは見えない

聞こえにくい、もしくは聞こえない

動作がおそい、ぎこちない

腰痛、もしくは肩・膝・その他の関節の痛み

背骨あるいは関節の変形

皮膚の荒れがある

トイレが近い、もしくは間に合わない

3日以上便が出ないか排便できない不快感あり、もしくは下剤を使っている

噛むのに難儀する、もしくは食事中か食後にむせる

0.448個 
(.024)

0.274個 
(.021)

1.017個 
(.026)

1.219個 
(.026)
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次のうち、あなたが定期的に使用している薬を選
んでください？

飲み薬

ぬり薬

目薬

座薬

貼り薬

吸入薬

注射薬

点鼻・点耳薬

点鼻・点耳薬

注射薬

吸入薬

貼り薬

座薬

目薬

ぬり薬

飲み薬
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次のうち、あなたが定期的に使用している薬を選
んでください？

飲み薬

ぬり薬

目薬

座薬

貼り薬

吸入薬

注射薬

点鼻・点耳薬

点鼻・点耳薬

注射薬

吸入薬

貼り薬

座薬

目薬

ぬり薬

飲み薬

1.186個 
(.016)

1.141個 
(.017)
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次のうち、あなたが定期的に使用している薬を選
んでください？

飲み薬

ぬり薬

目薬

座薬

貼り薬

吸入薬

注射薬

点鼻・点耳薬

点鼻・点耳薬

注射薬

吸入薬

貼り薬

座薬

目薬

ぬり薬

飲み薬

1.186個 
(.016)

1.141個 
(.017)

0.220個 
(.016)

0.265個 
(.017)
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次のうち、あなたが定期的に使用している薬を選
んでください？

飲み薬

ぬり薬

目薬

座薬

貼り薬

吸入薬

注射薬

点鼻・点耳薬

点鼻・点耳薬

注射薬

吸入薬

貼り薬

座薬

目薬

ぬり薬

飲み薬

1.186個 
(.016)

1.141個 
(.017)

0.220個 
(.016)

0.265個 
(.017)

複数回答方式では初頭効果あり
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郵送調査の概要
• 調査票 :２種類用意


• 調査対象 : ２０歳以上７９歳以下立川市民

-住民基本台帳から無作為に抽出

-各調査票に無作為に割当


• 調査期間 : 2016年1月22日 - 2月29日


• 標本サイズ : 各調査票 2,000（合計 4,000）


• 回収率 : 75.8%
※ 調査は立川市との連携協定の下、朴堯星助教（統計数理研究所）と実施
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立川市の魅力

32



立川市の魅力

18.9%

31.7%

32.3%

3.8%

0.5%

0.5%

0.7%

1.8%

58.0%

70.4%

69.7%

16.6%

7.2%

5.8%

9.1%

6.5%

都心への交通の便がよい
昭和記念公園など、　　　
自然や緑が充実している
デパートや複合商業施設が

充実している
再開発が進み、景観がよい
雰囲気のよい商店街や　　

個人店がある
伝統ある行事が多い

お寺や神社などの　　　　
歴史的な建物がある
人柄のよい人が多い

○はいくつでも
0%20%40%60%

○は一つ
0% 10% 20% 30%

(n=1,532)(n=1,498)
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立川市の重点的取り組み

複数回答方式 単数回答方式
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立川市の重点的取り組み
24.8%

24.2%

2.7%

3.9%

2.3%

5.1%

23.4%

1.7%

5.8%

53.2%

56.1%

26.1%

22.5%

16.4%

20.4%

52.2%

9.1%

23.3%

子育ての負担軽減や、　　　
子どもの教育充実

高齢者の社会保障を充実

障害者の社会保障を充実

若者向けの政策への取り組み

地域コミュニティー活性化　
のための支援

都市基盤の整備、　　　　　
多様な産業の育成

快適な生活環境や安心・安全
なまちづくりへの取り組み

市のイメージアップ

政策の見直しや人員削減　　
による財政の健全化

(n=1,532) (n=1,498)複数回答
0%20%40%60%

単数回答
0% 10% 20%

35

立川市の魅力

0%
22%

30%
30%

12%
4%2%

0個
1個

2個

3個

4個
5個6個～

n=1,498

複数回答方式
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立川市の重点的取り組み

2%

24%

23%
23%

14%

7%
7%

0個

1個

2個
3個

4個

5個
6個～

n=1,532

複数回答方式
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立川市の重点的取り組み

2%

24%

23%
23%

14%

7%
7%

0個

1個

2個
3個

4個

5個
6個～

n=1,532

複数回答方式

多くが該当するような内容であっても、 
　　　　複数回答方式では必ずしも全てが選ばれない
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過少回答を抑制するにはどうすればよいか

・方法（その１）
リストを短くする（選択肢数を減らす）

➡ 短いリストでは割合（選択数）が増えるか？

39

次のうち、あなたがそう思うものをいくつでも選
んでください。

40



次のうち、あなたがそう思うものをいくつでも選
んでください。

元のリスト (n=500)
一部のリスト (n=500)

たいていの人はあなたより良い暮らしをしていると思う
あなたの状況は絶望的だと思う

元気いっぱいである
現在のありのままのあなたを、かなり価値がないと感じる

現在生きていることは素晴らしいことだと思う
たいていの人よりも記憶が低下していると思う

外出して新しいことをするよりも、自宅にいる方がよいと思う
しばしば無力であると感じている

たいてい幸せだと感じている
あなたに何か悪いことが起ころうとしているのではないか

と心配である
たいてい機嫌がよい
しばしば退屈になる

あなたの人生はむなしいと感じている
これまでやってきたことや、興味があったことの多くを

止めてしまった
あなたの人生にほぼ満足している

0% 10% 20% 30% 40% 50% 60%

41

次のうち、あなたがそう思うものをいくつでも選
んでください。

元のリスト (n=500)
一部のリスト (n=500)あなたの状況は絶望的だと思う

現在のありのままのあなたを、かなり価値がないと感じる

あなたに何か悪いことが起ころうとしているのではないか
と心配である

あなたの人生はむなしいと感じている
たいていの人よりも記憶が低下していると思う

しばしば無力であると感じている

これまでやってきたことや、興味があったことの多くを
止めてしまった

たいていの人はあなたより良い暮らしをしていると思う
しばしば退屈になる
元気いっぱいである

外出して新しいことをするよりも、自宅にいる方がよいと思う
たいてい機嫌がよい

たいてい幸せだと感じている
あなたの人生にほぼ満足している

現在生きていることは素晴らしいことだと思う

0% 10% 20% 30% 40% 50% 60%

平均個数 2.21 < 2.68 (p<.001)
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次のうち、あなたが定期的に使用している薬を選
んでください？

元のリスト (n=500)
一部のリスト (n=500)

飲み薬

ぬり薬

目薬

座薬

貼り薬

吸入薬

注射薬

点鼻・点耳薬

0% 10% 20% 30% 40% 50% 60% 70%

平均個数 1.13 < 1.35 (p<.001)
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過少回答を抑制するにはどうすればよいか

・方法（その２）
リストを分割する

➡ 分割したリストでは割合（選択数）が増えるか？

44



あなたは、ここ１ヶ月の間に次のようなことがあ
りましたか？

45

あなたは、ここ１ヶ月の間に次のようなことがあ
りましたか？

元のリスト (n=500)
グループ化したリスト (n=500)熱っぽい、もしくは熱が一時的に上がる

背骨あるいは関節の変形
ここ半年間で2kg以上体重が減った

噛むのに難儀する、もしくは食事中か食後にむせる
目が回る、もしくはふわふわする

3日以上便が出ないか排便できない不快感あり、
もしくは下剤を使っている

気が散りやすい、ひとつのことに集中しにくい
日付や曜日を思い出すのに時間がかかる

動作がおそい、ぎこちない
よくつまずく、もしくは転びやすい

わけもなく疲れる、もしくは何もはじめる気がしない
調子が良い時と悪い時の違いが大きい

よく眠れない、もしくは睡眠薬が欠かせない
皮膚の荒れがある

聞こえにくい、もしくは聞こえない
トイレが近い、もしくは間に合わない

見えにくい、もしくは見えない
腰痛、もしくは肩・膝・その他の関節の痛み

0% 5% 10% 15% 20% 25% 30% 35% 40% 45%

平均個数 1.68 < 2.09 (p<.001)
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あなたは、今の中学生・高校生を見て次のように
思いますか？

元のリスト (n=500)
グループ化したリスト (n=500)頼もしい

病気や怪我をしてもすぐに元気になる
うるさい、さわがしい

エネルギーがみなぎっている
服装がだらしない
感受性が豊かだ

しっかり考えないで行動している
発想が柔軟である

一生懸命、頑張ることができる
常識や礼儀を知らない

体力がある
自分の感情をうまく抑えられない

言葉遣いが悪い
甘やかされている

可能性を秘めている

0% 5% 10% 15% 20% 25% 30% 35% 40% 45% 50% 55% 60% 65%

平均個数 3.97 < 4.46 (p=.003)

47

まとめ
• 複数回答方式の過少回答傾向は、内容によって程度の差はあれ、一般
に見られる傾向 

• 過少回答傾向の原因は、項目の曖昧さだけではない 

• 複数回答方式では、選択数を回答者自ら制限か 

• 複数回答方式では、選択肢数を減らしてリストを短くしたり、リスト
を分割することで過少回答傾向を抑制できる可能性

48
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内閣支持率と株価の因果関係

川崎能典 (統計数理研究所 モデリング研究系)

概 要

内閣支持率と株価の因果関係は，学術的であるないに関わらずさまざまなレベル
で論じられることの多い論題である．本報告の目的は，定常時系列解析における標準
的な因果分析法のひとつである，グレンジャーの因果性検定の枠組みに乗せて，議論
の出発点程度の認識を確立しておくことにある．内閣支持率は 1978年 3月から 2015
年 11月までの月次データを取り，それに合わせる形で株価収益率 (日経平均月次終値
ベース)を使用する．グレンジャーの因果性検定の枠組みに基づけば，内閣支持率か
ら株価収益率への因果性は見られない．一方，株価収益率から内閣支持率への因果性
は統計的には有意に検出されるが，支持率の変動の説明という観点からはごく限られ
た影響にとどまると言うべきである．また，内閣発足直後は概して支持率が高いとい
う「ハネムーン効果」を考慮しても結論は変わらない．

1. データの前処理

まず，分析に用いたデータについて説明する．内閣支持率は，1978年 3月から 2015年
11月までの月次データ (452ヶ月分)を取り，それに合わせる形で株価収益率として日経平
均月次終値ベースを使用する．内閣支持率については，読売新聞の調査による数値を使用
している．

1.1 欠測値の補間

ここで問題となるのは，月例での調査期間に内閣の交代時期が挟まると，当該月の内閣
支持率は欠測データになっていることである．このことは長期の時系列分析を行う際に不
都合であるので，今回の分析では便宜的に 2階のランダムウォークモデルによる平滑化を
行い，欠測時点に関しては平滑化値を代入して時系列の連続性を確保した．すなわち，内
閣支持率データを yt (t = 1, . . . , T )とするとき，その背後にトレンド変数 μtを想定し，

μt = 2μt−1 − μt−2 + vt, vt ∼ N(0, σ2
v)

yt = μt + wt, wt ∼ N(0, σ2
w)

という階層構造モデルをあてはめる．尤度計算はいわゆる予測誤差分解を通じて，アルゴ
リズムとしてはカルマンフィルタで実現され，パラメータσ2

v , σ
2
wが最尤推定される．その

パラメータを所与として固定区間平滑化アルゴリズムを適用することで，潜在変数 {μt}に
関して，データ終端までの情報を利用した平滑化値{μ̂t|T} (t = 1, . . . , T )が得られる．(以
上，例えば北川 (2005)など標準的な時系列解析のテキストを参照．計算にはWe Decomp1

を用いた．)こうして得られた {μ̂t|T}により，欠測部分の補間を行った．
1http://ssnt.ism.ac.jp/inets2/title.html



1.2 定常性の確保

水準 (level)で見た株価時系列はノイズの累積過程として特徴付けられ，データは顕著
な平均非定常性を示す．定常性とは，時系列に関する時間方向でのある種の一様性．過去
の自分自身との相関関係が，どこで測るかに依存しないことである．後に述べるグレン
ジャーの因果性検定の枠組みが，定常時系列による多変量自己回帰モデルに基づくため，
分析に先立ってデータの定常性はチェック・確保しておかなければならない．
実際，日経平均株価月次系列に t型 augmented Dickey-Fuller検定 (以下ADF検定と略，

Said and Dickey (1984))を適用すると，水準では定常性の検定をパスしない．具体的に
は，定数項を含む定式化 (いわゆる type II)

Δyt = α + γyt−1 + δ1Δyt−1 + · · ·+ δp−1Δyt−p+1 + εt

で γ = 0の t型検定を行うと，下側 1% 有意点の−3.44に対し検定統計量は−1.83となり，
「株価が単位根過程である」という帰無仮説は棄却されない 2．下側 10% 有意点を使うと
しても−2.57であり，結論は動かない．ちなみに有意性で生き残る差分ラグ項はなく，結
果的には差分ラグ項を augmentする必要がなかったことがわかる．
そこで株価時系列を対数変換後差分を取り，収益率に変換する．収益率時系列に対し，

typeIIの定式化で t型ADF検定を適用すると，検定統計量は−20.0となり，下側 1% 有
意点−3.44を遙かに超えて左裾に落ちる．従って収益率時系列は定常とみなしてよい．こ
のとき，推定された定数項は有意でない．すなわち，株価収益率の長期的水準はほぼゼロ
と見なしてよい．そこで念のため，定数項なし (typeIの定式化)でADF検定を行っても，
左裾 1% 有意点−2.57に対して検定統計量は−19.98となり，単位根仮説が棄却されると
いう結論には変わりがない．また，収益率でも有意に残る差分ラグ項はない．
一方，内閣支持率は定義から上下に有界なデータであり，平均非定常とは考えられな

い．実際 typeIIの t型ADF検定を適用すると，下側 1% 有意点−3.44に対して検定統計
量は−5.90で，単位根仮説は棄却される．すなわち，内閣支持率データは一定水準周りを
変動する定常過程と見なして良い．
図 1に，当該期間の内閣支持率と株価収益率をプロットを示す．一見して両時系列は，

観測頻度は共通に揃えているものの，周波数特性は大きく違うとの印象を得る．

2. グレンジャーの因果性検定

時系列 ytを予測するのに，他の時系列 xtの過去の値が役立つとき，時系列 xtから yt
に，「グレンジャーの意味で因果性がある」と言う．時系列 ytを，自己ラグ yt−1, yt−2, . . .

とクロスラグ xt−1, xt−2, . . .に線形回帰し，「xt−1, xt−2, . . .の係数がゼロ」(つまり不要)と
いう帰無仮説の検定を行う．すなわち，

yt = a0 + aiyt−1 + · · ·+ apyt−p + εt

2以降の解結果析は全て EViews 7.2を使用して得たものである．
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図 1: 内閣支持率 (上段)と株価収益率 (下段)

でよいのか

yt = a0 + aiyt−1 + · · ·+ apyt−p + b1xt−1 + · · ·+ bqxt−q + ηt

であるべきなのかを，b1 = · · · = bq = 0を帰無仮説とする F 検定を行って結論する
(Granger, 1969)．従って帰無仮説は「(グレンジャーの意味で)3因果性がない」である．仮
説が棄却されれば，時系列 xtから ytに「グレンジャーの意味で因果性がある」と言う．
このように自己回帰分布ラグ型モデルに基づくよりも，多変量自己回帰モデルを推定し，

その中でグレンジャー因果性を論じることのほうが多い．すなわち，Yt = (y1t, . . . , ykt)と
いう k変量時系列ベクトル (平均調整後)に対し，

Yt =

P∑

τ=1

AτYt−τ + ut

そ推定する．第 i時系列 yitから第 j時系列 yjtに対してグレンジャーの意味で因果性があ
るとは，Aτ (j, i) (τ = 1, . . . , P )のうち少なくとも一つは有意にゼロより大きい場合であ
る．本報告で注目しているのは内閣支持率と株価収益率の関係であるので，2変量VAR

に基づいて因果関係を分析することになる．

2.1 内閣支持率から株価収益率へ
3このような断り書きをつけるのは，グレンジャー因果性は予測性を議論しているに過ぎず，誤解を招く

という批判もあるからである．



内閣支持率から株価収益率への因果性は，さまざまにラグの定式化を変えても検出され
ない．すなわち，内閣支持率が上がったからといって，株価が上がるわけではない．ラグ
11期 (選択の理由は次の小節に記載)まで取った多変量自己回帰モデルに基づいてグレン
ジャーの因果性検定を行うと，検定統計量の値はF = 0.63，そのP値は 0.81で，「因果性
がない」という帰無仮説は棄却されない．

2.2 株価収益率から内閣支持率へ

ラグ構造に関する定式化を探索すると，内閣支持率の自己ラグは 10期 (yt−10)が有意で，
クロスラグ (つまり株価収益率の過去変数)は 11期 (xt−11)が有意なので，ラグ 11期まで
の多変量自己回帰モデルを推定した．検定統計量は F = 2.14, その P値は 0.017, すなわ
ち 5% 有意水準で「株価収益率は内閣支持率に影響を与えない」という帰無仮説は棄却さ
れる．しかし，問題はその効果の大きさである．

2.3 因果性 (予測性)の大きさ

内閣支持率 ytは，自身の過去の履歴である yt−1と yt−10(と定数項)があれば，その変動
の 73% は説明がつく．これに 2か月前の株価収益率 (xt−2)をはじめ，xt−6, xt−9, xt−11を
加えると，少しだけ説明能力は向上して 74% の変動を説明できる．そう観察した上で結
論づければ，「株価が上がれば，内閣支持率は上昇する」という主張は，統計的には支持
されるが，その影響度はかなり小さいと考えるべきである．

2.4 ハネムーン効果

経験的に観察されることとして，内閣発足当初の「ご祝儀」的期待感を反映して，内閣
支持率が高まることがある．これを指して「ハネムーン効果」と呼ぶことがある．ここで
は，内閣発足後最初の調査月に 1を取るダミー時系列をモデルに外生変数として組み込む．
分析の結果，ハネムーン効果は高度に有意 (t値 10.3)である．因果性検定の結果は変わ

らず，変動の説明割合は 78% に上昇する．また，このとき内閣支持率のラグ変数は 1ヶ月
前 (yt−1)だけが，株価収益率のラグ変数は 11ヶ月前 (xt−11)のみが 5% 有意となる．情報
量規準AICの値も，この分析を通じて最小 (つまり最良モデル)となった．

3. インパルス応答

インパルス応答関数は一変量のARMAモデルを考えても出てくる内容であるが，多変
量の場合には変数相互の影響をダイナミクスを交えてみるという観点が出てくるので，応
用のツールとしてより広がりが出てくる．定常VARであれば，(無限次元の)移動平均表
現を与えることができた．

yt = Φ0ut + Φ1ut−1 + · · · (1)

ここで utの分散共分散行列ΣuをΣu = PP T とCholesky分解し，εt = P−1ut，Ψs = ΦsP

とすると，
yt = Ψ0εt +Ψ1εt−1 + · · · (2)
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図 2: 株価収益率から内閣支持率へのインパルス応答

となる．Ψsの (i,j)要素ψs
ijは，第 j変数のイノベーションに 1単位のショックが加わった

ときに，s期先の第 i観測時系列 yi,t+sに及ぼす影響度を示す動学乗数と解釈できる．それ
がインパルス応答である．

∂yj,t+s

∂εj,t
=

∂yj,t
∂εj,t−s

= ψs
ij (3)

では，前節までに推定したモデルに基づき，株価上昇の経時的効果をインパルス応答で
観察しよう．図 2のグラフの横軸は月単位で 24ヶ月までを，縦軸は内閣支持率の対する
効果 (% )を示している．ある時点で株価が 5.8% (すなわちこれが標準偏差にして 1単位
の変動に相当)上昇すると，7ヶ月後に支持率を 1.3% ポイントから 2.5% ポイント (平均
的には 1.9% ポイント)押し上げる効果があると言える．ただし，12ヶ月後には信頼区間
は 0をはさみ，効果は消失すると考えられる．

4. 文献解題

最後に，内閣支持率と経済指標の関連性を行った文献を，気づいた範囲で挙げておきた
い．いずれもモデルの目的変数は内閣支持率である．
Burden (2013)は，時事通信のデータ (1960年 6月から 2006年 4月の 539ヶ月)に基づ

き，消費者物価指数，失業率，日経平均を用いて分析を行っている．消費者物価指数と失
業率に関しては，マイナスの効果が有意と報告されている．
前田 (2011)は，読売内閣支持率 (1979年 1月から 2008年 9月の 357ヶ月)に時事通信調

査の主観的経済指標 (暮らし向き，景況感)を利用した分析を行っており，暮らし向きの



悪化が支持率に対して有意なマイナス効果を持っていることが報告されている．また，内
閣発足ダミー (有意)を始め，さまざまなダミー変数を投入している．
中村 (2006)は，長期記憶モデルを用いて内閣支持率の分析を行っている．投入されて

いる予測変数では，暮らし向きの悪化，ハネムーン効果，内閣改造ダミー等が有意と報告
されている．形式的なモデルの適用はどんなデータであっても常に可能だが，そもそも内
閣支持率における長期記憶性をどう解釈するかは非常に難しいと思われる．
飯田 (2005)も中村 (2006)同様，政党支持との関連性で内閣支持率を分析しており，長

期記憶時系列モデルを推定しながら，与党支持率，消費者物価指数，ハネムーン効果を検
証している．
三宅他 (2001)所収の第 8章「内閣支持と経済業績評価」においては，時事データに基

づき，ハネムーン効果，景況感，暮らし向き等の変数の影響を見る際，自民支持，他党支
持，支持なし等の層別での分析結果も報告している．

謝辞 読売新聞世論調査部・福田昌史氏には，データの提供を始め大変お世話になった．
ここに謝意を表したい．
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� まとめ
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Abstract

In this paper, we propose instrumental variables (IV) and generalized method of moments

(GMM) estimators for panel data models with weakly exogenous variables. The model

is allowed to include heterogeneous time trends besides the standard fixed effects. The

proposed IV and GMM estimators are obtained by applying a forward filter to the model

and a backward filter to the instruments in order to remove fixed effects, thereby called the

double filter IV and GMM estimators. We derive the asymptotic properties of the proposed

estimators under fixed T and large N , and large T and large N asymptotics where N and

T denote the dimensions of cross section and time series, respectively. It is shown that

the proposed IV estimator has the same asymptotic distribution as the bias corrected fixed

effects estimator when both N and T are large. Monte Carlo simulation results reveal that

the proposed estimator performs well in finite samples and outperforms the conventional

IV/GMM estimators using instruments in levels in many cases.
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1 Introduction

Using panel data in empirical studies has become much more popular than before since many

panel data sets are available in these days. Accordingly, many types of panel data models

and estimation procedures have been proposed. Among them, the most basic approach is the

fixed effects (FE) regression model where unobserved individual specific effects are allowed to

be correlated with regressors. However, consistency of the fixed effects estimator relies on the

strict exogeneity assumption, i.e., the regressors and idiosyncratic errors are uncorrelated for all

periods when the time series dimension, denoted by T , is small. Unfortunately, there are many

cases in which the strict exogeneity assumption is violated. A leading example is a dynamic

panel model. Regardless of whether the regressors besides the lagged dependent variables are

strictly or weakly exogenous, or endogenous, the lagged dependent variable is correlated with the

idiosyncratic errors by construction, and hence the fixed effect estimator is inconsistent when T

is small (cf. Nickell, 1981). To address this problem, estimation procedures using instrumental

variables (IV) have been extensively considered since the work of Anderson and Hsiao (1981).

These include, among others, Holtz-Eakin, Newey and Rosen (1988), Arellano and Bond (1991),

Arellano and Bover (1995), Ahn and Schmidt (1995) and Blundell and Bond (1998) etc. While

most of these studies focus on short panels, there are cases where long panel data are available,

typically in macro panels. Inspired by the availability of long panel data, several papers study

large N and large T asymptotic properties of aforementioned estimators where N is the number

of cross-sectional units. Earlier papers that considered large N and large T dynamic panels are

Hahn and Kuersteiner (2002) and Alvarez and Arellano (2003). Hahn and Kuersteiner (2002)

and Alvarez and Arellano (2003) demonstrate that, when T and N are large, the fixed effect

estimator is consistent but its asymptotic distribution is not centered around the true value in

the context of (vector) autoregressive models. To correct for the bias, Hahn and Kuersteiner

(2002) also proposes a bias-corrected fixed effects estimator.

More recently, an alternative IV estimator has been proposed in the literature, where a for-

ward demeaning (detrending) is applied to the model while backward demeaning (detrending)

is applied to the instruments. We call that IV estimator the double filter IV (DFIV) estimator

since unobserved heterogeneity is filtered out forward and backward. Perhaps, the first paper

that considers the DFIV estimator is Moon and Phillips (2000) where a near integrated au-

toregressive panel data model is studied. However, they did not provide theoretical discussion

on the DFIV estimator. Hayakawa (2009) considers the DFIV estimator in a stationary panel

autoregressive model and derives the asymptotic properties when both N and T are large. A

novel feature of the DFIV estimator is that it has the same asymptotic distribution as the bias-

corrected FE estimator when T and N are large. Since the DFIV estimator simply uses variables

derived from past means as instruments, as opposed to the commonly used level variables, it

is quite easy to use in practice1. From the theoretical point of view, the DFIV estimator has

addressed the trade-off problem of using many instruments. Although many instruments are

required to improve efficiency, the DFIV estimator becomes efficient despite the same number

of instruments as the parameters is used. Hence, the DFIV estimator becomes efficient with the

minimal number of instruments. This property has the advantage that it does not cause a large

finite sample bias induced by using many instruments. Thereby, the trade-off between bias and

efficiency of the generalized method of moments (GMM) estimator is addressed: both the bias

and variance of the DFIV estimator become small simultaneously.

1In the Stata command xtabond2 by David Roodman, which is routinely used in empirical studies, we can

estimate dynamic panel data models by that instruments.
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The DFIV estimator is also extended to a panel VAR model(Hayakawa, 2016), dynamic

panel simultaneous equation model (Akashi and Kunitomo, 2015) and an infinite order panel

autoregressive model (Lee, Okui and Shintani, 2016). However, while there are several nice fea-

tures as above, unfortunately, the asymptotic equivalence between the DFIV and bias-corrected

FE estimators are only proved in the context of (V)AR models, which are somewhat restrictive

in practice. One of the purposes of this paper is to demonstrate that this equivalence result

holds for more general case with additional regressors. Specifically, we demonstrate that the

asymptotic distributions of the DFIV and bias-corrected fixed effect estimator with large N and

T are identical for linear panel data models including dynamic models as well as static panel

data models with weakly exogenous regressors. Moreover, we demonstrate that this equivalence

result holds even when the errors are heteroskedastic and heterogeneous time trends are included

in the model, which are not allowed in Hayakawa (2009, 2016). We also investigate the efficiency

property of the DFIV and related GMM estimators when T is small and N is large. We conduct

Monte Carlo simulation to investigate the finite sample behavior of estimators. Consequently,

we find that the DFIV/DFGMM estimators tend to outperform the fixed effects estimator and

IV/GMM estimators using instruments in levels.

The rest of this paper is organized as follows. In Section 2, we introduce the models and

estimators. In Section 3, the large N and T asymptotic properties of estimators introduced in

Section 2 are derived. In Section 4, we carry out Monte Carlo simulation to investigate the finite

sample behavior of estimators, and in Section 5, we conclude.

With regard to the notation, we define Tj = T − j . For a matrix A = {aij}, aij denotes the

(i, j) element of A. ∥A∥2 = tr (A′A) =
∑

ij a
2
ij denotes the Euclidean norm of a matrix A.

2 Model and estimators

In this section, we introduce models and estimators. We first consider a model with fixed effects

and then consider a model with heterogeneous time trends.

2.1 Fixed effects model

Consider a panel data model with fixed effects, given by

yit = w′
itδ + ηi + vit, (i = 1, ..., N ; t = 1, ..., T ) (1)

where wit and δ are k × 1 vectors. We assume that the error term vit is serially and cross-

sectionally uncorrelated. The fixed effect ηi may be correlated with the regressor wit. Also, we

assume that the regressor is weakly exogenous in the sense that E(witvis) = 0 for t ≤ s and

E(witvis) ̸= 0 for t > s.

This model includes several models as special cases:

Static model: yit = x′
itβ + ηi + vit

where wit = xit, δ = β, and xit and β are q × 1 vectors with k = q.

AR(p) model: yit = α1yi,t−1 + · · ·+ αpyi,t−p + ηi + vit,

where wit = (yi,t−1, ..., yi,t−p)
′, δ = (α1, ..., αp)

′, and wit and δ are p× 1 vectors with k = p.

ARX(p) model: yit = α1yi,t−1 + · · ·+ αpyi,t−p + x′
itβ + ηi + vit

3



where wit = (yi,t−1, ..., yi,t−p,x
′
it)

′, δ =
(
α1, ..., αp,β

′)′, and wit and δ are (p + q) × 1 vectors

with k = p+ q.

In a matrix form, the model (1) can be written as

yi = Wiδ + ηiιT + vi, (i = 1, ..., N) (2)

where yi = (yi1, ..., yiT )
′, Wi = (wi1, ...,wiT )

′, ιT = (1, ..., 1)′ and vi = (vi1, ..., viT )
′. Define the

following matrix that can be used to remove fixed effects:

Fι
T

(T1×T )

= diag
(
cι1, c

ι
2, ..., c

ι
T1

)


1 −1
T−1

−1
T−1

−1
T−1 · · · −1

T−1
−1
T−1

0 1 −1
T−2

−1
T−2 · · · −1

T−2
−1
T−2

0 0 1 −1
T−3 · · · −1

T−3
−1
T−3

...
...

. . .
. . .

. . .
...

...
...

...
. . . 1 −1

2
−1
2

0 0 · · · · · · 0 1 −1


=

[
F ι
11 Fι

12 F ι
13

0T2×1 Fι
22 Fι

23

]

(3)

= {f ιst} =


0 if s > t

cιt = 1 +O
(

1
T−t

)
if s = t

−cιs
T−s = O

(
1

T−s

)
if s < t

where cιt =
√

(T − t)/(T − t+ 1), F ι
11 and F ι

13 are scalars, Fι
12 is 1×T2, F

ι
22 is T2×T2, and Fι

23

is T2 × 1.

Multiplying (2) by Fι
T , the model to be estimated becomes

ẏι
i = Ẇ

ι
iδ + v̇ι

i, (i = 1, ..., N) (4)

where ẏι
i = Fι

Tyi =
(
ẏιi1, ..., ẏ

ι
iT1

)′
, Ẇ

ι
i = Fι

TWi =
(
ẇι

i1, ..., ẇ
ι
iT1

)′
and v̇ι

i = Fι
Tvi =

(
v̇ιi1, ..., v̇

ι
iT1

)′
with ẏιit = cιt [yit − (yi,t+1 + · · ·+ yiT )/(T − t)], ẇι

it = cιt [wit − (wi,t+1 + · · ·+wiT )/(T − t)]

and v̇ιit = cιt [vit − (vi,t+1 + · · ·+ viT )/(T − t)] for t = 1, ..., T1. Note that the fixed effects ηi
is removed by taking a deviation from future means. The tth row of (4) can be written as

ẏιit = ẇι′
itδ + v̇ιit, (t = 1, ..., T1; i = 1, ..., N) (5)

This is the model in forward orthogonal deviations (FOD).

Next, we introduce an instrumental variable. In empirical studies, (a subset of) lagged

level variables wi1, ...,wit are commonly used as instruments. Instead of using variables in

levels, Hayakawa (2009, 2016) suggest to use variables deviated from past means. To introduce

variables deviated from past means, let us define

Bι
T

(T1×T )

= diag
(
cιT1

, · · · , cι2, cι1
)


−1 1 0 0 · · · · · · 0
−1
2

−1
2 1 0 · · · · · · 0

...
...

. . .
. . .

...
−1
T−3

−1
T−3 · · · −1

T−3 1 0 0
−1
T−2

−1
T−2 · · · −1

T−2
−1
T−2 1 0

−1
T−1

−1
T−1 · · · −1

T−1
−1
T−1

−1
T−1 1


= {bιst} . (6)

Bι
T is obtained by rotating Fι

T . The mathematical relationship between Fι
T and Bι

T is given

in (70) in the appendix. Using this, we define an instrumental variable Ẅ
ι
i = Bι

TWi =
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(ẅι
i2, ..., ẅ

ι
iT )

′ where2

ẅι
it = cιT−t+1

[
wit −

wi,t−1 + · · ·+wi1

t− 1

]
, (i = 1, ..., N ; t = 2, ..., T ). (7)

Note that the first period is lost due to the difference property of the transformation matrix

(6). The transformation that induces ẅι
it is called the backward orthogonal deviation (BOD)

transformation as opposed to FOD transformation.

Since E(ẅι
isv

ι
it) = 0 for 2 ≤ s ≤ t ≤ T1 holds, we can construct moment conditions from

this. Specifically, we consider the moment conditions E
(∑T1

t=2 ẅ
ι
itv

ι
it

)
= 0. The corresponding

instrumental variable estimator is given by

δ̂
ι

IV =

(
N∑
i=1

T1∑
t=2

ẅι
itẇ

ι′
it

)−1( N∑
i=1

T1∑
t=2

ẅι
itẏ

ι
it

)
. (8)

We call δ̂
ι

IV the double filter instrumental variable (DFIV) estimator since it is based on forward

and backward filtering.

How are the moment conditions derived?

In Hayakawa (2009), it is shown in the context of AR(p) models that ẅι
it has the same structure

as the infeasible optimal instruments which leads to efficient estimation. Here, we provide an

alternative explanation how the moment conditions E (ẅι
itv̇

ι
it) = 0 are derived. For this, let

us define two variables rbit and rfit for some rit such that rbit = rit − (ri,t−1 + · · · + ri1)/(t − 1)

and rfit = rit − (ri,t+1 + · · · + riT )/(T − t). Note that rbit is a variable deviated from backward

means while rfit is a variable deviated from forward means. Hence, when rit = vit, r
f
it and v̇ιit

are related such that rfit = v̇ιit/c
ι
t. We demonstrate that the moment conditions E (ẅι

itv̇
ι
it) = 0

can be obtained from the fixed effects model:

(yit − ȳi) = (wit − w̄i)
′δ + (vit − v̄i), (i = 1, ..., N ; t = 1, ..., T ) (9)

where ȳi = T−1
∑T

t=1 yit, w̄i = T−1
∑T

t=1wit and v̄i = T−1
∑T

t=1 vit. Note that, after some

algebra, (wit − w̄i) and (vit − v̄i) can be written as

wit − w̄i =
t− 1

T
wb

it +
T − t

T
wf

it,

vit − v̄i =
t− 1

T
vbit +

T − t

T
vfit.

Hence, the covariance between the regressors and error term in (9) becomes

E [(wit − w̄i)(vit − v̄i)] =
(t− 1)2

T 2
E(wb

itv
b
it) +

(T − t)(t− 1)

T 2
E(wf

itv
b
it)

+
(T − t)(t− 1)

T 2
E(wb

itv
f
it) +

(T − t)2

T 2
E(wf

itv
f
it) ̸= 0.

This non-zero correlation is the reason why the fixed effect estimator is inconsistent when T is

small. However, among the four terms, the third term has zero mean E(wb
itv

f
it) = 0, which can

be used to consistently estimate δ even when T is small. Multiplying cιT−t+1c
ι
t to this moment

condition in order to account for time series heteroskedasticity, we obtain cιT−t+1c
ι
tE(wb

itv
f
it) =

E (ẅι
itv̇

ι
it) = 0. This indicates that the proposed moment conditions are derived from the valid

part (i.e., no correlation) of the moment conditions of the fixed effects estimator.
2Compared with the form given in Hayakawa (2009), the coefficient cT−t+1 is slightly different. However, this

is inconsequential and does not affect the main result of this paper. Also, although it is possible to remove cιT−t+1

from ẅι
it, we keep it to simplify the mathematical relashionship between Fι

T and Bι
T (see (70)).
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2.2 Trend model

Next, we consider a panel data model with usual fixed effects and heterogeneous time trends,

given by3

yit = w′
itδ + ηi + λit+ vit, (i = 1, ..., N ; t = 1, ..., T ). (10)

In this model, since both ηi and λi can be correlated with wit, the FE estimator augmented

with time trend is inconsistent when T is small. In a matrix form, this model can be written as

yi = Wiδ + ηiιT + λiτT + vi, (i = 1, ..., N) (11)

where τT = (1, 2, ..., T )′. To remove both ηi and λi, we need to multiply a matrix that is

orthogonal to both ιT and τT . While there are several matrices that achieves this (e.g. the

second differences), we consider the following matrix:

Fτ
T

(T2×T )

= Fτ1
T



1 2(−2T2)
T1T2

2(−2T2+3)
T1T2

2(−2T2+6)
T1T2

· · · · · · 2(−2T2+3T3)
T1T2

2(−2T2+3T2)
T1T2

0 1 2(−2T3)
T2T3

2(−2T3+3)
T2T3

· · · · · · 2(−2T3+3T4)
T2T3

2(−2T3+3T3)
T2T3

0 0 1 2(−2T4)
T3T4

· · · · · · 2(−2T4+3T5)
T3T4

2(−2T4+3T4)
T3T4

...
... 0

. . .
. . .

...
...

...
...

. . . 1 2(−4)
3·2

2(−4+3)
3·2

2(−4+6)
3·2

0 0 · · · · · · 0 1 2(−2)
2·1

2(−2+3)
2·1


=

[
Fτ
11 Fτ

12 Fτ
13

0T4×2 Fτ
22 Fτ

23

]
(12)

= {f τst} =


0 if s > t

cτt = 1 +O
(

1
T−t

)
if s = t

2cτs [−2(T−s−1)+3(t−s−1)]
(T−s)(T−s−1) = O

(
1

T−s

)
+O

(
t−s

(T−s)2

)
if s < t

(13)

where Fτ1
T = diag

(
cτ1 , c

τ
2 , ..., c

τ
T2

)
, cτt =

√
(T − t) (T − t− 1) / (T − t+ 1) (T − t+ 2), Fτ

11 and

Fτ
13 are 2× 2, Fτ

12 is 2× T4, F
τ
22 is T4 × T4, and Fτ

23 is T4 × 2. The matrix Fτ
T is obtained as a

GLS transformation of second differences. The formal derivation of Fτ
T is provided in appendix.

Multiplying (12) to (11), we have the following transformed model

ẏτ
i = Ẇ

τ
i δ + v̇τ

i , (i = 1, ..., N) (14)

where ẏτ
i = Fτ

Tyi = (ẏτi1, ..., ẏ
τ
iT2

)′, Ẇ
τ
i = Fτ

TWi = (ẇτ
i1, ..., ẇ

τ
iT2

)′, and v̇τ
i = Fτ

Tvi =

(v̇τi1, ..., v̇
τ
iT2

)′. The tth row of (14) can be written as

ẏτit = ẇτ ′
itδ + v̇τit, (t = 1, ..., T2; i = 1, ..., N) (15)

where

ẏτit = f τttyit + f τt,t+1yi,t+1 + · · ·+ f τtT yiT , ẇτ
it = f τttwit + f τt,t+1wi,t+1 + · · ·+ f τtTwiT ,

v̇τit = f τttvit + f τt,t+1vi,t+1 + · · ·+ f τtT viT ,

and f τst is defined in (13).

3Panel data models with heterogeneous time trends are studied by, say, Wansbeek and Knaap (1999), and

Phillips and Sul (2007) etc..
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Next, to introduce an instrumental variables, we define

Bτ
T

(T2×T )

= Bτ1
T



2(−2+3)
2·1

2(−2)
2·1 1 0 0 · · · · · · 0

2(−4+6)
3·2

2(−4+3)
3·2

2(−4)
3·2 1 0 · · · · · · 0

...
...

. . .
. . .

. . .
...

2(−2T4+3T4)
T3T4

2(−2T4+3T5)
T3T4

· · · · · · 2(−2T4)
T3T4

1
. . .

...
2(−2T3+3T3)

T2T3

2(−2T3+3T4)
T2T3

· · · · · · 2(−2T3+3)
T2T3

2(−2T3)
T2T3

1 0
2(−2T2+3T2)

T1T2

2(−2T2+3T3)
T1T2

· · · · · · 2(−2T2+6)
T1T2

2(−2T2+3)
T1T2

2(−2T2)
T1T2

1


= {bτst} (16)

where Bτ1
T = diag

(
cτT2

, · · · cτ2 , cτ1
)
. Note that Bτ

T can be obtained by rotating Fτ
T (see (70) in the

appendix). Using this, we define an instrumental variable Ẅ
τ
i = Bτ

TWi = (zτi3, ..., z
τ
iT )

′ where

its tth row is given by

ẅτ
it = bτt−2,twit + bτt−2,t−1wi,t−1 + · · ·+ bτt−2,1wi1, (i = 1, ..., N ; t = 3, ..., T ) (17)

with bτst being defined in (16). Note that the first two periods are lost due to the difference

property of the transformation matrix Bτ
T .

Since E (ẅτ
isv̇

τ
it) = 0, (3 ≤ s ≤ t ≤ T2) holds, we can construct moment conditions from

them. Specifically, we consider the moment conditions E
(∑T2

t=3 ẅ
τ
itv̇

τ
it

)
= 0. The corresponding

instrumental variable estimator is given by

δ̂
τ

IV =

(
N∑
i=1

T2∑
t=3

ẅτ
itẇ

τ ′
it

)−1( N∑
i=1

T2∑
t=3

ẅτ
itẏ

τ
it

)
. (18)

This is the DFIV estimator for the model with fixed effects and time trend given by (10).

2.3 Unified model

To derive the asymptotic properties of the proposed IV estimators (8) and (18) in the next

section, we formulate the above two models (1) and (11) in a unified framework. For this, let us

define a variable d such that d = 1 corresponds to the FE model while d = 2 corresponds to the

trend model. Also, let us define CT and FT such that CT = ιT and FT = Fι
T for the FE model,

and CT = (ιT , τT ) and FT = Fτ
T for the trend model. Thereby, the case (d, Td,FT ,CT ) =

(1, T1,F
ι
T , ιT ) corresponds to the FE model while (d, Td,FT ,CT ) = (2, T2,F

τ
T , (ιT , τT )) corre-

sponds to the trend model. Note that FT has the properties such that FTCT = 0, FTF
′
T = ITd

and

F′
TFT = QT = IT −CT

(
C′

TCT

)−1
C′

T = IT −RT , (19)

RT =

{
1
T ιT ι

′
T FE model

2(2T+1)
T (T−1) ιT ι

′
T + 12

T (T−1)(T+1)τTτ
′
T − 6

T (T−1) (ιTτ
′
T + τT ι

′
T ) trend model

.

(20)

Using these, the models (1) and (11) can be written as

yi = Wiδ +CTηi + vi, (i = 1, ..., N). (21)

Multiplying (21) by FT we obtain the following transformed model:

y∗
i = W∗

i δ + v∗
i (22)
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where y∗
i = FTyi = (y∗i1, ..., y

∗
iTd

)′. W∗
i = FTWi = (w∗

i1, ...,w
∗
iTd

)′ and v∗
i = FTvi =

(v∗i1, ..., v
∗
iTd

)′. The tth row of (22) can be written as

y∗it = w∗′
itδ + v∗it, (i = 1, ..., N ; t = 1, ..., Td) (23)

Note that the models (5) and (15) are the special cases of (23).

Similarly, let w∗∗
it , (i = 1, ..., N ; t = d+ 1, ..., T ) denote ẅι

it for FE model given by (7), and

ẅτ
it for the trend model given by (17), respectively. Since E

(∑Td
t=d+1w

∗∗
it v

∗
it

)
= 0, we have the

following instrumental variable estimator

δ̂
B

IV =

(
N∑
i=1

Td∑
t=d+1

w∗∗
it w

∗′
it

)−1( N∑
i=1

Td∑
t=d+1

w∗∗
it y

∗
it

)
. (24)

This is the DFIV estimator for the unified model given by (23). Note that the previous two

estimators (8) and (18) are the special case of (24).

Alternatively, we can consider the GMM estimators that are more efficient than IV estimators

especially when T is small. Since the first and last d periods are lost due to difference properties

of FT and BT , the middle T2d periods are used in estimation. Hence, the model in a matrix

form becomes

y̌∗
i = W̌∗′

i δ + v̌∗
i , (i = 1, ..., N) (25)

where y̌∗
i =

(
y∗i,d+1, ..., y

∗
iTd

)′
, W̌∗

i =
(
w∗

i,d+1, ...,w
∗
iTd

)′
and v̌∗

i =
(
v∗i,d+1, ..., v

∗
iTd

)′
. For this

model, we consider the moment conditions given byE(ZB′
i v̌∗

i ) = 0 where ZB
i = diag(zB′

i,d0+1, ..., z
B′
iTd

),

zBit = (w∗∗′
i,t−ℓ+1, ...,w

∗∗′
it )′, (1 ≤ ℓ ≤ t−d) and v∗

i = (v∗i,d0+1, ..., v
∗
iTd

)′. The corresponding one-step

GMM estimator is given by4

δ̂
B

GMM =

( N∑
i=1

W̌
∗′
i Z

B
i

)(
N∑
i=1

ZB′
i ZB

i

)−1( N∑
i=1

ZB′
i W̌

∗
i

)−1

×

( N∑
i=1

W̌
∗′
i Z

B
i

)(
N∑
i=1

ZB′
i ZB

i

)−1( N∑
i=1

ZB′
i y̌∗

i

)
=

 Td∑
t=d0+1

W∗′
t Z

B
t

(
ZB′
t ZB

t

)−1
ZB′
t W∗

t

−1  Td∑
t=d0+1

W∗′
t Z

B
t

(
ZB′
t ZB

t

)−1
ZB′
t y∗

t

(26)
where W∗

t = (w∗
1t, ...,w

∗
Nt)

′, ZB
t = (zB1t, ..., z

B
Nt)

′ and y∗
t = (y∗1t, ..., y

∗
Nt)

′. We call δ̂
B

GMM the

double filter GMM (DFGMM) estimator by the same reason as the DFIV estimator.

In order to compare the IV estimator with the FE estimator in the next section, we further

reformulate (25) in terms of yi, Wi and vi. For this, let us define LT = (0Td×d, ITd
). Then,

by noting that LTyi = (yi,d+1, ..., yiT )
′ and LTWi = (wi,d+1, ...,wiT )

′, the model (25) can be

written as

FTd
LTyi = FTd

LTWiδ + FTd
LTvi, (i = 1, ..., N). (27)

4The two-step GMM estimator is not considered in this paper since it requires a computation of large dimen-

sional weighting matrix. Indeed, if the number of moment conditions m =
∑Td

t=d0+1 mt exceeds the sample size

where mt denotes the number of instruments used at period t, the optimal weighting matrix cannot be computed.

However, the one-step GMM estimator (26) can be computed as long as mt < N for all t even when m > N .
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Similarly, by usingKT = (ITd
,0Td×d) andKTWi = (wi1, ...,wiTd

)′, we haveW∗∗
i = (w∗∗

i,d+1, ...,w
∗∗
iTd

)′ =

BTd
KTWi where BT denotes Bι

T for the FE model and Bτ
T for trend model. Using these, the

moment conditions E
(∑Td

t=d+1w
∗∗
it v

∗
it

)
= 0 can be written as E(W′

iK
′
TB

′
Td
FTd

LTvi) = 0, and

the IV estimator (24) can be written as

δ̂
B

IV =

(
N∑
i=1

W∗∗′
i W∗

i

)−1( N∑
i=1

W∗∗′
i y∗

i

)
=

[
N∑
i=1

W′
iK

′
TB

′
Td
FTd

LTWi

]−1 N∑
i=1

W′
iK

′
TB

′
Td
FTd

LTyi.(28)

In the next section, we compare the asymptotic properties of this IV estimator and the FE

estimator given by

δ̂FE =

[
N∑
i=1

W′
iQTWi

]−1 N∑
i=1

W′
iQTyi (29)

where QT is defined in (19).

Also, for later use, we define IV and GMM estimators using instrument in levels. The IV

estimator for model (23) using instruments wit is given by

δ̂
L

IV =

(
N∑
i=1

Td∑
t=1

witw
∗′
it

)−1( N∑
i=1

Td∑
t=1

wity
∗
it

)
. (30)

The GMM estimator based on the moment condition E(ZL′
i v∗

i ) = 0 where ZL
i = diag(zL′i1 , ..., z

L′
iTd

),

zLit = (w′
i,t−ℓ+1, ...,w

′
it)

′, (1 ≤ ℓ ≤ t) is given by

δ̂
L

GMM =

[
Td∑
t=1

W∗′
t Z

L
t

(
ZL′
t ZL

t

)−1
ZL′
t W∗

t

]−1 [ Td∑
t=1

W∗′
t Z

L
t

(
ZL′
t ZL

t

)−1
ZL′
t y∗

t

]
(31)

where ZL
t = (zL1t, ..., z

L
Nt)

′.

3 Asymptotic properties

In this section, we derive the asymptotic properties of the IV and GMM estimators introduced

in the previous section. Specifically, we consider two asymptotic schemes: fixed T and large N

asymptotics and large N and large T asymptotics.

We first consider the case with small T and large N , and then consider large N and large T

case.

3.1 Fixed T and large N case

Fixed T and large N asymptotic properties of IV and GMM estimators are well established in the

literature. Under suitable conditions, the IV and GMM estimators are consistent and asymp-

totically normally distributed. Moreover, since the GMM estimators exploits more moment

conditions than the IV estimator, the GMM estimator is more efficient than the IV estima-

tor. To investigate the efficiency associated with different form of instruments in detail, let us

consider the simple AR(1) model with fixed effects:

yit = αyi,t−1 + ηi + vit, (t = 1, ..., T ; i = 1, ..., N). (32)

We make the following assumption

9



Assumption 1. We assume that (a) |α| < 1, (b) the idiosyncratic error term vit is iid with

E(vit) = 0 and V ar(vit) = σ2v , (c) the unobserved individual effects ηi is iid with E(ηi) = 0 and

V ar(ηi) = σ2η, (d) the initial conditions follow the stationary distribution:

yi0 =
ηi

1− α
+ ei0 (33)

where ei0 ∼ iid(0, σ2v/(1− α2)).

Most of these assumptions are made just to simplify the theoretical consideration. Indeed,

for consistency of IV and GMM estimator, the idiosyncratic term can be heteroskedastic and

initial conditions do not need to follow the stationary distribution.

In practice, researchers do not use all past variables as instruments since it causes many

instruments problem and resulting GMM estimator is biased. Instead, they used only a few

lagged variable in each period. Okui (2009) proposed a statistical procedure to select the number

of instruments so that mean-squared error of the GMM estimator is minimized under large T

and large N framework. Here, we investigate the effect of lag length of instruments used in

each period in terms of efficiency. Since one of the main reasons to use many instruments is to

improve efficiency, it would be of interest how efficiency changes depending on the lag length of

instruments. To the best of authors’ knowledge, such an analysis has not been conducted in the

literature even in the simple AR(1) model.

The model after the FOD transformation is given by

y∗it = αy∗i,t−1 + v∗it, (t = 1, ..., T − 1; i = 1, ..., N).

Let z
L(ℓ)
it = (yi,t−ℓ, ..., yi,t−1)

′ and z
B(ℓ)
it = (y∗∗i,t−ℓ, ..., y

∗∗
i,t−1)

′ be an mL
t × 1 and mB

t × 1 vectors

of instruments, respectively, where ℓ denotes the maximum length of instruments used in each

period and y∗∗i,t−k = cιT−t+k+1 [yi,t−k − (yi,t−k−1 + · · ·+ yi0)/(t− k)] , (1 ≤ k ≤ ℓ). Note that

mL
t ,m

B
t = t for t < ℓ and mL

t ,m
B
t = ℓ for t ≥ ℓ.

Specifically, the GMM estimator with z
L(ℓ)
it and z

B(ℓ)
it as instruments are respectively given

as

α̂
L(ℓ)
GMM =

(
T−1∑
t=1

y∗′
t−1P

L(ℓ)
t y∗

t−1

)−1(T−1∑
t=1

y∗′
t−1P

L(ℓ)
t y∗

t

)
, (34)

α̂
B(ℓ)
GMM =

(
T−1∑
t=2

y∗′
t−1P

B(ℓ)
t y∗

t−1

)−1(T−1∑
t=2

y∗′
t−1P

B(ℓ)
t y∗

t

)
(35)

where y∗
t−1 = (y∗1,t−1, ..., y

∗
N,t−1)

′, y∗
t = (y∗1t, ..., y

∗
Nt)

′, P
L(ℓ)
t = Z

L(ℓ)
t

(
Z
L(ℓ)′
t Z

L(ℓ)
t

)−1
Z
L(ℓ)′
t ,

P
B(ℓ)
t = Z

B(ℓ)
t

(
Z
B(ℓ)′
t Z

B(ℓ)
t

)−1
Z
B(ℓ)′
t , Z

L(ℓ)
t =

(
z
L(ℓ)
1t , ..., z

L(ℓ)
Nt

)′
and Z

B(ℓ)
t =

(
z
B(ℓ)
1t , ..., z

B(ℓ)
Nt

)′
.

The asymptotic variances of α̂
L(ℓ)
GMM and α̂

B(ℓ)
GMM with fixed T and large N are given by

Avar
(
α̂
L(ℓ)
GMM

)
= σ2v

[
T−1∑
t=1

E
(
y∗i,t−1z

L(ℓ)′
it

) [
E
(
z
L(ℓ)
it z

L(ℓ)′
it

)]−1
E
(
z
L(ℓ)
it y∗i,t−1

)]−1

, (36)

Avar
(
α̂
B(ℓ)
GMM

)
= σ2v

[
T−1∑
t=1

E
(
y∗i,t−1z

B(ℓ)′
it

) [
E
(
z
B(ℓ)
it z

B(ℓ)′
it

)]−1
E
(
z
B(ℓ)
it y∗i,t−1

)]−1

. (37)

Note that the asymptotic variance Avar
(
α̂
L(ℓ)
GMM

)
is a function of α and the variance ratio

r = σ2η/σ
2
v whereas Avar

(
α̂
B(ℓ)
GMM

)
is a function of α only since a covariance-stationarity is

10



imposed in Assumption 1 (see Theorem 1). Figure 1 shows the asymptotic variances of α̂
L(ℓ)
GMM

and α̂
B(ℓ)
GMM based on (36) and (37) with various lag length of instruments for the cases with

α = 0.3, 0.6, 0.9, r = 0.2, 1, 5 and T = 10. For the detail of computation of (36) and (37),

see appendix. From the figure, it is found that when r = 0.2, the asymptotic variances of the

two GMM estimators are very similar regardless of lag length of instruments ℓ. This implies

that many lags are not required to improve efficiency. Also it is found that α̂L
GMM tends to be

more efficient than α̂B
GMM . This is because one estimation period is lost in α̂B

GMM compared to

α̂L
GMM . However, when r = 1 and r = 5, the result dramatically changes. From the figure, it

is found that α̂B
GMM is little affected by lag length ℓ and hence, we do not need to use many

lags; in view of the figure, one lagged instrument is sufficient to obtain nearly efficient estimator.

However, this is not the case for α̂L
GMM . When r = 1 and r = 5, the lag length of instruments

substantially affects the asymptotic variance. When r is large, α̂L
GMM with one or two lagged

instruments are far less efficient than α̂B
GMM despite the same number of instruments is used.

But as the lag length increases, efficiency improve. What is striking is that efficiency gain when

lag length ℓ is increased from one to two or two from three is substantial. If lag length is more

than four, the asymptotic variances of α̂L
GMM and α̂B

GMM are very similar. This implies that

although many instruments leads to efficiency gain, in the current case, three or four lags are

sufficient to obtain reasonably efficient α̂L
GMM . In other words, using higher order lags does not

contribute to efficiency gain so much. Thus, this result supports the use of a few lagged variable

as instruments. Based on this results, in the following, we mainly consider α̂L
GMM with ℓ = 3 and

α̂B
GMM with ℓ = 1. From the figure, we also find an interesting relationship between the variance

ratio r and instruments lag length ℓ. For example, consider the case with (α, r) = (0.6, 0.2) and

(α, r) = (0.6, 5). Comparing these two cases, we find that α̂L
GMM becomes substantially less

efficient when ℓ is small if r is increased from 0.2 to 5, while efficiency loss is not so evident when

ℓ is large. For instance, the variance of α̂L
GMM with r = 5 is about 11.7 times larger than that

with r = 0.2 when ℓ = 1. However, when ℓ = 5, the variance of α̂L
GMM with r = 5 is only 1.8

times larger than that with r = 0.2. This indicates that the variance inflation of α̂L
GMM caused

by a large r is more evident when the instruments lag length is small compared with a large ℓ;

in other words, the extent of reactivity of the variance of α̂L
GMM to a large r can be reduced by

using many instruments, i.e., a large ℓ.

Next, we investigate the effect of time length T on the efficiency of IV and GMM estimators

with level and BOD instruments. In addition to the GMM estimators (34) and (35), we consider

IV estimators given by

α̂L
IV =

(
N∑
i=1

T−1∑
t=1

yi,t−1y
∗
i,t−1

)−1( N∑
i=1

T−1∑
t=1

yi,t−1y
∗
it

)
,

α̂B
IV =

(
N∑
i=1

T−1∑
t=2

y∗∗i,t−1y
∗
i,t−1

)−1( N∑
i=1

T−1∑
t=2

y∗∗i,ty
∗
it

)
.

Theorem 1. Asymptotic variances of IV and GMM estimators with fixed T and large N asymp-

totics are given by

Avar
(
α̂
L(t)
GMM

)
= (1− α2)

[
T−1∑
t=1

ψ2
t

(
1−

r(1+α
1−α)

1 + r{(1+α
1−α) + (t− 1)}

)]−1

, (38)

Avar
(
α̂
L(3)
GMM

)
= (1− α2)

[
T−1∑
t=1

ψ2
t

(
1−

r(1+α
1−α)

1 + r{(1+α
1−α) +mL

t }

)]−1

, (39)
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Avar
(
α̂
L(1)
GMM

)
= (1− α2)

[
T−1∑
t=1

ψ2
t

(
1

1 + r(1+α
1−α)

)]−1

, (40)

Avar
(
α̂L
IV

)
= (1− α2)

[
1 + r

(
1 + α

1− α

)][T−1∑
t=1

ψt

]−2

, (41)

Avar
(
α̂
B(1)
GMM

)
= (1− α2)

[
T−1∑
t=2

ψ2
t

(
1− αϕt−1

t− 1

)2

A−1
t

]−1

, (42)

Avar
(
α̂B
IV

)
= (1− α2)

(
T−1∑
t=2

cι2T−t+1At

)[
T−1∑
t=2

ψtc
ι
T−t+1

(
1− αϕt−1

t− 1

)2
]−2

(43)

where

ψt = cιt

[
1− αϕT−t

T − t

]
, (44)

ϕj =
1− αj

1− α
= 1 + α+ · · ·+ αj−1, (45)

At =

[
1− 2αϕt−1

t− 1
+

1

(t− 1)2

{
(t− 1)(1 + α)

1− α
− 2α(1− αt−1)

(1− α)2

}]
. (46)

Figure 2 depicts Avar
(
α̂
L(3)
GMM

)
, Avar

(
α̂L
IV

)
, Avar

(
α̂
B(1)
GMM

)
and Avar

(
α̂B
IV

)
for α =

0.3, 0.6, 0.9, r = 0.2, 1, 5 and T = 5, 6, ..., 20 based on Theorem 15. From the figure, it is

found that the efficiency of α̂L
IV is substantially affected by the variance ratio r. When r is

large, α̂L
IV is much less efficient than other estimators. Also, it is found that the variances of

α̂
B(1)
GMM and α̂B

IV are almost identical in all cases. With regard to the effect of T , we find that

the difference in efficiency between GMM estimators using instruments in levels and new in-

struments are not small when T is less than 10 and r = 0.2. However, that difference becomes

smaller as r increases. Indeed, when r is larger than 1 and T is larger than 10, α̂
L(3)
GMM , α̂

B(1)
GMM

and α̂B
IV have a very similar efficiency property. However, it should be noted that α̂

B(1)
GMM and

α̂B
IV use less instruments than α̂

L(3)
GMM .

Also, from Theorem 1, we heuristically find that T−1Avar
(
α̂
L(t)
GMM

)
, T−1Avar

(
α̂
B(1)
GMM

)
and

T−1Avar
(
α̂B
IV

)
tend to (1 − α2), which coincides with the asymptotic variance under large T

and large N , whereas it is not the case for Avar
(
α̂
L(3)
GMM

)
, Avar

(
α̂
L(1)
GMM

)
and Avar

(
α̂L
IV

)
. A

formal discussion under large N and large T asymptotics is given next.

3.2 Large T and large N case

In order to derive the asymptotic property for large N and large T , we first make the following

assumptions.

Assumption 2. The error term vit are serially and cross-sectionally uncorrelated and satisfy

E(vit|wit, ...,wi1, ηi) = 0. (47)

5Since Avar
(
α̂
L(ℓ=3)
GMM

)
and Avar

(
α̂
L(ℓ=t)
GMM

)
, and Avar

(
α̂
L(ℓ=1)
GMM

)
and Avar

(
α̂L
IV

)
are very similar,

Avar
(
α̂
L(ℓ=t)
GMM

)
and Avar

(
α̂
L(ℓ=1)
GMM

)
are excluded in the figure.
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Assumption 3. The regressor wit follows the process:

wit =

{
µi + ξit FE model

µi + κit+ ξit trend model
(48)

where E (ξit) = 0, E
(
ξitξ

′
i,t+s

)
= Γi,s and

∑∞
l=−∞ ∥Γi,l∥ < ∞ for all i. Also, for all i, assume

that E(ξitvis) = 0 for t ≤ s and E(ξitvis) = ϕi,t−s ̸= 0 for t > s where
∑∞

l=1 ∥ϕi,l∥ <∞. µi and

κi are uncorrelated with vit for all i and t, but can be correlated with ηi and λi in an unrestricted

manner.

Assumption 4. As N,T → ∞,

1

NT

N∑
i=1

Td∑
t=d+1

ξitξ
′
it

p→Γ0, (49)

1√
NT

N∑
i=1

Td∑
t=d+1

ξitvit
d→N (0,Ω) (50)

where Γ0 = limN→∞N−1
∑N

i=1 Γi0, Ω = limN→∞N−1
∑N

i=1E(v2itξitξ
′
it) and both Γ0 and Ω are

positive definite.

Assumption 2 indicates that the regressor wit is weakly exogenous. The correlation structure

between regressors and errors are specified in Assumption 3. Assumption 4 is a high-level

assumption that can be used to derive the large N and T asymptotic properties. More primitive

assumptions can be found in Phillips and Moon (1999).

The following Lemma 1 is useful to understand the relationship between δ̂FE and δ̂
B

IV .

Lemma 1. Let Assumptions 2 and 3 hold. Then,

(a)
1

NT

N∑
i=1

W′
iK

′
TB

′
Td
FTd

LTWi =
1

NT

N∑
i=1

W′
iQTWi +Op

(
log T

T

)
, (51)

(b)
1√
NT

N∑
i=1

W′
iQTvi =

1√
NT

N∑
i=1

Td∑
t=d+1

ξitvit −Op

(√
N

T

)
, (52)

(c)
1√
NT

N∑
i=1

W′
iK

′
TB

′
Td
FTd

LTvi =
1√
NT

N∑
i=1

Td∑
t=d+1

ξitvit + op (1) . (53)

Lemma 1(a) is a result for the denominator of the FE and DFIV estimators, and Lemma

1(b) and (c) are the results fore the numerator of the FE and DFIV estimators, respectively.

Lemma 1(a) indicates that the denominators of δ̂FE and δ̂
B

IV are asymptotically equivalent when

T is large. Also, comparing (b) and (c), we find that the second term of the right-hand side

makes a significant difference in FE and DFIV estimators. When N/T converges to a non-zero

constant, the second term in (b) becomes Op(1), and because of this, the asymptotic distribution

of δ̂FE is not centered around the true value as shown in Theorem 2 below. This bias is due the

incidental parameter problem. Contrary to the FE estimator, the second term of (c) vanishes

asymptotically. Hence, as shown in Theorem 4 below, the asymptotic distribution of δ̂
B

IV is

centered around the true value.

Specifically, the asymptotic distributions of δ̂FE and δ̂
B

IV are given in the following theorems.
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Theorem 2. Let Assumptions 2, 3 and 4 hold. Also assume that N/T → κ, (0 < κ < ∞).

Then the asymptotic distribution of δ̂FE as N,T → ∞ is given by

√
NT (δ̂FE − δ)

d→N (b,Γ−1
0 ΩΓ−1

0 )

where b =
√
κΓ−1

0 h̄ and h̄ = plimN,T→∞N−1
∑N

i=1E(W′
iQTvi).

This result implies that the asymptotic distribution of the FE estimator is not centered

around the true value due to the bias caused by the incidental parameter problem. To correct

for this bias, we consider a bias-corrected FE estimator:

δ̂BCFE = δ̂FE − 1

T
Γ̂
−1

0
̂̄h (54)

where Γ̂0 = 1
NT

∑N
i=1W

′
iQTWi and

̂̄h is a consistent estimator of h̄. Note that this bias cor-

rection is not always possible in practice and feasibility depends on the model specification. For

instance, if the model is assumed to be AR(1), then, it is possible to correct the bias as proposed

in Hahn and Kuersteiner (2002). However, for other cases, say, for a model with weakly exoge-

nous regressors, bias-correction is infeasible unless a specific form is assumed for the regressors,

which is undesirable in practice, since the form of bias depends on the correlation structure

between the regressors and errors. Apart from the feasibility, the asymptotic distribution of

bias-corrected FE estimator is given in the following theorem.

Theorem 3. Let Assumptions 2, 3 and 4 hold. Then the asymptotic distribution of δ̂BCFE as

N,T → ∞ is given by

√
NT (δ̂BCFE − δ)

d→N (0,Γ−1
0 ΩΓ−1

0 ).

Finally, the asymptotic distribution of the DFIV estimator is given in the following theorem.

Theorem 4. Let Assumptions 2, 3 and 4 hold. Then, the asymptotic distribution of δ̂
B

IV as

N,T → ∞ is given by

√
NT (δ̂

B

IV − δ)
d→N (0,Γ−1

0 ΩΓ−1
0 ).

This theorem implies that δ̂
B

IV and δ̂BCFE have the same asymptotic distribution when both N

and T are large. This is because δ̂
B

IV does not suffer from the incidental parameter problem nor

many instruments problem.

For the GMM estimator, since it is quite involved to derive the large T and large N asymp-

totic properties for the general model (21), we instead consider a simple AR(1) model given

by (32). The asymptotic distributions of IV/GMM estimators for the AR(1) model (32) under

large N and large T asymptotics is given in the following theorem.

Theorem 5. The asymptotic distributions of the FE, IV and GMM estimators under large N

and large T are given as follows:

(a)
√
NT

[
α̂FE −

(
α− 1

T
(1 + α)

)]
d→N (0, 1− α2), if T 3/N → 0,

(b)
√
NT

[
α̂
L(t)
GMM −

(
α− 1

N
(1 + α)

)]
d→N (0, 1− α2),

if (log T )2/N → ∞ and T/N → c, (0 ≤ c ≤ 1),

(c)
√
NT

(
α̂
L(1)
GMM − α

)
d→N

(
0, (1− α2)

(
1 +

r(1 + α)

1− α

))
, if T/N → c, (0 ≤ c ≤ 1),
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(d)
√
NT

(
α̂L
IV − α

) d→N
(
0, (1− α2)

(
1 +

r(1 + α)

1− α

))
,

(e)
√
NT

(
α̂
B(1)
GMM − α

)
d→N (0, 1− α2), if T/N → c, (0 ≤ c ≤ 1),

(f)
√
NT

(
α̂B
IV − α

) d→N (0, 1− α2).

These results are already derived in the literature. (a) is due to Hahn and Kuersteiner (2002)

and Alvarez and Arellano (2003), and (b) is due to Alvarez and Arellano (2003), (c) is derived

by Hayakawa (2006) and Hsiao and Zhou (2015), (d) is derived by Hsiao and Zhou (2015), (e)

is derived by Hayakawa (2006), and (f) is derived by Hayakawa (2009).

Note that while the GMM estimators require conditions on the relative speed of N and T ,

such a condition is not required for the IV estimators α̂L
IV and α̂B

IV . From Theorem 5, we find

that the GMM estimator using instruments in levels becomes efficient (Hahn and Kuersteiner,

2002) if all past variables are used as instruments in each period. However, if only one lagged

variable is used as an instrument, the GMM estimator is not efficient and also it has the same

asymptotic distribution as IV estimator α̂L
IV . However, for IV and GMM estimators using BOD

filtered instruments, both α̂
B(1)
GMM and α̂B

IV become efficient, which implies that we do not need

to use many instruments to enhance efficiency.

In the AR(1) model given by (32), Hahn and Kuersteiner (2002) demonstrate that N (0, 1−
α2) is the minimal asymptotic distribution under the normality assumption on vit. Hence, the

bias-corrected FE estimator given by α̂BCFE = [(T + 1)/T ]α̂FE + (1/T ), the GMM estimators

using all instruments in levels and using one lagged new instrument, and the IV estimator using

new instruments are asymptotically efficient. Given this, it is conjectured that δ̂BCFE and δ̂
B

IV

are asymptotically efficient under certain conditions. However, a formal discussion is beyond

the scope of the present paper and left as a future topic.

4 Monte Carlo simulation

In this section, we investigate the finite sample properties of the proposed estimators in the

context of dynamic panel data models with/without time trends.

4.1 Design

The data are generated as

yit = αyi,t−1 + βxit + ηi + φλit+ vit,

xit = ρxi,t−1 + τηηi + φτλλit+ θvi,t−1 + eit.

Note that the case with φ = 0 corresponds to the FE model while that with φ = 1 corresponds

to the trend model. In a matrix form, this can be written as(
yit
xit

)
=

(
α βρ

0 ρ

)(
yi,t−1

xi,t−1

)
+

(
(1 + βτη)

τη

)
ηi+φ

(
(1 + βτλ)

τλ

)
λit+

(
vit + βθvi,t−1 + βeit

θvi,t−1 + eit

)
or

pit = Φpi,t−1 + cηηi + φcλλit+ εit (55)
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where pit = (yit, xit)
′, cη = (1+βτη, τη)

′, cλ = (1+βτλ, τλ)
′, εit = (vit+βθvi,t−1+βeit, θvi,t−1+

eit)
′ and

Φ =

(
α βρ

0 ρ

)
. (56)

Alternatively, pit can be written as in a component form:

pit = ai + φbit+ ζit, (57)

ζit = Φζi,t−1 + εit

where

ai = (I−Φ)−1 cηηi − (I−Φ)−1Φ (I−Φ)−1 cλλi,

bi = (I−Φ)−1 cλλi,

V ar (εit) =

[ (
1 + β2θ2

)
σ2v + β2σ2e βθ2σ2v + βσ2e

βθ2σ2v + βσ2e θ2σ2v + σ2e

]
.

Data for yit and xit are generated from (57). For the sample size, we consider T = 10, 25, 50, 100

and N = 50, 100, 250. For parameter values, we consider α = 0.4, 0.8, β = 1, ρ = 0.5, θ = −0.2,

τη = 0.5, τλ = 0.5. vit, eit, ηi and λi are independently generated as vit ∼ N (0, σ2v), eit ∼
N (0, σ2e), ηi ∼ N (0, σ2η) and λi ∼ N (0, σ2λ) with σ2v = 1 σ2e = 0.16, σ2η = 1, 5 and σ2λ = 16. We

report the median bias, interquartile range (IQR), median absolute error (MAE) and empirical

size with 5% significance level based on 2,000 replications.

4.2 Estimators to be compared

We consider seven estimators. The first is the FE estimator δ̂FE given in (29).7 The second

is the IV estimator δ̂
L

IV given in (30) where instruments in levels are used. The third and

fourth are the GMM estimator δ̂
L

GMM given in (31) where instruments in levels are used. For

the choice of lag length of instruments, we consider ℓ = 1 and 3. The corresponding GMM

estimators are denoted as “LEV1” and “LEV3”, respectively. The fifth estimator is the DFIV

estimator δ̂
B

IV defined in (24). The last two estimators are the GMM estimator δ̂
B

GMM defined in

(26) where backward filtered instruments are used. For the choice of lag length of instruments,

we consider ℓ = 1 and 3. The corresponding GMM estimators are denoted as “BOD1” and

“BOD3”, respectively. For the computation of standard errors, we use those obtained under

large N and fixed T since they are more accurate than those obtained under large N and large

T (see Hayakawa, 2015).

4.3 Results

Simulation results are provided in Tables 1-4. We first consider the model with fixed effects

only. From Tables 1 and 2, we find that the FE estimator for α is severely biased when T = 10.

However, as T gets larger, the bias becomes smaller as expected since the FE estimator is

consistent when T is large. However, in terms of accuracy of inference, the sizes are severely

6Although we tried the cases with (σ2
η, σ

2
λ) = (1, 5), (5, 5), the results are very similar to those with (σ2

η, σ
2
λ) =

(5, 1). Hence the results of these cases are not reported to save space.
7A bias corrected FE estimator is not compared since it is not available in the current case where the regressors

is weakly exogenous.
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distorted even when T is large, say, T = 100. This is because the asymptotic distribution of the

FE estimator is not centered around the true value due to the incidental parameter problem.

Also, note that increase in N does not reduce the bias since the bias of FE estimator does not

depend on N . With regard to the FE estimator of β, the performance is better than those

of α. However, it still shows some bias and size distortions. This result implies that the FE

estimator does not work even when T is large. Also, note that a widely acceptable bias-correction

method is not available since the regressor is weakly exogenous8. With regard to the IV and

GMM estimators, in terms of MAE, the IV estimators using instruments in levels perform worst

among the four estimators mainly due to the large dispersions. With regard to the remaining

three estimators, they perform very similarly in terms of MAE when T = 10. However, as T

gets larger, IV and GMM estimators using new instruments outperform the GMM estimator

using instruments in levels. With regard to the choice of IV or GMM estimators using new

instruments, it is observed that the GMM estimator tends to have slightly smaller MAEs than

IV estimator. In terms of accuracy of inference, IV and GMM estimators using new instruments

have almost correct empirical sizes in all cases while the GMM estimator using instruments

in levels have large size distortions especially when T = 10 and α = 0.8. We find that the

efficiency of GMM estimator using instruments in levels depends substantially on the lag length

ℓ. Comparing the IQRs with ℓ = 1 and 3, the reduction of dispersion with ℓ = 3 is substantial

though it induces many instruments. Contrary to IV/GMM with instruments in levels, the

effects of ℓ on the performance of the GMM with new instruments are minor and the IQRs are

relatively smaller than those of GMM with instruments in levels. This result is consistent with

the theoretical implication that using new instruments leads to efficient estimation. Considering

overall performance, we may conclude that the IV or GMM estimator using new instruments

with ℓ = 1 tend to perform best in many cases.

Next, we consider the models with both fixed effects and heterogeneous time trends. The

results are provided in Tables 3 and 4. Compared with the models with fixed effects only, the

FE estimator is severely biased when T is small in this model too, and the magnitude of bias is

larger. This also can be seen in the substantial size distortions even for a large T = 100. This

implies that the FE estimator deteriorates further if time trends are included in the model. With

regard to the IV and GMM estimators, the IV estimator using instruments in levels perform

poorly compared with other estimators. However, contrary to the previous model, the other

three IV and GMM estimators perform poorly when T = 10. Compared with the previous

model with fixed effects, the dispersion is much larger when T = 10. However, the performance

of these estimators improves as T gets larger. When T = 25 or larger, three estimators perform

reasonably well when α = 0.4 while more than T = 50 is required when α = 0.8. For the relative

performance among the three estimators, we find that the GMM estimator using instruments in

levels perform best when T = 10. However, for all other cases, the GMM estimator using new

instruments perform best.

5 Conclusion

In this paper, we have proposed a new instrumental variable estimator for panel data models

including static and dynamic models with weakly exogenous variables and with fixed effects

and/or heterogeneous time trends. We showed that the new IV estimator called the DFIV

8If the regressors are strictly exogenous, bias-corrected FE estimators such as Bun and Carree (2005) can be

used.
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estimator is consistent and has the same asymptotic distribution as the bias-corrected fixed

effects estimator, which is sometimes infeasible, when both N and T are large. This implies that

the DFIV estimator is as efficient as the fixed effects estimator. Monte Carlo simulation results

revealed that the DFIV and DFGMM estimators tend to perform better than the conventional

IV/GMM estimators using instruments in levels in almost all cases.

Appendix

Derivation of FT

We derive the form of Fι
T and Fτ

T . Although a brief derivation of Fι
T is given in Arellano (2003),

a complete derivation is not provided. Hence, we fill that gap. Let us define the following T1×T
matrix that takes the first difference:

DT =


−1 1 0 0

0 −1 1
. . .

. . .

0 −1 1

 .
Multiplying DT by (1) and noting that DT ιT = 0, we have

DTyi = DTWi +DTvi

where it is simply assumed that V ar(vi) = σ2vIT . Since V ar(DTvi) = σ2vDTD
′
T , the trans-

formed error is serially correlated. To correct for the serial correlation, we use the following

transformation matrix, which is a GLS transformation:

Fι
T =

(
DTD

′
T

)−1/2
DT ,

where (DTD
′
T )

−1/2
is the upper triangular Cholesky factorization of (DTD

′
T )

−1
with9

DTD
′
T

(T1×T1)

=



2 −1 0 0

−1 2 −1

0 −1 2 −1
. . .

. . .
. . . 0

−1 2 −1

0 0 −1 2


.

To compute (DTD
′
T )

−1/2
, we need to derive the inverse matrix Hι = (DTD

′
T )

−1
= {hιst}.10

Using the results by El-Mikkawy and Karawia (2006), we have

hιst =


T1

T1+1 if s = t = 1 or s = t = T1
s(T1−s+1)

T1+1 if s = t < T1
s(T1−t+1)

T1+1 if s < t
t(T1−s+1)

T1+1 if s > t

Next, we need to compute the Cholesky factorization to Hι. For a K ×K matrix A = {aij} ,

its Cholesky factorization is given by

A = LL′

9A matrix with this structure is called tridiagonal matrix.
10Arellano (2003) does not provide the details how the upper triangular Cholesky factorization can be computed.
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where L = (ℓij) is the lower triangular matrix. Then using ℓij , we can write the elements of A

as follows:

a11 = ℓ211,

a21 = ℓ21ℓ11, a22 = ℓ221 + ℓ222,

a31 = ℓ31ℓ11, a32 = ℓ31ℓ21 + ℓ32ℓ22, ℓ33 = ℓ231 + ℓ232 + ℓ233,

...
...

. . .

aK1 = ℓK1ℓ11, aK2 = ℓK1ℓ21 + ℓK2ℓ22, · · · , aKK = ℓ2K1 + · · ·+ ℓ2KK .

ℓij can be solved sequentially as follows:

ℓ11 =
√
a11,

ℓ21 = a21/ℓ11, ℓ22 =
√
a22 − ℓ221,

ℓ31 = a31/ℓ11, ℓ32 = (a32 − ℓ31ℓ21)/ℓ22, ℓ33 =
√
a33 − ℓ231 − ℓ232,

...
...

. . .

ℓK1 = aK1/ℓ11, ℓK2 = (aK2 − ℓK1ℓ21)/aK2, · · · ℓKK =
√
aKK − ℓ2K1 − · · · − ℓ2K,K−1.

The explicit form of Fι
T is obtained by letting A = Hι.

Next, we consider a model with individual effects and heterogeneous time trends given by

(11). To remove both ηi and λi from the model, we take second differences. In terms of a model

in matrix, this corresponds to multiplying by DT1DT , (T2 × T ), we have

DT1DTyi = DT1DTWiδ +DT1DTvi.

Since the transformed error is serially correlated, we consider the following GLS-type transfor-

mation matrix:

Fτ
T =

(
DT1DTD

′
TD

′
T1

)−1/2
DT1DT ,

where
(
DT1DTD

′
TD

′
T1

)−1/2
is the upper triangular Cholesky factorization of

(
DT1DTD

′
TD

′
T1

)−1
.

To compute Fτ
T , we need to derive the inverse matrix Hτ =

(
DT1DTD

′
TD

′
T1

)−1
= {hτst} with11

DT1DTD
′
TD

′
T1

(T2×T2)

=



6 −4 1 0

−4 6 −4

1 −4 6 −4
. . .

. . .
. . . 1

−4 6 −4

0 1 −4 6


.

Using the results by Dow (2003), we have12

hτst =

{
at0s

3 + at1s
2 + at2s, s ≤ t+ 1

bt0s
3 + bt1s

2 + bt2s+ bt3, s ≥ t+ 1

where

at0 = −(3 + 2t+ T2)dt/c, at1 = 3t(1 + T2)dt/c, at2 = (3 + 5t+ T2 + 3tT2)dt/c,
11A matrix with this structure is called pentadiagonal matrix.
12See also Chen (2013) for an alternative expression.

19



bt0 = (5− 2t+ 3T2)et/c, bt1 = −3(1 + T2)(4− t+ 2T2)et/c,

bt2 = (1 + 5t+ 12T2 + 3tT2 + 12T 2
2 + 3T 3

2 )et/c, bt3 = (1− t)et/6,

dt = (T2 − t+ 1)(T2 − t+ 2), et = t(t+ 1), c = 6(T2 + 1)(T2 + 2)(T2 + 3).

Using these results and applying the algorithm of Cholesky factorization introduced above where

A = Hτ , after a lengthy calculation, we obtain the explicit expression of Fτ
T as in (12).

Derivation of asymptotic variances (36) and (37)

Let us define yi,−1 = (yi0, ..., yi,T−1)
′ and V ar(yi,−1) = VT = σ2µιT ι

′
T + σ2vΦT where σ2µ =

σ2η/(1 − α)2 and ΦT = {ϕst} = α|s−t|/(1 − α2). Also, let f ′t be the tth row of Fι
T , L(s:t) be the

sth to tth rows of IT and B(s:t) be the sth to tth rows of Bι
T . Then, we obtain y∗i,t−1 = f ′tyi,−1

and

zLit = (yi,t−ℓ, ..., yi,t−1)
′ = L(t−ℓ+1:t)yi,−1, zBit =

(
y∗∗i,t−ℓ, ..., y

∗∗
i,t−1

)′
= B(t−ℓ+1:t)yi,−1.

Using this, we have

E
(
z
L(ℓ)
it y∗i,t−1

)
= L(t−ℓ+1:t)VT ft, E

(
zBity

∗
i,t−1

)
= B(t−ℓ+1:t)VT ft,

E
(
z
L(ℓ)
it zL′it

)
= L(t−ℓ+1:t)VTL

′
(t−ℓ+1:t), E

(
z
B(ℓ)
it zB′

it

)
= B(t−ℓ+1:t)VTB

′
(t−ℓ+1:t).

Hence, (36) and (37) can be written as

Avar
(
α̂L
GMM

)
= σ2v

[
T−1∑
t=1

f ′tVTL
′
(t−ℓ+1:t)

[
L(t−ℓ+1:t)VTL

′
(t−ℓ+1:t)

]−1
L(t−ℓ+1:t)VT ft

]−1

,(58)

Avar
(
α̂B
GMM

)
= σ2v

[
T−1∑
t=2

f ′tVTB
′
(t−ℓ+1:t)

[
B(t−ℓ+1:t)VTB

′
(t−ℓ+1:t)

]−1
B(t−ℓ+1:t)VT ft

]−1

(59)

Figure 1 is described based on (58) and (59) numerically without deriving the explicit form of

expectations such as E
(
z
L(ℓ)
it y∗i,t−1

)
.

Proof of Theorem 1

We derive the explicit formula for asymptotic variances of IV and GMM estimators. First,

consider Avar
(
α̂
L(t)
GMM

)
. Note that under Assumption 1, yi,t−1 can be written as

yi,t−1 =
ηi

1− α
+ ξi,t−1 (60)

where ξi,t−1 =
∑∞

j=0 α
jvi,t−1−j . Also, from (A43) of Alvarez and Arellano (2003), we have

y∗i,t−1 = ψtξi,t−1 − ct

(
ϕT−tvit + · · ·+ ϕ1vi,T−1

T − t

)
. (61)

where ϕ is defined in (45). Using (60) and (61), and under Assumption 1, we have

E(zLity
∗
i,t−1) = ψt

(
σ2v

1− α2

)
(αℓ−1, · · · , 1)′, (62)[

E
(
zLitz

L′
it

)]−1
= V−1

ℓ =
1

σ2v

[
(
√
λιℓ)(

√
λιℓ)

′ +Φℓ

]−1
(63)
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where λ = σ2µ/σ
2
v = r/(1 − α)2, ιℓ is an ℓ dimensional column vector of ones, and Vℓ is the

upper-left ℓ × ℓ matrix of VT . The explicit expression of (63) is obtained as follows. By using

the Sherman-Morrison-Woodbury inversion formula

[A+ bb′]−1 = A−1 −
[

1

1 + b′A−1b

]
A−1bb′A−1

and the decomposition of V−1
ℓ

13

V−1
ℓ = C′C

where

C =



√
1− α2 0 0 · · · 0 0

−α 1 0 · · · 0 0

0 −α 1 · · · 0 0
...

...
...

...
...

...

0 0 0 · · · −α 1


we obtain[

E(zLitz
L′
it )
]−1

= σ−2
v

[
C′C− λ

1 + λι′ℓC
′Cιℓ

C′Cιℓι
′
ℓC

′C

]
. (64)

By substituting (62) and (64) into (36), we obtain (38). The results (39) and (40) are obtained

from (38). Next, we consider V ar(α̂
B(1)
GMM ). First, note that y∗∗i,t−1 can be written as

y∗∗i,t−1 = cιT−t+1

[
ξi,t−1 −

ξi,t−2 + · · ·+ ξi0
t− 1

]
. (65)

Then, using (61) and (65), we obtain

E
(
y∗∗i,t−1y

∗
i,t−1

)
=

(
σ2v

1− α2

)
ψtc

ι
T−t+1

(
1− ϕt−1

t− 1

)
. (66)

Also, from (60), we obtain

E[(y∗∗i,t−1)
2] = cι2T−t+1E

[
ξi,t−1 −

1

t− 1
(ξi,0 + · · ·+ wi,t−2)

]2
= cι2T−t+1

[
σ2v

1− α2

(
1− 2αϕt−1

t− 1

)
+

1

(t− 1)2
E(ξi0 + · · ·+ ξi,t−1)

2

]
. (67)

Using the result of (A8) in Alvarez and Arellano (2003), we have

E(ξi0 + · · ·+ ξi,t−1)
2 =

σ2v
1− α2

[
(t− 1)(1 + α)

1− α
− 2α(1− αt−1)

(1− α)2

]
. (68)

By substituting this into (67), we get

E[(y∗∗i,t−1)
2] =

(
σ2v

1− α2

)
cι2T−t+1At (69)

where At is defined in (46). The result (42) is obtained by substituting (66) and (69) into (36).

13See Amemiya (1985, p.164), Hamilton (1994, p.120) and Greene (2001, p.822).
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Next, we derive the asymptotic variances of α̂L
IV and α̂B

IV . Using (60) and (61) and the fact

that v∗it is serially uncorrelated, we obtain

1

N

N∑
i=1

T−1∑
t=1

E
(
yi,t−1y

∗
i,t−1

)
=

(
σ2v

1− α2

) T−1∑
t=1

ψt,

V ar

(
1√
N

N∑
i=1

T−1∑
t=1

yi,t−1v
∗
it

)
= V ar

(
T−1∑
t=1

yi,t−1v
∗
it

)
= σ2v

T−1∑
t=1

E
(
y2i,t−1

)
= σ2vσ

2
µ +

σ4v
1− α2

.

Using these, we obtain the asymptotic variance of α̂L
IV as in (41). The asymptotic variance of

α̂B
IV can be derived similarly. Using (66) and (69), and under Assumption 1, we obtain

1

N

N∑
i=1

T−1∑
t=2

E
(
y∗∗i,t−1y

∗
i,t−1

)
=

(
σ2v

1− α2

) T−1∑
t=2

ψtc
ι
T−t+1

(
1− ϕt−1

t− 1

)
,

V ar

(
1√
N

N∑
i=1

T−1∑
t=2

y∗∗i,t−1v
∗
it

)
= V ar

(
T−1∑
t=2

y∗∗i,t−1v
∗
it

)
= σ2v

T−1∑
t=2

E
[
(y∗∗i,t−1)

2
]
=

(
σ4v

1− α2

) T−1∑
t=2

cι2T−t+1At.

From these, the asymptotic variance of α̂L
IV is obtained as (43).

Proof of Lemma 1

First, we decompose Td × T matrix FT as

FT =

[
F11 F12 F13

0T2d×d F22 F23

]
= {fst}, (s = 1, ..., Td; t = 1, ..., T )

where F11 is d× d, F12 is d× T2d, F13 is d× d, F22 is T2d × T2d, and F23 is T2d × d. Note that

BT and FT have the following relationship

BT = ITd
FTIT (70)

where

IT =

 0 1

. .
.

1 0


and I2

T = I ′
TIT=IT . Furthermore, using (48), Wi can be written as

Wi = ιTµ
′
i + τTκ

′
i +Ξi = CTΨi +Ξi

where Ξi = (ξ′i1, ..., ξ
′
iT )

′ and Ψi = (µi,κi)
′.

Proof of (a): Note the following decomposition:

1

NT

N∑
i=1

W′
iK

′
TB

′
Td
FTd

LTWi =
1

NT

N∑
i=1

W′
iQTWi +

1

NT

N∑
i=1

W′
i

(
K′

TB
′
Td
FTd

LT −QT

)
Wi.

(71)
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Using FTd
LTCT = BTd

KTCT = QTCT = 0 and (19), the second term of (71) can be further

decomposed as

1

NT

N∑
i=1

W′
i

(
K′

TB
′
Td
FTd

LT −QT

)
Wi =

1

NT

N∑
i=1

Ξ′
i

(
K′

TB
′
Td
FTd

LT − IT
)
Ξi +

1

NT

N∑
i=1

Ξ′
iRTΞi.

(72)

To consider the first term of right-hand side of (72), we derive the explicit form of AT =

K′
TB

′
Td
FTd

LT − IT . Using (70), FTd
= LTd

FTL
′
T and

K′
TITd

LT =

 0d×d 0d×T2d
Id

0T2d×d IT2d
0T2d×d

0d×d 0d×T2d
0d×d

 , L′
Td
IT2d

LTd
=

[
0d×d 0d×T2d

0T2d×d IT2d

]
,

L′
TLT =

 0d×d 0d×T2d
0d×d

0T2d×d IT2d
0T2d×d

0d×d 0d×T2d
Id

 ,
we have

AT = K′
TB

′
Td
LTd

FTL
′
TLT − IT = K′

TITd
F′
Td
IT2d

LTd
FTL

′
TLT − IT

=
(
K′

TITd
LT

)
F′
T

(
L′
Td
IT2d

LTd

)
FT

(
L′
TLT

)
− IT

=

 −Id IdF′
23IT2d

F22 IdF′
23IT2d

F23

0T2d×d IT2d
F′
22IT2d

F22 − IT2d
IT2d

F′
22IT2d

F23

0d×d 0d×T2d
−Id

 (73)

= {Aij}, (i, j = 1, 2, 3).

Next, we derive the form of each Aij . Using

IT2d
F22 =


0 · · · 0 fTdTd

... . .
.

. .
. ...

0 fd+2,d+2 · · · fd+2,Td

fd+1,d+1 fd+1,d+2 · · · fd+1,Td

 , IT2d
F′
22 =


fd+1,Td

fd+2,Td
· · · fTdTd

...
... . .

.
0

fd+1,d+2 fd+2,d+2
...

fd+1,d+1 0 · · · 0

 ,

IT2d
F23 =


fTd,Td+1 fTd,T

...
...

fd+2,Td+1 fd+2,T

fd+1,Td+1 fd+1,T

 , IdF′
23 =

[
fd+1,T fd+2,T · · · fTd,T

fd+1,Td+1 fd+2,Td+1 · · · fTd,Td+1

]

we have

A12
(d×T2d)

= IdF′
23IT2d

F22

=

[
fTd,T fd+1,d+1 fTd−1,T fd+2,d+2 + fTd,T fd+1,d+2 · · ·

∑T2d
ℓ=1 fd+ℓ,T fTd−ℓ+1,Td

fTd,Td+1fd+1,d+1 fTd−1,Td+1fd+2,d+2 + fTd,Td+1fd+1,d+2 · · ·
∑T2d

ℓ=1 fd+ℓ,Td+1fTd−ℓ+1,Td

]

=
{
ajk12

}
=

k∑
ℓ=1

fTd−ℓ+1,T−j+1fd+ℓ,d+k =

k−1∑
ℓ=1

fTd−ℓ+1,T−j+1fd+ℓ,d+k + fTd−k+1,T−j+1fd+k,d+k

23



=



∑k−1
ℓ=1

cιT−ℓc
ι
ℓ+1

ℓ(T−ℓ−1) −
cιT−kc

ι
k+1

k <
∑T3

ℓ=1

cιT−ℓc
ι
ℓ+1

ℓ(T−ℓ−1) for FE model

(j = 1; k = 1, ..., T2d)∑k−1
ℓ=1

4cτℓ+2c
τ
T−ℓ−1(3j−ℓ−3)(2T−3k+ℓ−3)

ℓ(ℓ+1)(T−ℓ−2)(T−ℓ−3) − 2cτk+2c
τ
T−k−1(3j−k−3)

k(k+1) for trend model

(j = 1, 2; k = 1, ..., T2d)

= O

(
log T

T

)
,

A13
(d×d)

= IdF′
23IT2d

F23 =

[ ∑T2d
ℓ=1 fd+ℓ,T fTd−ℓ+1,Td+1

∑T2d
ℓ=1 fd+ℓ,T fTd−ℓ+1,T∑T2d

ℓ=1 fd+ℓ,Td+1fTd−ℓ+1,Td+1
∑T2d

ℓ=1 fd+ℓ,Td+1fTd−ℓ+1,T

]

=
{
ajk13

}
=

T2d∑
ℓ=1

fd+ℓ,T−j+1fTd−ℓ+1,Td+k

=


∑T−2

ℓ=1

cιℓ+1c
ι
T−ℓ

(T−ℓ−1)ℓ , (j = 1, k = 1) for FE model∑T2d
ℓ=1

4cτℓ+2c
τ
T−ℓ−1(3k+ℓ−6)(T−3j−ℓ)

ℓ(ℓ+1)(T−ℓ−2)(T−ℓ−3) , (j = 1, 2; k = 1, 2) for trend model

= O

(
log T

T

)
,

A22
(T2d×T2d)

= IT2d
F′
22IT2d

F22 − IT2d
=


a1122 a1222 · · · a1,T2d

22

0 a2222 · · · a2,T2d
22

...
. . .

. . .
...

0 · · · 0 aT2d,T2d
22


=

{
ajk22

}
=


0 if j > k

fTd−j+1,Td−j+1fd+j,d+j − 1 if j = k∑k
ℓ=1 fTd−ℓ+1,Td−j+1fd+ℓ,d+k if j < k

=




0 if j > k

cιT−jc
ι
j+1 − 1 = O

(
1
j

)
+O

(
1

(T−j)

)
+O

(
1
j2

+ 1
(T−j)2

)
if j = k∑k−j+1

ℓ=1

cιℓ+1c
ι
T−ℓ

(T−ℓ−1)ℓ = O
(
log T
T

)
if j < k

(j, k = 1, ..., T2d)

for FE model



0 if j > k

cτT−j−1c
τ
j+2 − 1 = O

(
1
j

)
+O

(
1

(T−j)

)
if j = k∑k

ℓ=1,ℓ>j,ℓ<k

4cτℓ+2c
τ
T−ℓ−1(3j−ℓ+3)(2T−3k+ℓ−3)

ℓ(ℓ+1)(T−ℓ−2)(T−ℓ−3)

−2cτj+2c
τ
T−j−1(2T+j−3k−3)

(T−j−2)(T−j−3) − 2cτk+2c
τ
T−k−1(3j−k+3)

k(k+1) = O
(
log T
T

)
if j < k

(j, k = 1, ..., T2d)

for trend model

,

A23
(T2d×d)

= IT2d
F′
22IT2d

F23 =


∑T2d

ℓ=1 fd+ℓ,Td
fTd−ℓ+1,Td+1

∑T2d
ℓ=1 fd+ℓ,Td

fTd−ℓ+1,T
...

...∑2
ℓ=1 fd+ℓ,d+2fTd−ℓ+1,Td+1

∑2
ℓ=1 fd+ℓ,d+2fTd−ℓ+1,T∑1

ℓ=1 fd+ℓ,d+1fTd−ℓ+1,Td+1
∑1

ℓ=1 fd+ℓ,d+1fTd−ℓ+1,T


=

{
ajk23

}
=

T2d−j+1∑
ℓ=1

fd+ℓ,Td−j+1fTd−ℓ+1,Td+k

24



=

T2d−j∑
ℓ=1

fd+ℓ,Td−j+1fTd−ℓ+1,Td+k + fTd−j+1,Td−j+1fd+j,Td+k

=


∑T2d−j

ℓ=1

cιℓ+1c
ι
T−ℓ

(T−ℓ−1)ℓ −
cιTd−j+1c

ι
d+j

(Td−j)ℓ , (j = 1, ..., T2d; k = 1) for FE model∑T2d−j
ℓ=1

4cτℓ+2c
τ
T−ℓ−1(3k+ℓ−6)(T−3j−ℓ−6)

ℓ(ℓ+1)(T−ℓ−2)(T−ℓ−3) +
2cτj+2c

τ
T−j−1(T−j+3k−9)

(T−j−2)(T−j−3) for trend model

(j = 1, ..., T2d; k = 1, 2)

= O

(
log T

T

)
.

We now assess the first term of (72). Using Ξi = (Ξ1i,Ξ2i,Ξ3i)
′ where Ξ1i is d × k, Ξ2i is

T2d × k, and Ξ3i is d× k, we have

Si = Ξ′
iATΞi = S1i + S2i + S3i + S4i + S5i + S6i

where

S1i = −Ξ′
1iΞ1i, S2i = Ξ′

1iA12Ξ2i, S3i = Ξ′
1iA13Ξ3i, S4i = Ξ′

2iA22Ξ2i,

S5i = Ξ′
2iA23Ξ3i, S6i = −Ξ′

3iΞ3i.

We now evaluate each term. We consider the FE model and trend model separately below.

FE model From the definition of Ξ1i and Assumption 3, we have

E(S1i) = −E
(
ξi1ξ

′
i1

)
= −Γi0 = O (1) .

Using a1,t−1
12 = O

(
log T
T

)
for all t, a1113 = O

(
log T
T

)
and Assumption 3, we have

E(S2i) =

Td∑
t=2

a1,t−1
12 E

(
ξi1ξ

′
it

)
= O

(
log T

T

) T1∑
t=2

Γi,t−1 = O

(
log T

T

)
,

E(S3i) = a1,113 E
(
ξi1ξ

′
iT

)
= O

(
log T

T

)
Γi,T−1 = O

(
log T

T

)
.

Similarly, using at−1,t−1
22 = O(1/(t+ 1)) +O(1/(T − t)) and as−1,t−1

22 = O(log T/T ) for all s ̸= t,

we have

E(S4i) =

Td∑
s=2

Td∑
t=2

as−1,t−1
22 E

(
ξisξ

′
it

)
=

Td∑
t=2

at−1,t−1
22 E

(
ξitξ

′
it

)
+

Td−1∑
s=2

Td∑
t=s+1

as−1,t−1
22 E

(
ξisξ

′
it

)
=

Td∑
t=2

[
O

(
1

t+ 1

)
+O

(
1

T − t

)]
E
(
ξitξ

′
it

)
+O

(
log T

T

) Td−1∑
s=2

Td∑
t=s+1

Γt−s,i

= O (log T ) .

Finally, using at−1,1
23 = O(log T/T ) for all t, and the definition of Ξ3i, we have

E(S5i) =

Td∑
t=2

at−1,1
23 E

(
ξitξ

′
iT

)
=

Td∑
t=2

O

(
log T

T

)
Γi,T−t = O

(
log T

T

)
,

E(S6i) = −E
(
ξiT ξ

′
iT

)
= −Γi0 = O (1) .

Thus, for the FE model, we have Si =
∑6

l=1 Sli = O(log T ) for all i and obtain

1

NT

N∑
i=1

Ξ′
iATΞi = Op

(
log T

T

)
. (74)
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Trend model From the definition of Ξ1i, we have

E(S1i) = −E
(
ξi1ξ

′
i1

)
− E

(
ξi2ξ

′
i2

)
= −2Γi0 = O (1) .

Since a1,t−1
12 , a2,t−1

12 , a1k13 and a2k13 are O
(
log T
T

)
for all t and k, using Assumption 3, we have

E(S2i) =

Td∑
t=2

[
a1,t−1
12 E

(
ξi1ξ

′
it

)
+ a2,t−1

12 E
(
ξi2ξ

′
it

)]
= O

(
log T

T

) T1∑
t=2

Γi,t−1 +O

(
log T

T

) T1∑
t=2

Γi,t−2 = O

(
log T

T

)
,

E(S3i) =
T∑

t=T−1

[(
a1,113 + a1,213

)
E
(
ξi1ξ

′
it

)
+
(
a2,113 + a2,213

)
E
(
ξi2ξ

′
it

)]
= O

(
log T

T

)
(Γi,T−1 + 2Γi,T−2 + Γi,T−3) = O

(
log T

T

)
.

Similarly, using at−1,t−1
22 = O(1/(t+ 1)) +O(1/(T − t)) and as−1,t−1

22 = O(log T/T ) for all s ̸= t,

we have

E(S4i) =

Td∑
s=3

Td∑
t=3

as−1,t−1
22 E

(
ξisξ

′
it

)
=

Td∑
t=3

at−1,t−1
22 E

(
ξitξ

′
it

)
+

Td−1∑
s=3

Td∑
t=s+1

as−1,t−1
22 E

(
ξisξ

′
it

)
=

Td∑
t=3

[
O

(
1

t+ 1

)
+O

(
1

T − t

)]
E
(
ξitξ

′
it

)
+O

(
log T

T

) Td−1∑
s=3

Td∑
t=s+1

Γt−s,i

= O (log T ) .

Finally, using at−1,1
23 = O(log T/T ) and at−1,2

23 = O(log T/T ) for all t, and the definition of Ξ3i,

we have

E(S5i) =

Td∑
t=2

at−1,1
23 E

(
ξitξ

′
iT1

)
+

Td∑
t=2

at−1,2
23 E

(
ξitξ

′
iT

)
=

Td∑
t=2

O

(
log T

T

)
(Γi,T−t−1 + Γi,T−t) = O

(
log T

T

)
,

E(S6i) = −E
(
ξiT ξ

′
iT

)
− E

(
ξiT1

ξ′iT1

)
= −2Γi0 = O (1) .

Thus, for the trend model, we have Si =
∑6

l=1 Sli = O(log T ) for all i and obtain

1

NT

N∑
i=1

Ξ′
iATΞi = Op

(
log T

T

)
. (75)

Next, we consider the second term of (72). Let us define Hi = Ξ′
iRTΞi. Then, for the FE

model, using (20), we have

E(Hi) =
1

T
E(Ξ′

iιT ι
′
TΞi) =

1

T

T∑
t=1

T∑
s=1

E
(
ξitξ

′
is

)
= Γi0 +

1

T

T−1∑
s=1

T∑
t=s+1

(Γi,t−s + Γ′
i,t−s) = O (1) (76)
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where we used ∥
∑T

t=s+1 Γi,t−s∥ = ∥
∑T−s

l=1 Γi,l∥ ≤
∑T−s

l=1 ∥Γi,l∥ <
∑∞

l=1 ∥Γi,l∥ < ∞. For the

trend model, using (20), we have

Hi =
2 (2T + 1)Ξ′

iιT ι
′
TΞi

T (T − 1)
+

12Ξ′
iτTτ

′
TΞi

T (T − 1) (T + 1)
−

6 (Ξ′
iιTτ

′
TΞi +Ξ′

iτT ι
′
TΞi)

T (T − 1)

= H1i +H2i +H3i.

Using Assumption 3 and (76), we have

E(H1i) =
2 (2T + 1)

T (T − 1)
E

[(
T∑
t=1

ξit

)(
T∑

s=1

ξ′is

)]
= O (1) ,

E(H2i) =
12

T (T − 1) (T + 1)
E

((
T∑
t=1

tξit

)(
T∑

s=1

sξ′is

))

=
12T

(T − 1) (T + 1)

T∑
s=1

T∑
t=1

(
t

T

)( s
T

)
E(ξitξ

′
is) = O (1) ,

E(H3i) =
6

T (T − 1)

(
T∑
t=1

T∑
s=1

sE(ξitξ
′
is) +

T∑
t=1

T∑
s=1

tE(ξitξ
′
is)

)

=
6

(T − 1)

(
T∑

s=1

T∑
t=1

( s
T

)
E(ξitξ

′
is) +

T∑
s=1

T∑
s=1

(
t

T

)
E(ξitξ

′
is)

)
= O (1)

where we used 0 < t/T ≤ 1 and 0 < s/T ≤ 1 for all s and t. Hence, for each i, we have

E(Hi) = O(1) for both FE and trend models, and we obtain

1

NT

N∑
i=1

Ξ′
iRTΞi = Op

(
1

T

)
. (77)

By combining (74), (75), and (77), we obtain

1

NT

N∑
i=1

W′
iK

′
TB

′
Td
FTd

LTWi =
1

NT

N∑
i=1

W′
iQTWi +Op

(
log T

T

)
.

Proof of (b): Using QT (ιT , τT ) = 0, we have

1√
NT

N∑
i=1

W′
iQTvi =

1√
NT

N∑
i=1

Ξ′
iQTvi =

1√
NT

N∑
i=1

Ξ′
ivi −

1√
NT

N∑
i=1

Ξ′
iRTvi.

The first term converges in distribution to N (0,Ω) by Assumption 4. To assess the second term,

let us define hi = −Ξ′
iRTvi. Then, for the case of FE model, using Assumption 3, we have

E(hi) =
−1

T
E

[(
T∑
t=1

ξit

)(
T∑

s=1

vis

)]
=

−1

T

T−1∑
s=1

T∑
t=s+1

E (ξitvis) +
−1

T

T∑
s,t=1,t≤s

E (ξitvis)

=
−1

T

T−1∑
s=1

T∑
t=s+1

ϕi,t−s = O (1) (78)

where we used ∥
∑T

t=s+1ϕi,t−s∥ = ∥
∑T−s

l=1 ϕi,l∥ ≤
∑T−s

l=1 ∥ϕi,l∥ <
∑∞

l=1 ∥ϕi,l∥ < ∞. For trend

model, we have

hi = −
2 (2T + 1)Ξ′

iιT ι
′
Tvi

T (T − 1)
−

12Ξ′
iτTτ

′
Tvi

T (T − 1) (T + 1)
+

6 (Ξ′
iιTτ

′
Tvi +Ξ′

iτT ι
′
Tvi)

T (T − 1)
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= −h1i − h2i + h3i.

Using Assumption 3 and (78), we have

E(h1i) =
2 (2T + 1)

T (T − 1)
E

[(
T∑
t=1

ξit

)(
T∑

s=1

vis

)]
=

2 (2T + 1)

T (T − 1)

T−1∑
s=1

T∑
t=s+1

ϕi,t−s = O (1) ,

E(h2i) =
12

T (T − 1) (T + 1)
E

((
T∑
t=1

tξit

)(
T∑

s=1

svis

))

=
12

(T + 1)

(
T−1∑
s=1

T∑
t=s+1

(
t

T

)(
s

T − 1

)
ϕi,t−s

)
= O (1) ,

E(h3i) =
6

T (T − 1)

(
T∑
t=1

T∑
s=1

sE(ξitvis) +

T∑
t=1

T∑
s=1

tE(ξitvis)

)

=
6

T

T−1∑
s=1

T∑
t=s+1

(
s

T − 1

)
ϕi,t−s +

6

(T − 1)

T−1∑
s=1

T∑
s=t+1

(
t

T

)
ϕi,t−s = O (1)

where we used 0 < t/T ≤ 1 and 0 < s/(T − 1) ≤ 1 for all s and t. Thus, both for FE and trend

models, E(hi) = O(1) and obtain

1√
NT

N∑
i=1

Ξ′
iRTvi =

√
N

T
h̄N = Op

(√
N

T

)

where h̄N = N−1
∑N

i=1 hi.

Proof of (c): Noting BTd
KTCT = 0, we have the following decomposition:

1√
NT

N∑
i=1

W′
iK

′
TB

′
Td
FTd

LTvi =
1√
NT

N∑
i=1

Ξ′
iK

′
TB

′
Td
FTd

LTvi

=
1√
NT

N∑
i=1

Ξ′
ivi +

1√
NT

N∑
i=1

Ξ′
iATvi.

The first term converges in distribution to N (0,Ω) by Assumption 4. To derive the order of the

second term, let us define si = Ξ′
iATvi. Then, using (73), and vi = (v′

i1,v
′
i2,v

′
i3)

′ where vi1

and vi3 are d× 1 and vi2 is T2d × 1, si can be decomposed as

si = s1i + s2i + s3i + s4i + s5i + s6i

where

s1i = −Ξ′
1iv1i, s2i = Ξ′

1iA12v2i, s3i = Ξ′
1iA13v3i, s4i = Ξ2iA22v2i,

s5i = Ξ′
2iA23v3i, s6i = −Ξ′

3iv3i.

To derive the variance of si, we need to calculate V ar(ski) and Cov(ski, sli), (k ̸= l) for k, l =

1, ..., 6. We consider the FE and trend models separately.
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FE model Since d = 1 in the FE model, we have

V ar(s1i) = V ar(ξi1vi1) = O(1).

Using a1,t−1
12 = O

(
log T
T

)
for all t, a1113 = O

(
log T
T

)
, we have

V ar(s2i) = V ar

(
Td∑
t=2

a1,t−1
12 ξi1vit

)
=

Td∑
t=2

(
a1,t−1
12

)2
V ar (ξi1vit) = O

(
(log T )2

T

)
,

V ar(s3i) = V ar
(
a1113ξi1viT

)
= (a1113)

2V ar (ξi1viT ) = O

(
(log T )2

T 2

)
.

Similarly, using at−1,t−1
22 = O(1/(t+ 1)) +O(1/(T − t)) and as−1,t−1

22 = O(log T/T ) for all s ̸= t,

we have

V ar(s4i) = V ar

[
Td−1∑
s=2

Td∑
t=s

as−1,t−1
22 ξisvit

]
=

Td−1∑
s=2

Td∑
t=s

(as−1,t−1
22 )2V ar (ξisvit)

=

Td∑
t=2

(at−1,t−1
22 )2V ar (ξitvit) +

Td−1∑
s=2

Td∑
t=s+1

(as−1,t−1
22 )2V ar (ξisvit)

= O(1) +O
(
(log T )2

)
.

Finally, using at−1,1
23 = O(log T/T ) for all t, and the definition of Ξ3i, we have

V ar(s5i) = V ar

(
Td∑
t=2

at−1,1
23 ξitviT

)
=

Td∑
t=2

(at−1,1
23 )2V ar (ξitviT ) = O

(
(log T )2

T

)
,

V ar(s6i) = V ar (ξiT viT ) = O(1).

For the covariances, we have

Cov(s1i, s2i) = Cov(s1i, s3i) = Cov(s1i, s4i) = Cov(s1i, s5i) = Cov(s1i, s6i) = Cov(s2i, s3i)

= Cov(s2i, s5i) = Cov(s2i, s6i) = Cov(s3i, s4i) = Cov(s4i, s5i) = Cov(s4i, s6i) = 0,

Cov(s2i, s4i) = E

( Td∑
t=2

a1,t−1
12 ξi1vit

)(
Td∑
t=2

at−1,t−1
22 ξitvit +

Td−1∑
s=2

Td∑
t=s+1

as−1,t−1
22 ξisvit

)′
=

Td∑
t1=2

Td∑
t2=2

a1,t1−1
12 at2−1,t2−1

22 E(ξi1ξ
′
it2vit1vit2) +

Td∑
t1=2

Td−1∑
s=2

Td∑
t2=s+1

a1,t1−1
12 as−1,t2−1

22 E(ξi1ξ
′
isvit1vit2)

=

Td∑
t=2

a1,t−1
12 at−1,t−1

22 E(ξi1ξ
′
itv

2
it) +

Td−1∑
s=2

Td∑
t=s+1

a1,t−1
12 as−1,t−1

22 E(ξi1ξ
′
isv

2
it)

= O

(
(log T )2

T

)
+O

(
(log T )2

)
,

Cov(s3i, s5i) =

Td∑
t=2

a1113a
t−1,1
23 E(ξi1ξ

′
itv

2
iT ) = O

(
(log T )2

T

)
,

Cov(s3i, s6i) = a1113E(ξi1ξ
′
iT v

2
iT ) = O

(
log T

T

)
,
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Cov(s5i, s6i) =

Td∑
t=2

at−1,1
23 E(ξitξ

′
iT v

2
iT ) = O(log T ).

Therefore, for FE model, we have V ar(si) = O
(
(log T )2

)
, and

V ar

(
1√
NT

N∑
i=1

Ξ′
iATvi

)
=

1

NT

N∑
i=1

V ar(si) = O

(
(log T )2

T

)
.

Hence, it follows that 1√
NT

∑N
i=1Ξ

′
iATvi = Op

(
log T/

√
T
)
= op(1).

Trend model

V ar(s1i) = V ar(

2∑
s=1

2∑
t=1

ξitvis) = V ar(ξi1vi1) + V ar(ξi2vi2) = O(1).

Using as,t−1
12 = O

(
log T
T

)
, s =, 2 for all t and ajk13 = O

(
log T
T

)
, we have

V ar(s2i) = V ar

(
2∑

s=1

T2d∑
t=3

aj,t−1
12 ξi1vit

)
= O

(
(log T )2

T

)
,

V ar(s3i) = V ar

(
2∑

s=1

2∑
t=1

ast13ξitviTs+1

)
=

2∑
s=1

2∑
t=1

(ast13)
2V ar (ξitviTs+1) = O

(
(log T )2

T 2

)
.

Similarly, using at−1,t−1
22 = O(1/(t+ 1)) +O(1/(T − t)) and as−1,t−1

22 = O(log T/T ) for all s ̸= t,

we have

V ar(s4i) = V ar

[
Td−1∑
s=3

Td∑
t=s

as−1,t−1
22 ξisvit

]
=

Td−1∑
s=3

Td∑
t=s

(as−1,t−1
22 )2V ar (ξisvit)

=

Td∑
t=3

(at−1,t−1
22 )2V ar (ξitvit) +

Td−1∑
s=3

Td∑
t=s+1

(as−1,t−1
22 )2V ar (ξisvit)

= O(1) +O
(
(log T )2

)
.

Finally, using at−1,s
23 = O(log T/T ), s = 1, 2 for all t, and the definition of Ξ3i, we have

V ar(s5i) = V ar

(
2∑

s=1

Td∑
t=3

at−1,s
23 ξitviTs+1

)

=

2∑
s=1

Td∑
t=2

(at−1,s
23 )2V ar (ξitviTs+1) = O

(
(log T )2

T

)
,

V ar(s6i) = V ar

(
2∑

s=1

2∑
t=1

ξiTt
viTs

)
= O(1).

For the covariances of trend model,

Cov(s1i, s2i) = Cov(s1i, s3i) = Cov(s1i, s4i) = Cov(s1i, s5i) = Cov(s1i, s6i) = Cov(s2i, s3i)

= Cov(s2i, s5i) = Cov(s2i, s6i) = Cov(s3i, s4i) = Cov(s4i, s5i) = Cov(s4i, s6i) = 0,
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Cov(s2i, s4i) = E

( 2∑
s=1

Td∑
t=2

as,t−1
12 ξisvit

)(
Td∑
t=3

at−1,t−1
22 ξitvit +

Td−1∑
s=3

Td∑
t=s+1

as−1,t−1
22 ξisvit

)′
=

2∑
s=1

Td∑
t1=3

Td∑
t2=3

a1,t1−1
12 at2−1,t2−1

22 E(ξisξ
′
it2vit1vit2)

+

2∑
s1=1

Td∑
t1=3

Td−1∑
s2=3

Td∑
t2=s2+1

a1,t1−1
12 as2−1,t2−1

22 E(ξis1ξ
′
is2vit1vit2)

=
2∑

s=1

Td∑
t=3

as,t−1
12 at−1,t−1

22 E(ξisξ
′
itv

2
it) +

2∑
s1=1

Td−1∑
s2=2

Td∑
t=s2+1

as1,t−1
12 as2−1,t−1

22 E(ξis1ξ
′
is2v

2
it)

= O

(
(log T )2

T

)
+O

(
(log T )2

)
,

Cov(s3i, s5i) =
2∑

s1=1

2∑
s2=1

Td∑
t=3

as1s2113 at−1,s2
23 E(ξis1ξ

′
itv

2
iTs1+1) = O

(
(log T )2

T

)
,

Cov(s3i, s6i) =

2∑
s1=1

2∑
s2=1

as1s213 E(ξis1ξ
′
iTs2+1v

2
iTs1+1

) = O

(
log T

T

)
,

Cov(s5i, s6i) =
2∑

s=1

Td∑
t=3

at−1,s
23 E(ξitξ

′
iTs+1v

2
iTs+1) = O(log T ).

Therefore, for trend model, we have V ar(si) = O
(
(log T )2

)
, and

V ar

(
1√
NT

N∑
i=1

Ξ′
iATvi

)
=

1

NT

N∑
i=1

V ar(si) = O

(
(log T )2

T

)
.

Hence, it follows that 1√
NT

∑N
i=1Ξ

′
iATvi = Op

(
log T/

√
T
)
= op(1).

Proof of Theorems 2 and 3

We first provide a proof of Theorem 2. Using (77) and Assumption 4, we have

1

NT

N∑
i=1

W′
iQTWi =

1

NT

N∑
i=1

Td∑
t=d+1

ξitξ
′
it +Op

(
1

T

)
p→Γ0. (79)

Next, we have the following decomposition

1√
NT

N∑
i=1

W′
iQTvi =

1√
NT

N∑
i=1

Td∑
t=d+1

ξitvit +

√
N

T
h̄N .

Hence, using Assumption 4, as N,T → ∞ with N/T → κ, (0 < κ <∞), we obtain

√
NT (δ̂FE − δ) =

(
1

NT

N∑
i=1

W′
iQTWi

)−1
1√
NT

N∑
i=1

W′
iQTvi
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=

(
1

NT

N∑
i=1

W′
iQTWi

)−1
1√
NT

N∑
i=1

Td∑
t=d+1

ξitvit +

(
1

NT

N∑
i=1

W′
iQTWi

)−1√
N

T
h̄N

d→ N (
√
κΓ−1

0 h̄,Γ−1
0 ΩΓ−1

0 )

where h̄ = plimN,T→∞ h̄N . Theorem 3 can be proved by noting that Γ̂0 and ̂̄h are consistent

estimators of Γ0 and h̄ with large N and T .

Proof of Theorem 4

Using Lemma 1(a), (79) and Assumption 4, we have

1

NT

N∑
i=1

W′
iK

′
TB

′
Td
FTd

LTWi =
1

NT

N∑
i=1

W′
iQTWi +Op

(
log T

T

)
→p Γ0. (80)

Also, using Lemma 1(c) and Assumption 4, we have

1√
NT

N∑
i=1

W′
iK

′
TB

′
Td
FTd

LTvi =
1√
NT

N∑
i=1

Td∑
t=d+1

ξitvit + op (1) →d N (0,Ω). (81)

Combining (80) and (81), we obtain the result.
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Figure 1: Asymptotic variance of GMM estimators with various instruments lag length ℓ

(T = 10).

34



5 10 15 20
0

1

2

3

4

5
  = 0.3,  r = 0.2 

5 10 15 20
0

1

2

3

4

5
  = 0.3,  r = 1 

5 10 15 20
0

1

2

3

4

5
  = 0.3,  r = 5 

5 10 15 20
0

5

10
  = 0.6,  r = 0.2 

5 10 15 20
0

5

10
  = 0.6,  r = 1 

5 10 15 20
0

5

10
  = 0.6,  r = 5 

5 10 15 20
0

5

10

15

20

25
  = 0.9,  r = 0.2 

5 10 15 20
0

5

10

15

20

25
  = 0.9,  r = 1 

GMM-L(lag3) IV-L GMM-B(lag1) IV-B

5 10 15 20
0

5

10

15

20

25
  = 0.9,  r = 5 

Figure 2: Asymptotic variance of IV/GMM estimators with various T .
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Table 1: Fixed effects model: α = 0.4, β = 1.0

N = 50, σ2
η = 1

α β
FE IV GMM GMM IV GMM GMM FE IV GMM GMM IV GMM GMM

LEV LEV1 LEV3 BOD BOD1 BOD3 LEV LEV1 LEV3 BOD BOD1 BOD3
T = 10

Bias -0.113 0.003 -0.042 -0.036 0.000 -0.013 -0.035 0.034 0.004 -0.085 -0.039 0.000 -0.014 -0.025
IQR 0.054 0.254 0.156 0.086 0.100 0.097 0.088 0.140 0.579 0.361 0.223 0.302 0.275 0.252
MAE 0.113 0.126 0.080 0.052 0.050 0.048 0.050 0.075 0.285 0.183 0.112 0.150 0.137 0.129
Size 0.818 0.021 0.057 0.086 0.055 0.061 0.090 0.072 0.017 0.041 0.064 0.055 0.056 0.058

T = 25
Bias -0.045 0.001 -0.016 -0.011 0.000 -0.004 -0.009 0.021 0.007 -0.023 -0.008 -0.001 -0.003 -0.001
IQR 0.031 0.131 0.090 0.045 0.043 0.041 0.039 0.084 0.243 0.168 0.111 0.116 0.110 0.105
MAE 0.045 0.065 0.045 0.024 0.021 0.020 0.020 0.044 0.120 0.086 0.056 0.058 0.055 0.052
Size 0.490 0.045 0.062 0.070 0.063 0.057 0.066 0.077 0.035 0.055 0.066 0.064 0.067 0.062

T = 50
Bias -0.022 -0.002 -0.010 -0.004 0.000 -0.001 -0.003 0.014 0.000 -0.012 0.001 0.002 0.002 0.002
IQR 0.022 0.083 0.063 0.031 0.026 0.026 0.025 0.054 0.144 0.105 0.068 0.068 0.066 0.064
MAE 0.022 0.042 0.032 0.016 0.013 0.013 0.013 0.029 0.071 0.053 0.034 0.034 0.033 0.033
Size 0.281 0.045 0.057 0.075 0.066 0.062 0.063 0.073 0.044 0.056 0.056 0.062 0.061 0.056

T = 100
Bias -0.011 0.001 -0.004 -0.002 0.001 0.000 -0.001 0.006 0.001 -0.003 0.000 0.001 0.002 0.001
IQR 0.015 0.058 0.043 0.020 0.017 0.017 0.017 0.038 0.090 0.072 0.045 0.043 0.043 0.042
MAE 0.011 0.029 0.022 0.010 0.008 0.008 0.008 0.020 0.045 0.035 0.023 0.022 0.021 0.021
Size 0.167 0.053 0.058 0.060 0.056 0.055 0.059 0.070 0.049 0.050 0.056 0.057 0.058 0.055

N = 100, σ2
η = 1

α β
FE IV GMM GMM IV GMM GMM FE IV GMM GMM IV GMM GMM

LEV LEV1 LEV3 BOD BOD1 BOD3 LEV LEV1 LEV3 BOD BOD1 BOD3
T = 10

Bias -0.114 0.001 -0.027 -0.021 0.001 -0.005 -0.017 0.038 0.009 -0.053 -0.021 0.005 0.000 -0.014
IQR 0.039 0.177 0.130 0.070 0.070 0.069 0.066 0.100 0.402 0.302 0.168 0.213 0.207 0.192
MAE 0.114 0.089 0.066 0.037 0.035 0.035 0.036 0.055 0.201 0.157 0.086 0.109 0.104 0.097
Size 0.987 0.027 0.055 0.073 0.061 0.061 0.073 0.094 0.026 0.045 0.062 0.055 0.060 0.058

T = 25
Bias -0.044 0.002 -0.011 -0.005 0.000 -0.001 -0.004 0.022 0.003 -0.018 -0.003 0.001 0.001 0.002
IQR 0.022 0.090 0.073 0.033 0.030 0.029 0.029 0.057 0.169 0.135 0.077 0.079 0.076 0.075
MAE 0.044 0.045 0.036 0.017 0.015 0.015 0.014 0.034 0.085 0.068 0.038 0.039 0.039 0.037
Size 0.749 0.038 0.058 0.055 0.046 0.049 0.051 0.083 0.040 0.055 0.053 0.060 0.060 0.059

T = 50
Bias -0.022 -0.002 -0.006 -0.003 0.000 -0.001 -0.002 0.013 -0.001 -0.007 0.000 0.001 0.001 0.002
IQR 0.016 0.062 0.051 0.024 0.018 0.018 0.018 0.037 0.104 0.084 0.049 0.047 0.046 0.045
MAE 0.022 0.031 0.025 0.012 0.009 0.009 0.009 0.021 0.051 0.041 0.025 0.023 0.023 0.023
Size 0.461 0.050 0.060 0.058 0.063 0.062 0.064 0.072 0.045 0.055 0.052 0.049 0.051 0.050

T = 100
Bias -0.011 0.001 -0.003 -0.001 0.000 0.000 -0.001 0.006 0.001 -0.002 0.000 0.000 0.000 0.000
IQR 0.011 0.041 0.034 0.016 0.012 0.012 0.012 0.028 0.064 0.056 0.034 0.031 0.031 0.031
MAE 0.011 0.021 0.017 0.008 0.006 0.006 0.006 0.015 0.032 0.027 0.017 0.016 0.016 0.015
Size 0.266 0.056 0.054 0.053 0.050 0.051 0.053 0.061 0.051 0.049 0.049 0.048 0.051 0.052

N = 250, σ2
η = 1

α β
FE IV GMM GMM IV GMM GMM FE IV GMM GMM IV GMM GMM

LEV LEV1 LEV3 BOD BOD1 BOD3 LEV LEV1 LEV3 BOD BOD1 BOD3
T = 10

Bias -0.115 0.001 -0.017 -0.009 0.001 -0.003 -0.008 0.035 0.003 -0.028 -0.011 0.003 0.000 -0.007
IQR 0.024 0.111 0.092 0.045 0.046 0.045 0.044 0.061 0.249 0.209 0.102 0.130 0.124 0.117
MAE 0.115 0.055 0.047 0.023 0.023 0.022 0.023 0.040 0.124 0.107 0.052 0.065 0.062 0.059
Size 1.000 0.035 0.040 0.058 0.057 0.058 0.060 0.106 0.039 0.037 0.047 0.045 0.043 0.047

T = 25
Bias -0.044 0.000 -0.006 -0.003 0.000 -0.001 -0.002 0.022 -0.001 -0.008 -0.001 -0.001 -0.001 0.000
IQR 0.014 0.057 0.048 0.022 0.018 0.018 0.018 0.036 0.107 0.092 0.050 0.048 0.048 0.048
MAE 0.044 0.028 0.025 0.011 0.009 0.009 0.009 0.024 0.053 0.047 0.025 0.024 0.024 0.024
Size 0.982 0.053 0.053 0.055 0.048 0.051 0.055 0.129 0.056 0.054 0.054 0.057 0.050 0.047

T = 50
Bias -0.022 -0.001 -0.003 -0.002 0.000 -0.001 -0.001 0.012 -0.002 -0.004 -0.001 0.000 0.000 0.001
IQR 0.010 0.039 0.035 0.015 0.012 0.012 0.012 0.025 0.065 0.058 0.032 0.029 0.029 0.029
MAE 0.022 0.019 0.017 0.008 0.006 0.006 0.006 0.015 0.033 0.030 0.016 0.015 0.015 0.014
Size 0.840 0.046 0.053 0.056 0.060 0.055 0.055 0.105 0.050 0.054 0.050 0.052 0.050 0.053

T = 100
Bias -0.011 0.000 -0.001 0.000 0.000 0.000 0.000 0.006 0.000 -0.001 0.000 0.000 0.000 0.000
IQR 0.007 0.025 0.023 0.010 0.008 0.007 0.007 0.018 0.042 0.037 0.020 0.019 0.018 0.018
MAE 0.011 0.012 0.011 0.005 0.004 0.004 0.004 0.010 0.021 0.019 0.010 0.009 0.009 0.009
Size 0.549 0.050 0.050 0.052 0.059 0.063 0.061 0.076 0.049 0.046 0.055 0.052 0.051 0.051
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Table 1(cont.): Fixed effects model: α = 0.4, β = 1.0

N = 50, σ2
η = 5

α β
FE IV GMM GMM IV GMM GMM FE IV GMM GMM IV GMM GMM

LEV LEV1 LEV3 BOD BOD1 BOD3 LEV LEV1 LEV3 BOD BOD1 BOD3
T = 10

Bias -0.113 0.010 -0.054 -0.036 0.000 -0.013 -0.035 0.034 0.039 -0.112 -0.044 0.000 -0.014 -0.025
IQR 0.054 0.389 0.172 0.089 0.100 0.097 0.088 0.140 0.929 0.439 0.228 0.302 0.275 0.252
MAE 0.113 0.197 0.091 0.052 0.050 0.048 0.050 0.075 0.467 0.223 0.118 0.150 0.137 0.129
Size 0.818 0.012 0.054 0.086 0.055 0.061 0.090 0.072 0.009 0.044 0.068 0.055 0.056 0.058

T = 25
Bias -0.045 0.007 -0.022 -0.011 0.000 -0.004 -0.009 0.021 0.014 -0.032 -0.010 -0.001 -0.003 -0.001
IQR 0.031 0.217 0.103 0.046 0.043 0.041 0.039 0.084 0.417 0.201 0.114 0.116 0.110 0.105
MAE 0.045 0.108 0.053 0.024 0.021 0.020 0.020 0.044 0.205 0.104 0.057 0.058 0.055 0.052
Size 0.490 0.035 0.066 0.068 0.063 0.057 0.066 0.077 0.027 0.061 0.070 0.064 0.067 0.062

T = 50
Bias -0.022 -0.004 -0.014 -0.004 0.000 -0.001 -0.003 0.014 -0.003 -0.020 0.000 0.002 0.002 0.002
IQR 0.022 0.137 0.074 0.031 0.026 0.026 0.025 0.054 0.241 0.123 0.068 0.068 0.066 0.064
MAE 0.022 0.067 0.037 0.016 0.013 0.013 0.013 0.029 0.117 0.064 0.034 0.034 0.033 0.033
Size 0.281 0.039 0.063 0.074 0.066 0.062 0.063 0.073 0.037 0.068 0.061 0.062 0.061 0.056

T = 100
Bias -0.011 0.002 -0.004 -0.002 0.001 0.000 -0.001 0.006 0.003 -0.005 0.000 0.001 0.002 0.001
IQR 0.015 0.091 0.050 0.020 0.017 0.017 0.017 0.038 0.149 0.084 0.047 0.043 0.043 0.042
MAE 0.011 0.045 0.024 0.010 0.008 0.008 0.008 0.020 0.075 0.042 0.023 0.022 0.021 0.021
Size 0.167 0.045 0.062 0.060 0.056 0.055 0.059 0.070 0.042 0.051 0.057 0.057 0.058 0.055

N = 100, σ2
η = 5

α β
FE IV GMM GMM IV GMM GMM FE IV GMM GMM IV GMM GMM

LEV LEV1 LEV3 BOD BOD1 BOD3 LEV LEV1 LEV3 BOD BOD1 BOD3
T = 10

Bias -0.114 0.012 -0.040 -0.022 0.001 -0.005 -0.017 0.038 0.030 -0.079 -0.025 0.005 0.000 -0.014
IQR 0.039 0.291 0.164 0.072 0.070 0.069 0.066 0.100 0.698 0.391 0.178 0.213 0.207 0.192
MAE 0.114 0.145 0.082 0.037 0.035 0.035 0.036 0.055 0.351 0.199 0.090 0.109 0.104 0.097
Size 0.987 0.016 0.050 0.073 0.061 0.061 0.073 0.094 0.017 0.047 0.068 0.055 0.060 0.058

T = 25
Bias -0.044 0.004 -0.016 -0.005 0.000 -0.001 -0.004 0.022 0.013 -0.025 -0.003 0.001 0.001 0.002
IQR 0.022 0.149 0.091 0.034 0.030 0.029 0.029 0.057 0.286 0.177 0.079 0.079 0.076 0.075
MAE 0.044 0.073 0.045 0.018 0.015 0.015 0.014 0.034 0.141 0.090 0.039 0.039 0.039 0.037
Size 0.749 0.038 0.052 0.056 0.046 0.049 0.051 0.083 0.034 0.057 0.052 0.060 0.060 0.059

T = 50
Bias -0.022 -0.002 -0.007 -0.003 0.000 -0.001 -0.002 0.013 -0.003 -0.013 0.000 0.001 0.001 0.002
IQR 0.016 0.096 0.064 0.024 0.018 0.018 0.018 0.037 0.167 0.108 0.051 0.047 0.046 0.045
MAE 0.022 0.048 0.031 0.012 0.009 0.009 0.009 0.021 0.084 0.054 0.025 0.023 0.023 0.023
Size 0.461 0.048 0.054 0.055 0.063 0.062 0.064 0.072 0.044 0.049 0.050 0.049 0.051 0.050

T = 100
Bias -0.011 0.001 -0.003 -0.001 0.000 0.000 -0.001 0.006 0.001 -0.006 -0.001 0.000 0.000 0.000
IQR 0.011 0.066 0.044 0.016 0.012 0.012 0.012 0.028 0.107 0.072 0.035 0.031 0.031 0.031
MAE 0.011 0.033 0.022 0.008 0.006 0.006 0.006 0.015 0.052 0.036 0.017 0.016 0.016 0.015
Size 0.266 0.053 0.061 0.053 0.050 0.051 0.053 0.061 0.056 0.053 0.049 0.048 0.051 0.052

N = 250, σ2
η = 5

α β
FE IV GMM GMM IV GMM GMM FE IV GMM GMM IV GMM GMM

LEV LEV1 LEV3 BOD BOD1 BOD3 LEV LEV1 LEV3 BOD BOD1 BOD3
T = 10

Bias -0.115 0.006 -0.023 -0.009 0.001 -0.003 -0.008 0.035 0.010 -0.048 -0.014 0.003 0.000 -0.007
IQR 0.024 0.175 0.121 0.046 0.046 0.045 0.044 0.061 0.436 0.288 0.112 0.130 0.124 0.117
MAE 0.115 0.088 0.061 0.023 0.023 0.022 0.023 0.040 0.219 0.147 0.056 0.065 0.062 0.059
Size 1.000 0.019 0.038 0.057 0.057 0.058 0.060 0.106 0.019 0.032 0.047 0.045 0.043 0.047

T = 25
Bias -0.044 0.000 -0.008 -0.003 0.000 -0.001 -0.002 0.022 -0.002 -0.014 -0.002 -0.001 -0.001 0.000
IQR 0.014 0.094 0.066 0.022 0.018 0.018 0.018 0.036 0.180 0.131 0.052 0.048 0.048 0.048
MAE 0.044 0.047 0.034 0.011 0.009 0.009 0.009 0.024 0.090 0.065 0.026 0.024 0.024 0.024
Size 0.982 0.042 0.054 0.054 0.048 0.051 0.055 0.129 0.042 0.058 0.057 0.057 0.050 0.047

T = 50
Bias -0.022 -0.001 -0.006 -0.002 0.000 -0.001 -0.001 0.012 -0.005 -0.008 -0.001 0.000 0.000 0.001
IQR 0.010 0.059 0.049 0.015 0.012 0.012 0.012 0.025 0.106 0.082 0.033 0.029 0.029 0.029
MAE 0.022 0.030 0.024 0.008 0.006 0.006 0.006 0.015 0.052 0.042 0.016 0.015 0.015 0.014
Size 0.840 0.042 0.053 0.055 0.060 0.055 0.055 0.105 0.039 0.060 0.047 0.052 0.050 0.053

T = 100
Bias -0.011 0.001 -0.002 0.000 0.000 0.000 0.000 0.006 0.001 -0.002 0.000 0.000 0.000 0.000
IQR 0.007 0.040 0.032 0.010 0.008 0.007 0.007 0.018 0.066 0.054 0.021 0.019 0.018 0.018
MAE 0.011 0.020 0.016 0.005 0.004 0.004 0.004 0.010 0.033 0.026 0.011 0.009 0.009 0.009
Size 0.549 0.051 0.058 0.051 0.059 0.063 0.061 0.076 0.048 0.050 0.049 0.052 0.051 0.051
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Table 2: Fixed effects model: α = 0.8, β = 1.0

N = 50, σ2
η = 1

α β
FE IV GMM GMM IV GMM GMM FE IV GMM GMM IV GMM GMM

LEV LEV1 LEV3 BOD BOD1 BOD3 LEV LEV1 LEV3 BOD BOD1 BOD3
T = 10

Bias -0.150 0.036 -0.189 -0.109 0.004 -0.053 -0.101 0.006 0.034 -0.164 -0.111 0.013 -0.074 -0.122
IQR 0.049 0.641 0.243 0.112 0.188 0.143 0.112 0.137 0.745 0.407 0.254 0.429 0.335 0.279
MAE 0.150 0.320 0.191 0.110 0.094 0.079 0.102 0.068 0.370 0.224 0.151 0.210 0.168 0.159
Size 0.995 0.001 0.106 0.243 0.029 0.085 0.215 0.062 0.005 0.038 0.097 0.031 0.057 0.094

T = 25
Bias -0.054 0.062 -0.072 -0.032 -0.002 -0.010 -0.022 0.021 0.046 -0.030 -0.023 0.000 -0.008 -0.016
IQR 0.024 0.387 0.115 0.048 0.049 0.045 0.040 0.084 0.293 0.184 0.123 0.122 0.116 0.112
MAE 0.054 0.205 0.075 0.035 0.025 0.024 0.025 0.043 0.150 0.095 0.062 0.061 0.058 0.057
Size 0.908 0.012 0.067 0.142 0.057 0.064 0.124 0.081 0.014 0.054 0.068 0.052 0.061 0.064

T = 50
Bias -0.026 0.061 -0.034 -0.012 -0.001 -0.003 -0.007 0.017 0.012 -0.004 -0.003 0.002 0.001 0.001
IQR 0.015 0.289 0.075 0.029 0.023 0.022 0.021 0.055 0.156 0.113 0.075 0.066 0.065 0.065
MAE 0.026 0.157 0.042 0.017 0.012 0.011 0.011 0.029 0.078 0.056 0.037 0.033 0.033 0.032
Size 0.664 0.030 0.059 0.086 0.056 0.063 0.080 0.079 0.016 0.060 0.059 0.063 0.061 0.062

T = 100
Bias -0.012 0.044 -0.015 -0.005 0.000 -0.001 -0.002 0.009 -0.001 0.005 0.000 0.001 0.001 0.002
IQR 0.010 0.207 0.048 0.019 0.013 0.012 0.012 0.039 0.089 0.072 0.049 0.042 0.041 0.040
MAE 0.012 0.113 0.024 0.010 0.006 0.006 0.006 0.020 0.045 0.036 0.025 0.021 0.020 0.020
Size 0.400 0.072 0.063 0.083 0.056 0.059 0.064 0.071 0.012 0.044 0.048 0.057 0.059 0.056

N = 100, σ2
η = 1

α β
FE IV GMM GMM IV GMM GMM FE IV GMM GMM IV GMM GMM

LEV LEV1 LEV3 BOD BOD1 BOD3 LEV LEV1 LEV3 BOD BOD1 BOD3
T = 10

Bias -0.150 0.041 -0.174 -0.077 0.001 -0.033 -0.068 0.006 0.046 -0.177 -0.097 0.009 -0.041 -0.093
IQR 0.034 0.662 0.257 0.097 0.134 0.110 0.093 0.098 0.758 0.374 0.210 0.299 0.254 0.222
MAE 0.150 0.323 0.178 0.078 0.067 0.060 0.072 0.050 0.381 0.204 0.126 0.151 0.126 0.126
Size 1.000 0.001 0.088 0.186 0.044 0.068 0.165 0.054 0.004 0.036 0.086 0.035 0.060 0.090

T = 25
Bias -0.054 0.057 -0.064 -0.020 -0.002 -0.006 -0.013 0.022 0.038 -0.026 -0.011 0.002 -0.001 -0.008
IQR 0.016 0.342 0.114 0.039 0.033 0.031 0.029 0.055 0.235 0.143 0.087 0.089 0.084 0.078
MAE 0.054 0.178 0.069 0.024 0.017 0.016 0.017 0.033 0.124 0.073 0.045 0.044 0.041 0.041
Size 0.995 0.010 0.062 0.096 0.044 0.051 0.082 0.083 0.018 0.041 0.065 0.057 0.056 0.059

T = 50
Bias -0.025 0.040 -0.029 -0.008 0.000 -0.001 -0.004 0.016 0.009 -0.004 -0.002 0.001 0.001 0.000
IQR 0.011 0.237 0.067 0.023 0.017 0.016 0.016 0.038 0.105 0.078 0.053 0.046 0.045 0.045
MAE 0.025 0.126 0.037 0.013 0.008 0.008 0.008 0.022 0.053 0.039 0.026 0.023 0.023 0.022
Size 0.910 0.033 0.050 0.082 0.060 0.063 0.075 0.085 0.021 0.046 0.058 0.052 0.055 0.052

T = 100
Bias -0.012 0.020 -0.015 -0.003 0.000 -0.001 -0.001 0.009 0.000 0.002 -0.001 0.000 0.000 0.000
IQR 0.007 0.163 0.046 0.015 0.009 0.009 0.009 0.028 0.058 0.052 0.037 0.031 0.031 0.031
MAE 0.012 0.083 0.024 0.008 0.004 0.004 0.004 0.015 0.029 0.026 0.018 0.015 0.015 0.015
Size 0.668 0.060 0.059 0.069 0.050 0.046 0.051 0.075 0.021 0.054 0.050 0.051 0.052 0.052

N = 250, σ2
η = 1

α β
FE IV GMM GMM IV GMM GMM FE IV GMM GMM IV GMM GMM

LEV LEV1 LEV3 BOD BOD1 BOD3 LEV LEV1 LEV3 BOD BOD1 BOD3
T = 10

Bias -0.150 0.038 -0.157 -0.044 0.002 -0.016 -0.037 0.004 0.047 -0.161 -0.054 0.002 -0.024 -0.054
IQR 0.022 0.572 0.217 0.068 0.084 0.077 0.069 0.060 0.654 0.271 0.145 0.179 0.168 0.155
MAE 0.150 0.286 0.166 0.049 0.042 0.040 0.044 0.031 0.327 0.176 0.081 0.090 0.086 0.086
Size 1.000 0.001 0.073 0.118 0.056 0.056 0.108 0.041 0.003 0.038 0.074 0.050 0.052 0.065

T = 25
Bias -0.054 0.029 -0.051 -0.011 0.000 -0.002 -0.005 0.021 0.019 -0.025 -0.009 -0.001 -0.003 -0.005
IQR 0.011 0.274 0.099 0.028 0.021 0.020 0.020 0.035 0.176 0.096 0.058 0.055 0.051 0.050
MAE 0.054 0.140 0.060 0.015 0.011 0.010 0.010 0.024 0.092 0.048 0.030 0.028 0.026 0.026
Size 1.000 0.014 0.043 0.082 0.049 0.048 0.062 0.130 0.012 0.038 0.062 0.052 0.049 0.051

T = 50
Bias -0.025 0.014 -0.023 -0.004 0.000 -0.001 -0.002 0.015 0.001 -0.005 -0.002 0.000 0.000 0.000
IQR 0.007 0.182 0.062 0.017 0.011 0.010 0.010 0.025 0.067 0.051 0.035 0.030 0.029 0.029
MAE 0.025 0.089 0.035 0.009 0.005 0.005 0.005 0.016 0.034 0.026 0.018 0.015 0.015 0.015
Size 1.000 0.031 0.052 0.060 0.048 0.060 0.057 0.140 0.023 0.044 0.051 0.051 0.052 0.052

T = 100
Bias -0.012 0.004 -0.013 -0.002 0.000 0.000 -0.001 0.009 0.001 0.001 0.001 0.000 0.001 0.000
IQR 0.004 0.112 0.042 0.010 0.006 0.006 0.006 0.017 0.036 0.035 0.023 0.019 0.018 0.018
MAE 0.012 0.053 0.022 0.005 0.003 0.003 0.003 0.011 0.018 0.017 0.011 0.009 0.009 0.009
Size 0.958 0.059 0.059 0.058 0.054 0.048 0.051 0.099 0.025 0.044 0.050 0.056 0.055 0.056
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Table 2(cont.): Fixed effects model: α = 0.8, β = 1.0

N = 50, σ2
η = 5

α β
FE IV GMM GMM IV GMM GMM FE IV GMM GMM IV GMM GMM

LEV LEV1 LEV3 BOD BOD1 BOD3 LEV LEV1 LEV3 BOD BOD1 BOD3
T = 10

Bias -0.150 0.054 -0.199 -0.109 0.004 -0.053 -0.101 0.006 0.037 -0.120 -0.115 0.013 -0.074 -0.122
IQR 0.049 0.651 0.260 0.112 0.188 0.143 0.112 0.137 1.000 0.597 0.269 0.429 0.335 0.279
MAE 0.150 0.325 0.202 0.110 0.094 0.079 0.102 0.068 0.500 0.299 0.161 0.210 0.168 0.159
Size 0.995 0.000 0.079 0.244 0.029 0.085 0.215 0.062 0.005 0.037 0.104 0.031 0.057 0.094

T = 25
Bias -0.054 0.067 -0.077 -0.032 -0.002 -0.010 -0.022 0.021 0.045 -0.032 -0.025 0.000 -0.008 -0.016
IQR 0.024 0.380 0.121 0.049 0.049 0.045 0.040 0.084 0.459 0.287 0.131 0.122 0.116 0.112
MAE 0.054 0.199 0.081 0.034 0.025 0.024 0.025 0.043 0.237 0.143 0.067 0.061 0.058 0.057
Size 0.908 0.015 0.056 0.140 0.057 0.064 0.124 0.081 0.007 0.053 0.075 0.052 0.061 0.064

T = 50
Bias -0.026 0.062 -0.036 -0.012 -0.001 -0.003 -0.007 0.017 0.019 -0.003 -0.004 0.002 0.001 0.001
IQR 0.015 0.289 0.075 0.029 0.023 0.022 0.021 0.055 0.267 0.184 0.077 0.066 0.065 0.065
MAE 0.026 0.160 0.044 0.017 0.012 0.011 0.011 0.029 0.134 0.093 0.039 0.033 0.033 0.032
Size 0.664 0.030 0.057 0.089 0.056 0.063 0.080 0.079 0.012 0.060 0.061 0.063 0.061 0.062

T = 100
Bias -0.012 0.051 -0.015 -0.005 0.000 -0.001 -0.002 0.009 0.010 0.004 0.000 0.001 0.001 0.002
IQR 0.010 0.218 0.048 0.019 0.013 0.012 0.012 0.039 0.163 0.113 0.053 0.042 0.041 0.040
MAE 0.012 0.117 0.024 0.010 0.006 0.006 0.006 0.020 0.081 0.057 0.026 0.021 0.020 0.020
Size 0.400 0.065 0.058 0.074 0.056 0.059 0.064 0.071 0.012 0.047 0.050 0.057 0.059 0.056

N = 100, σ2
η = 5

α β
FE IV GMM GMM IV GMM GMM FE IV GMM GMM IV GMM GMM

LEV LEV1 LEV3 BOD BOD1 BOD3 LEV LEV1 LEV3 BOD BOD1 BOD3
T = 10

Bias -0.150 0.031 -0.189 -0.078 0.001 -0.033 -0.068 0.006 0.038 -0.169 -0.110 0.009 -0.041 -0.093
IQR 0.034 0.671 0.271 0.097 0.134 0.110 0.093 0.098 0.907 0.515 0.229 0.299 0.254 0.222
MAE 0.150 0.334 0.195 0.080 0.067 0.060 0.072 0.050 0.453 0.270 0.140 0.151 0.126 0.126
Size 1.000 0.001 0.085 0.188 0.044 0.068 0.165 0.054 0.006 0.034 0.091 0.035 0.060 0.090

T = 25
Bias -0.054 0.063 -0.071 -0.021 -0.002 -0.006 -0.013 0.022 0.051 -0.030 -0.017 0.002 -0.001 -0.008
IQR 0.016 0.344 0.122 0.039 0.033 0.031 0.029 0.055 0.366 0.237 0.094 0.089 0.084 0.078
MAE 0.054 0.184 0.075 0.025 0.017 0.016 0.017 0.033 0.185 0.119 0.046 0.044 0.041 0.041
Size 0.995 0.012 0.054 0.099 0.044 0.051 0.082 0.083 0.013 0.038 0.067 0.057 0.056 0.059

T = 50
Bias -0.025 0.046 -0.034 -0.008 0.000 -0.001 -0.004 0.016 0.022 -0.003 -0.004 0.001 0.001 0.000
IQR 0.011 0.245 0.072 0.024 0.017 0.016 0.016 0.038 0.187 0.138 0.057 0.046 0.045 0.045
MAE 0.025 0.133 0.041 0.013 0.008 0.008 0.008 0.022 0.097 0.068 0.029 0.023 0.023 0.022
Size 0.910 0.032 0.043 0.080 0.060 0.063 0.075 0.085 0.017 0.046 0.053 0.052 0.055 0.052

T = 100
Bias -0.012 0.024 -0.016 -0.003 0.000 -0.001 -0.001 0.009 0.006 0.000 -0.001 0.000 0.000 0.000
IQR 0.007 0.177 0.048 0.015 0.009 0.009 0.009 0.028 0.111 0.086 0.039 0.031 0.031 0.031
MAE 0.012 0.091 0.025 0.008 0.004 0.004 0.004 0.015 0.056 0.043 0.020 0.015 0.015 0.015
Size 0.668 0.057 0.050 0.069 0.050 0.046 0.051 0.075 0.019 0.054 0.056 0.051 0.052 0.052

N = 250, σ2
η = 5

α β
FE IV GMM GMM IV GMM GMM FE IV GMM GMM IV GMM GMM

LEV LEV1 LEV3 BOD BOD1 BOD3 LEV LEV1 LEV3 BOD BOD1 BOD3
T = 10

Bias -0.150 0.039 -0.192 -0.047 0.002 -0.016 -0.037 0.004 0.065 -0.192 -0.064 0.002 -0.024 -0.054
IQR 0.022 0.580 0.248 0.069 0.084 0.077 0.069 0.060 0.742 0.395 0.166 0.179 0.168 0.155
MAE 0.150 0.286 0.197 0.051 0.042 0.040 0.044 0.031 0.378 0.230 0.091 0.090 0.086 0.086
Size 1.000 0.001 0.065 0.125 0.056 0.056 0.108 0.041 0.006 0.032 0.080 0.050 0.052 0.065

T = 25
Bias -0.054 0.034 -0.068 -0.011 0.000 -0.002 -0.005 0.021 0.030 -0.036 -0.010 -0.001 -0.003 -0.005
IQR 0.011 0.286 0.117 0.028 0.021 0.020 0.020 0.035 0.253 0.162 0.064 0.055 0.051 0.050
MAE 0.054 0.151 0.075 0.016 0.011 0.010 0.010 0.024 0.133 0.084 0.032 0.028 0.026 0.026
Size 1.000 0.013 0.040 0.086 0.049 0.048 0.062 0.130 0.010 0.031 0.063 0.052 0.049 0.051

T = 50
Bias -0.025 0.017 -0.030 -0.004 0.000 -0.001 -0.002 0.015 0.006 -0.010 -0.002 0.000 0.000 0.000
IQR 0.007 0.190 0.072 0.017 0.011 0.010 0.010 0.025 0.123 0.090 0.039 0.030 0.029 0.029
MAE 0.025 0.096 0.039 0.009 0.005 0.005 0.005 0.016 0.062 0.045 0.020 0.015 0.015 0.015
Size 1.000 0.031 0.045 0.060 0.048 0.060 0.057 0.140 0.021 0.035 0.059 0.051 0.052 0.052

T = 100
Bias -0.012 0.006 -0.016 -0.001 0.000 0.000 -0.001 0.009 0.004 0.001 0.000 0.000 0.001 0.000
IQR 0.004 0.118 0.045 0.010 0.006 0.006 0.006 0.017 0.064 0.061 0.025 0.019 0.018 0.018
MAE 0.012 0.057 0.025 0.005 0.003 0.003 0.003 0.011 0.032 0.031 0.012 0.009 0.009 0.009
Size 0.958 0.057 0.058 0.060 0.054 0.048 0.051 0.099 0.026 0.045 0.052 0.056 0.055 0.056
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Table 3: Trend model: α = 0.4, β = 1.0,

N = 50, σ2
η = 1, σ2

λ = 1

α β
FE IV GMM GMM IV GMM GMM FE IV GMM GMM IV GMM GMM

LEV LEV1 LEV3 BOD BOD1 BOD3 LEV LEV1 LEV3 BOD BOD1 BOD3
T = 10

Bias -0.247 -0.025 -0.071 -0.113 -0.024 -0.129 -0.231 0.009 -0.034 -0.175 -0.178 -0.139 -0.167 -0.170
IQR 0.062 0.636 0.173 0.123 0.510 0.261 0.193 0.160 3.425 0.757 0.465 2.720 0.963 0.613
MAE 0.247 0.321 0.099 0.115 0.259 0.160 0.231 0.080 1.724 0.386 0.260 1.389 0.500 0.331
Size 1.000 0.007 0.083 0.242 0.014 0.117 0.369 0.063 0.003 0.054 0.079 0.003 0.038 0.066

T = 25
Bias -0.092 0.022 -0.031 -0.035 -0.002 -0.020 -0.041 0.034 0.075 -0.079 -0.052 0.010 -0.022 -0.031
IQR 0.032 0.737 0.096 0.057 0.092 0.076 0.063 0.089 2.306 0.316 0.182 0.336 0.266 0.201
MAE 0.092 0.367 0.053 0.039 0.046 0.041 0.045 0.049 1.162 0.165 0.096 0.168 0.133 0.102
Size 0.958 0.001 0.067 0.123 0.052 0.073 0.140 0.094 0.001 0.051 0.064 0.050 0.056 0.059

T = 50
Bias -0.045 0.046 -0.017 -0.014 0.001 -0.005 -0.012 0.024 0.118 -0.035 -0.012 0.001 -0.002 -0.003
IQR 0.022 0.740 0.072 0.037 0.040 0.038 0.035 0.057 1.811 0.180 0.094 0.113 0.099 0.091
MAE 0.045 0.377 0.037 0.020 0.020 0.019 0.019 0.033 0.907 0.089 0.047 0.057 0.050 0.046
Size 0.758 0.001 0.078 0.090 0.051 0.055 0.086 0.095 0.003 0.065 0.055 0.060 0.056 0.058

T = 100
Bias -0.021 0.077 -0.008 -0.006 0.000 -0.002 -0.005 0.012 0.169 -0.016 -0.003 0.001 0.001 0.001
IQR 0.015 0.666 0.052 0.022 0.022 0.021 0.021 0.040 1.359 0.112 0.058 0.059 0.056 0.054
MAE 0.021 0.344 0.026 0.012 0.011 0.010 0.011 0.021 0.717 0.057 0.029 0.029 0.028 0.027
Size 0.456 0.007 0.060 0.071 0.055 0.055 0.063 0.082 0.007 0.060 0.050 0.056 0.050 0.056

N = 100, σ2
η = 1, σ2

λ = 1

α β
FE IV GMM GMM IV GMM GMM FE IV GMM GMM IV GMM GMM

LEV LEV1 LEV3 BOD BOD1 BOD3 LEV LEV1 LEV3 BOD BOD1 BOD3
T = 10

Bias -0.245 -0.038 -0.054 -0.077 -0.009 -0.087 -0.168 0.013 -0.145 -0.182 -0.190 -0.024 -0.179 -0.198
IQR 0.045 0.605 0.141 0.104 0.373 0.214 0.160 0.120 3.100 0.674 0.455 2.103 0.855 0.565
MAE 0.245 0.303 0.079 0.081 0.186 0.124 0.169 0.061 1.551 0.351 0.253 1.056 0.457 0.321
Size 1.000 0.004 0.061 0.165 0.013 0.077 0.275 0.056 0.003 0.040 0.079 0.004 0.040 0.070

T = 25
Bias -0.090 0.025 -0.026 -0.023 0.001 -0.010 -0.024 0.035 0.129 -0.069 -0.040 0.010 -0.008 -0.026
IQR 0.023 0.707 0.085 0.047 0.063 0.056 0.050 0.060 2.173 0.284 0.151 0.235 0.195 0.163
MAE 0.090 0.344 0.047 0.029 0.032 0.029 0.031 0.040 1.076 0.154 0.081 0.118 0.099 0.081
Size 0.999 0.002 0.058 0.083 0.051 0.053 0.095 0.114 0.001 0.055 0.059 0.044 0.052 0.057

T = 50
Bias -0.044 0.061 -0.014 -0.008 0.001 -0.002 -0.006 0.023 0.144 -0.033 -0.010 0.000 -0.002 -0.002
IQR 0.016 0.689 0.060 0.029 0.029 0.027 0.026 0.038 1.690 0.152 0.075 0.083 0.077 0.073
MAE 0.044 0.357 0.034 0.016 0.014 0.013 0.014 0.026 0.870 0.084 0.038 0.042 0.039 0.036
Size 0.956 0.001 0.050 0.083 0.058 0.060 0.074 0.113 0.001 0.046 0.052 0.060 0.052 0.054

T = 100
Bias -0.022 0.085 -0.008 -0.003 0.000 -0.001 -0.002 0.012 0.187 -0.014 -0.003 0.000 0.000 0.000
IQR 0.011 0.668 0.048 0.018 0.015 0.015 0.014 0.029 1.393 0.102 0.043 0.042 0.039 0.039
MAE 0.022 0.344 0.024 0.009 0.008 0.007 0.007 0.017 0.707 0.050 0.021 0.021 0.019 0.019
Size 0.750 0.003 0.059 0.061 0.058 0.055 0.064 0.097 0.002 0.054 0.052 0.058 0.055 0.054

N = 250, σ2
η = 1, σ2

λ = 1

α β
FE IV GMM GMM IV GMM GMM FE IV GMM GMM IV GMM GMM

LEV LEV1 LEV3 BOD BOD1 BOD3 LEV LEV1 LEV3 BOD BOD1 BOD3
T = 10

Bias -0.247 -0.019 -0.035 -0.048 -0.002 -0.045 -0.099 0.011 -0.059 -0.144 -0.167 -0.060 -0.150 -0.188
IQR 0.027 0.488 0.115 0.084 0.225 0.161 0.134 0.073 2.367 0.577 0.417 1.323 0.756 0.531
MAE 0.247 0.245 0.063 0.055 0.113 0.083 0.104 0.037 1.179 0.298 0.237 0.664 0.388 0.296
Size 1.000 0.003 0.040 0.113 0.020 0.065 0.198 0.050 0.001 0.035 0.069 0.010 0.025 0.059

T = 25
Bias -0.090 0.015 -0.017 -0.013 0.001 -0.004 -0.011 0.034 0.073 -0.053 -0.028 0.006 -0.002 -0.014
IQR 0.014 0.571 0.071 0.037 0.039 0.036 0.035 0.039 1.775 0.247 0.123 0.149 0.129 0.119
MAE 0.090 0.288 0.037 0.020 0.020 0.019 0.020 0.034 0.896 0.125 0.064 0.075 0.064 0.061
Size 1.000 0.001 0.060 0.091 0.050 0.054 0.077 0.221 0.001 0.053 0.066 0.051 0.052 0.053

T = 50
Bias -0.044 0.041 -0.010 -0.005 -0.001 -0.002 -0.004 0.022 0.106 -0.024 -0.006 0.000 -0.001 -0.002
IQR 0.010 0.645 0.054 0.019 0.018 0.018 0.017 0.026 1.544 0.140 0.053 0.052 0.050 0.047
MAE 0.044 0.322 0.027 0.010 0.009 0.009 0.009 0.022 0.789 0.069 0.027 0.026 0.025 0.024
Size 1.000 0.001 0.059 0.058 0.052 0.050 0.053 0.217 0.001 0.057 0.051 0.046 0.050 0.049

T = 100
Bias -0.021 0.071 -0.007 -0.001 0.000 0.000 -0.001 0.012 0.150 -0.013 -0.001 0.001 0.000 0.001
IQR 0.007 0.675 0.040 0.012 0.010 0.009 0.009 0.018 1.404 0.085 0.028 0.025 0.024 0.025
MAE 0.021 0.341 0.021 0.006 0.005 0.005 0.005 0.013 0.700 0.045 0.014 0.013 0.012 0.012
Size 0.987 0.003 0.063 0.063 0.052 0.054 0.058 0.152 0.003 0.058 0.050 0.051 0.048 0.048
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Table 3(cont.): Trend model: α = 0.4, β = 1.0,

N = 50, σ2
η = 5, σ2

λ = 1

α β
FE IV GMM GMM IV GMM GMM FE IV GMM GMM IV GMM GMM

LEV LEV1 LEV3 BOD BOD1 BOD3 LEV LEV1 LEV3 BOD BOD1 BOD3
T = 10

Bias -0.247 -0.007 -0.106 -0.115 -0.024 -0.129 -0.231 0.009 0.054 -0.196 -0.190 -0.139 -0.167 -0.170
IQR 0.062 0.632 0.207 0.125 0.510 0.261 0.193 0.160 3.398 0.782 0.472 2.720 0.963 0.613
MAE 0.247 0.320 0.124 0.116 0.259 0.160 0.231 0.080 1.665 0.417 0.269 1.389 0.500 0.331
Size 1.000 0.005 0.084 0.249 0.014 0.117 0.369 0.063 0.002 0.054 0.077 0.003 0.038 0.066

T = 25
Bias -0.092 0.025 -0.033 -0.036 -0.002 -0.020 -0.041 0.034 0.084 -0.079 -0.055 0.010 -0.022 -0.031
IQR 0.032 0.717 0.103 0.057 0.092 0.076 0.063 0.089 2.242 0.330 0.191 0.336 0.266 0.201
MAE 0.092 0.362 0.055 0.040 0.046 0.041 0.045 0.049 1.120 0.170 0.102 0.168 0.133 0.102
Size 0.958 0.001 0.067 0.120 0.052 0.073 0.140 0.094 0.001 0.053 0.067 0.050 0.056 0.059

T = 50
Bias -0.045 0.046 -0.017 -0.014 0.001 -0.005 -0.012 0.024 0.128 -0.039 -0.014 0.001 -0.002 -0.003
IQR 0.022 0.733 0.075 0.038 0.040 0.038 0.035 0.057 1.801 0.180 0.098 0.113 0.099 0.091
MAE 0.045 0.372 0.038 0.021 0.020 0.019 0.019 0.033 0.910 0.092 0.050 0.057 0.050 0.046
Size 0.758 0.002 0.081 0.094 0.051 0.055 0.086 0.095 0.002 0.066 0.055 0.060 0.056 0.058

T = 100
Bias -0.021 0.078 -0.009 -0.006 0.000 -0.002 -0.005 0.012 0.168 -0.018 -0.004 0.001 0.001 0.001
IQR 0.015 0.656 0.053 0.023 0.022 0.021 0.021 0.040 1.349 0.111 0.058 0.059 0.056 0.054
MAE 0.021 0.343 0.026 0.012 0.011 0.010 0.011 0.021 0.706 0.058 0.030 0.029 0.028 0.027
Size 0.456 0.007 0.058 0.072 0.055 0.055 0.063 0.082 0.007 0.062 0.054 0.056 0.050 0.056

N = 100, σ2
η = 5, σ2

λ = 1

α β
FE IV GMM GMM IV GMM GMM FE IV GMM GMM IV GMM GMM

LEV LEV1 LEV3 BOD BOD1 BOD3 LEV LEV1 LEV3 BOD BOD1 BOD3
T = 10

Bias -0.245 -0.023 -0.078 -0.081 -0.009 -0.087 -0.168 0.013 -0.101 -0.228 -0.195 -0.024 -0.179 -0.198
IQR 0.045 0.632 0.171 0.108 0.373 0.214 0.160 0.120 3.055 0.716 0.466 2.103 0.855 0.565
MAE 0.245 0.320 0.100 0.083 0.186 0.124 0.169 0.061 1.500 0.385 0.261 1.056 0.457 0.321
Size 1.000 0.002 0.067 0.173 0.013 0.077 0.275 0.056 0.003 0.038 0.090 0.004 0.040 0.070

T = 25
Bias -0.090 0.029 -0.030 -0.025 0.001 -0.010 -0.024 0.035 0.111 -0.079 -0.050 0.010 -0.008 -0.026
IQR 0.023 0.705 0.095 0.049 0.063 0.056 0.050 0.060 2.207 0.295 0.167 0.235 0.195 0.163
MAE 0.090 0.354 0.052 0.031 0.032 0.029 0.031 0.040 1.086 0.164 0.089 0.118 0.099 0.081
Size 0.999 0.002 0.062 0.092 0.051 0.053 0.095 0.114 0.001 0.057 0.061 0.044 0.052 0.057

T = 50
Bias -0.044 0.060 -0.016 -0.009 0.001 -0.002 -0.006 0.023 0.151 -0.035 -0.012 0.000 -0.002 -0.002
IQR 0.016 0.682 0.064 0.031 0.029 0.027 0.026 0.038 1.682 0.157 0.082 0.083 0.077 0.073
MAE 0.044 0.350 0.035 0.016 0.014 0.013 0.014 0.026 0.844 0.083 0.041 0.042 0.039 0.036
Size 0.956 0.002 0.050 0.079 0.058 0.060 0.074 0.113 0.001 0.045 0.055 0.060 0.052 0.054

T = 100
Bias -0.022 0.083 -0.009 -0.003 0.000 -0.001 -0.002 0.012 0.182 -0.016 -0.003 0.000 0.000 0.000
IQR 0.011 0.676 0.049 0.018 0.015 0.015 0.014 0.029 1.394 0.102 0.044 0.042 0.039 0.039
MAE 0.022 0.344 0.025 0.009 0.008 0.007 0.007 0.017 0.703 0.051 0.022 0.021 0.019 0.019
Size 0.750 0.003 0.062 0.060 0.058 0.055 0.064 0.097 0.002 0.052 0.051 0.058 0.055 0.054

N = 250, σ2
η = 5, σ2

λ = 1

α β
FE IV GMM GMM IV GMM GMM FE IV GMM GMM IV GMM GMM

LEV LEV1 LEV3 BOD BOD1 BOD3 LEV LEV1 LEV3 BOD BOD1 BOD3
T = 10

Bias -0.247 -0.009 -0.057 -0.053 -0.002 -0.045 -0.099 0.011 0.012 -0.205 -0.199 -0.060 -0.150 -0.188
IQR 0.027 0.534 0.145 0.090 0.225 0.161 0.134 0.073 2.544 0.670 0.423 1.323 0.756 0.531
MAE 0.247 0.267 0.084 0.059 0.113 0.083 0.104 0.037 1.266 0.354 0.261 0.664 0.388 0.296
Size 1.000 0.001 0.048 0.123 0.020 0.065 0.198 0.050 0.001 0.035 0.075 0.010 0.025 0.059

T = 25
Bias -0.090 0.024 -0.023 -0.015 0.001 -0.004 -0.011 0.034 0.094 -0.072 -0.038 0.006 -0.002 -0.014
IQR 0.014 0.572 0.083 0.039 0.039 0.036 0.035 0.039 1.775 0.265 0.142 0.149 0.129 0.119
MAE 0.090 0.288 0.043 0.022 0.020 0.019 0.020 0.034 0.889 0.143 0.076 0.075 0.064 0.061
Size 1.000 0.001 0.063 0.096 0.050 0.054 0.077 0.221 0.001 0.053 0.067 0.051 0.052 0.053

T = 50
Bias -0.044 0.043 -0.012 -0.005 -0.001 -0.002 -0.004 0.022 0.112 -0.030 -0.008 0.000 -0.001 -0.002
IQR 0.010 0.643 0.058 0.021 0.018 0.018 0.017 0.026 1.536 0.147 0.058 0.052 0.050 0.047
MAE 0.044 0.320 0.031 0.011 0.009 0.009 0.009 0.022 0.778 0.077 0.030 0.026 0.025 0.024
Size 1.000 0.001 0.060 0.061 0.052 0.050 0.053 0.217 0.002 0.056 0.058 0.046 0.050 0.049

T = 100
Bias -0.021 0.073 -0.008 -0.001 0.000 0.000 -0.001 0.012 0.147 -0.016 -0.001 0.001 0.000 0.001
IQR 0.007 0.682 0.043 0.012 0.010 0.009 0.009 0.018 1.412 0.091 0.030 0.025 0.024 0.025
MAE 0.021 0.342 0.022 0.006 0.005 0.005 0.005 0.013 0.702 0.047 0.015 0.013 0.012 0.012
Size 0.987 0.003 0.059 0.063 0.052 0.054 0.058 0.152 0.003 0.056 0.052 0.051 0.048 0.048
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Table 4: Trend model: α = 0.8, β = 1.0,

N = 50, σ2
η = 1, σ2

λ = 1

α β
FE IV GMM GMM IV GMM GMM FE IV GMM GMM IV GMM GMM

LEV LEV1 LEV3 BOD BOD1 BOD3 LEV LEV1 LEV3 BOD BOD1 BOD3
T = 10

Bias -0.365 -0.091 -0.390 -0.301 -0.184 -0.370 -0.488 -0.099 0.125 -0.234 -0.379 -0.559 -0.406 -0.355
IQR 0.063 1.181 0.322 0.171 1.251 0.369 0.249 0.153 3.577 0.805 0.467 3.756 0.885 0.583
MAE 0.365 0.569 0.390 0.301 0.671 0.373 0.488 0.109 1.801 0.434 0.386 1.968 0.529 0.405
Size 1.000 0.004 0.275 0.682 0.010 0.303 0.782 0.162 0.002 0.050 0.207 0.004 0.067 0.138

T = 25
Bias -0.122 0.008 -0.084 -0.085 0.001 -0.086 -0.106 0.013 0.077 -0.131 -0.133 0.028 -0.156 -0.131
IQR 0.029 0.662 0.110 0.065 0.399 0.113 0.077 0.086 2.043 0.320 0.191 1.011 0.316 0.222
MAE 0.122 0.330 0.085 0.085 0.198 0.091 0.106 0.044 1.024 0.179 0.142 0.507 0.195 0.145
Size 1.000 0.001 0.120 0.422 0.002 0.168 0.492 0.071 0.002 0.064 0.159 0.004 0.107 0.135

T = 50
Bias -0.054 0.022 -0.037 -0.036 0.002 -0.025 -0.036 0.024 0.115 -0.070 -0.055 0.002 -0.037 -0.039
IQR 0.017 0.577 0.068 0.039 0.080 0.051 0.039 0.057 1.129 0.165 0.108 0.187 0.132 0.106
MAE 0.054 0.288 0.041 0.036 0.040 0.032 0.037 0.032 0.582 0.091 0.066 0.094 0.070 0.060
Size 0.995 0.001 0.111 0.272 0.034 0.093 0.256 0.094 0.007 0.079 0.122 0.036 0.065 0.090

T = 100
Bias -0.025 0.059 -0.019 -0.015 0.000 -0.006 -0.011 0.016 0.113 -0.029 -0.018 0.000 -0.004 -0.006
IQR 0.010 0.447 0.044 0.023 0.027 0.023 0.020 0.039 0.699 0.090 0.059 0.065 0.057 0.056
MAE 0.025 0.225 0.025 0.017 0.013 0.012 0.013 0.023 0.372 0.048 0.032 0.033 0.029 0.028
Size 0.918 0.006 0.088 0.157 0.049 0.072 0.138 0.092 0.007 0.074 0.075 0.057 0.067 0.067

N = 100, σ2
η = 1, σ2

λ = 1

α β
FE IV GMM GMM IV GMM GMM FE IV GMM GMM IV GMM GMM

LEV LEV1 LEV3 BOD BOD1 BOD3 LEV LEV1 LEV3 BOD BOD1 BOD3
T = 10

Bias -0.362 -0.091 -0.352 -0.250 -0.187 -0.315 -0.428 -0.098 -0.002 -0.318 -0.446 -0.577 -0.498 -0.435
IQR 0.046 1.174 0.316 0.166 1.203 0.324 0.227 0.118 3.279 0.756 0.444 3.752 0.847 0.570
MAE 0.362 0.567 0.352 0.250 0.623 0.320 0.428 0.100 1.640 0.442 0.446 1.928 0.578 0.451
Size 1.000 0.000 0.236 0.572 0.007 0.254 0.735 0.245 0.000 0.052 0.275 0.001 0.086 0.172

T = 25
Bias -0.122 -0.009 -0.073 -0.075 0.003 -0.073 -0.091 0.014 0.109 -0.141 -0.149 0.025 -0.148 -0.156
IQR 0.020 0.735 0.103 0.060 0.280 0.113 0.074 0.060 1.923 0.304 0.172 0.755 0.295 0.195
MAE 0.122 0.367 0.076 0.075 0.140 0.079 0.091 0.032 0.971 0.174 0.151 0.375 0.181 0.159
Size 1.000 0.000 0.103 0.350 0.004 0.149 0.413 0.065 0.003 0.074 0.195 0.004 0.099 0.169

T = 50
Bias -0.054 0.042 -0.034 -0.032 0.000 -0.015 -0.028 0.023 0.122 -0.072 -0.059 0.004 -0.022 -0.039
IQR 0.012 0.592 0.060 0.036 0.060 0.043 0.034 0.039 1.145 0.145 0.096 0.140 0.108 0.091
MAE 0.054 0.299 0.039 0.032 0.030 0.024 0.028 0.026 0.575 0.090 0.066 0.070 0.056 0.052
Size 1.000 0.001 0.077 0.231 0.050 0.071 0.210 0.116 0.004 0.073 0.137 0.052 0.057 0.101

T = 100
Bias -0.025 0.055 -0.016 -0.011 0.000 -0.003 -0.007 0.015 0.104 -0.026 -0.016 -0.001 -0.003 -0.006
IQR 0.007 0.431 0.041 0.020 0.018 0.017 0.015 0.029 0.651 0.080 0.046 0.045 0.042 0.040
MAE 0.025 0.215 0.022 0.013 0.009 0.009 0.009 0.018 0.348 0.042 0.026 0.023 0.021 0.020
Size 0.998 0.003 0.064 0.114 0.051 0.063 0.092 0.126 0.009 0.069 0.074 0.062 0.062 0.062

N = 250, σ2
η = 1, σ2

λ = 1

α β
FE IV GMM GMM IV GMM GMM FE IV GMM GMM IV GMM GMM

LEV LEV1 LEV3 BOD BOD1 BOD3 LEV LEV1 LEV3 BOD BOD1 BOD3
T = 10

Bias -0.365 -0.070 -0.322 -0.211 -0.159 -0.258 -0.354 -0.100 -0.032 -0.405 -0.484 -0.504 -0.566 -0.535
IQR 0.029 0.952 0.296 0.154 1.178 0.317 0.212 0.070 2.496 0.659 0.426 3.560 0.817 0.531
MAE 0.365 0.475 0.322 0.211 0.607 0.270 0.354 0.100 1.249 0.463 0.484 1.858 0.607 0.536
Size 1.000 0.002 0.235 0.499 0.007 0.211 0.620 0.483 0.002 0.071 0.340 0.002 0.105 0.259

T = 25
Bias -0.121 -0.011 -0.059 -0.062 -0.004 -0.059 -0.076 0.013 0.076 -0.144 -0.154 0.001 -0.137 -0.159
IQR 0.013 0.713 0.093 0.059 0.176 0.099 0.066 0.038 1.746 0.258 0.176 0.469 0.257 0.174
MAE 0.121 0.355 0.063 0.062 0.088 0.065 0.076 0.021 0.866 0.165 0.155 0.235 0.161 0.160
Size 1.000 0.001 0.088 0.307 0.015 0.128 0.353 0.071 0.003 0.071 0.241 0.015 0.097 0.224

T = 50
Bias -0.054 0.034 -0.027 -0.024 -0.001 -0.009 -0.018 0.022 0.095 -0.056 -0.051 -0.001 -0.017 -0.031
IQR 0.008 0.570 0.055 0.030 0.035 0.030 0.026 0.025 1.094 0.129 0.081 0.085 0.074 0.064
MAE 0.054 0.288 0.033 0.025 0.017 0.016 0.019 0.022 0.561 0.073 0.056 0.043 0.038 0.038
Size 1.000 0.001 0.079 0.167 0.043 0.060 0.146 0.215 0.005 0.067 0.139 0.046 0.055 0.090

T = 100
Bias -0.025 0.051 -0.014 -0.007 0.000 -0.001 -0.003 0.015 0.096 -0.024 -0.011 0.001 -0.001 -0.003
IQR 0.005 0.458 0.035 0.015 0.012 0.010 0.010 0.018 0.735 0.067 0.035 0.029 0.028 0.027
MAE 0.025 0.240 0.020 0.009 0.006 0.005 0.006 0.015 0.388 0.038 0.019 0.015 0.014 0.014
Size 1.000 0.001 0.064 0.092 0.059 0.050 0.071 0.217 0.007 0.060 0.065 0.050 0.048 0.054
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Table 4(cont.): Trend model: α = 0.8, β = 1.0,

N = 50, σ2
η = 5, σ2

λ = 1

α β
FE IV GMM GMM IV GMM GMM FE IV GMM GMM IV GMM GMM

LEV LEV1 LEV3 BOD BOD1 BOD3 LEV LEV1 LEV3 BOD BOD1 BOD3
T = 10

Bias -0.365 -0.057 -0.407 -0.302 -0.184 -0.370 -0.488 -0.099 0.106 -0.146 -0.376 -0.559 -0.406 -0.355
IQR 0.063 1.170 0.335 0.173 1.251 0.369 0.249 0.153 3.291 0.832 0.475 3.756 0.885 0.583
MAE 0.365 0.580 0.408 0.302 0.671 0.373 0.488 0.109 1.639 0.421 0.383 1.968 0.529 0.405
Size 1.000 0.004 0.280 0.683 0.010 0.303 0.782 0.162 0.001 0.042 0.198 0.004 0.067 0.138

T = 25
Bias -0.122 0.006 -0.103 -0.087 0.001 -0.086 -0.106 0.013 0.097 -0.100 -0.137 0.028 -0.156 -0.131
IQR 0.029 0.644 0.122 0.065 0.399 0.113 0.077 0.086 1.972 0.363 0.191 1.011 0.316 0.222
MAE 0.122 0.323 0.103 0.087 0.198 0.091 0.106 0.044 0.985 0.192 0.146 0.507 0.195 0.145
Size 1.000 0.001 0.134 0.431 0.002 0.168 0.492 0.071 0.002 0.050 0.165 0.004 0.107 0.135

T = 50
Bias -0.054 0.022 -0.044 -0.037 0.002 -0.025 -0.036 0.024 0.112 -0.075 -0.061 0.002 -0.037 -0.039
IQR 0.017 0.568 0.070 0.040 0.080 0.051 0.039 0.057 1.165 0.177 0.109 0.187 0.132 0.106
MAE 0.054 0.284 0.046 0.037 0.040 0.032 0.037 0.032 0.593 0.102 0.072 0.094 0.070 0.060
Size 0.995 0.001 0.112 0.279 0.034 0.093 0.256 0.094 0.006 0.073 0.115 0.036 0.065 0.090

T = 100
Bias -0.025 0.063 -0.020 -0.015 0.000 -0.006 -0.011 0.016 0.115 -0.032 -0.021 0.000 -0.004 -0.006
IQR 0.010 0.440 0.046 0.023 0.027 0.023 0.020 0.039 0.689 0.093 0.061 0.065 0.057 0.056
MAE 0.025 0.224 0.026 0.017 0.013 0.012 0.013 0.023 0.361 0.051 0.034 0.033 0.029 0.028
Size 0.918 0.006 0.095 0.155 0.049 0.072 0.138 0.092 0.008 0.074 0.073 0.057 0.067 0.067

N = 100, σ2
η = 5, σ2

λ = 1

α β
FE IV GMM GMM IV GMM GMM FE IV GMM GMM IV GMM GMM

LEV LEV1 LEV3 BOD BOD1 BOD3 LEV LEV1 LEV3 BOD BOD1 BOD3
T = 10

Bias -0.362 -0.079 -0.380 -0.249 -0.187 -0.315 -0.428 -0.098 -0.064 -0.212 -0.441 -0.577 -0.498 -0.435
IQR 0.046 1.105 0.332 0.164 1.203 0.324 0.227 0.118 3.218 0.821 0.449 3.752 0.847 0.570
MAE 0.362 0.567 0.380 0.249 0.623 0.320 0.428 0.100 1.608 0.432 0.444 1.928 0.578 0.451
Size 1.000 0.000 0.237 0.569 0.007 0.254 0.735 0.245 0.000 0.032 0.275 0.001 0.086 0.172

T = 25
Bias -0.122 -0.007 -0.093 -0.077 0.003 -0.073 -0.091 0.014 0.100 -0.135 -0.159 0.025 -0.148 -0.156
IQR 0.020 0.707 0.118 0.062 0.280 0.113 0.074 0.060 1.870 0.337 0.180 0.755 0.295 0.195
MAE 0.122 0.353 0.094 0.077 0.140 0.079 0.091 0.032 0.955 0.188 0.161 0.375 0.181 0.159
Size 1.000 0.000 0.118 0.372 0.004 0.149 0.413 0.065 0.002 0.062 0.203 0.004 0.099 0.169

T = 50
Bias -0.054 0.043 -0.040 -0.033 0.000 -0.015 -0.028 0.023 0.117 -0.081 -0.068 0.004 -0.022 -0.039
IQR 0.012 0.583 0.065 0.037 0.060 0.043 0.034 0.039 1.156 0.163 0.104 0.140 0.108 0.091
MAE 0.054 0.296 0.043 0.034 0.030 0.024 0.028 0.026 0.582 0.099 0.073 0.070 0.056 0.052
Size 1.000 0.001 0.085 0.250 0.050 0.071 0.210 0.116 0.004 0.069 0.153 0.052 0.057 0.101

T = 100
Bias -0.025 0.054 -0.018 -0.012 0.000 -0.003 -0.007 0.015 0.106 -0.030 -0.020 -0.001 -0.003 -0.006
IQR 0.007 0.430 0.043 0.021 0.018 0.017 0.015 0.029 0.653 0.084 0.050 0.045 0.042 0.040
MAE 0.025 0.219 0.024 0.013 0.009 0.009 0.009 0.018 0.347 0.045 0.029 0.023 0.021 0.020
Size 0.998 0.003 0.068 0.115 0.051 0.063 0.092 0.126 0.009 0.064 0.077 0.062 0.062 0.062

N = 250, σ2
η = 5, σ2

λ = 1

α β
FE IV GMM GMM IV GMM GMM FE IV GMM GMM IV GMM GMM

LEV LEV1 LEV3 BOD BOD1 BOD3 LEV LEV1 LEV3 BOD BOD1 BOD3
T = 10

Bias -0.365 -0.065 -0.361 -0.213 -0.159 -0.258 -0.354 -0.100 -0.028 -0.311 -0.508 -0.504 -0.566 -0.535
IQR 0.029 0.949 0.318 0.153 1.178 0.317 0.212 0.070 2.545 0.770 0.426 3.560 0.817 0.531
MAE 0.365 0.469 0.361 0.213 0.607 0.270 0.354 0.100 1.269 0.455 0.509 1.858 0.607 0.536
Size 1.000 0.002 0.228 0.500 0.007 0.211 0.620 0.483 0.001 0.042 0.351 0.002 0.105 0.259

T = 25
Bias -0.121 0.003 -0.080 -0.068 -0.004 -0.059 -0.076 0.013 0.088 -0.175 -0.175 0.001 -0.137 -0.159
IQR 0.013 0.692 0.111 0.061 0.176 0.099 0.066 0.038 1.698 0.314 0.180 0.469 0.257 0.174
MAE 0.121 0.346 0.082 0.068 0.088 0.065 0.076 0.021 0.845 0.197 0.175 0.235 0.161 0.160
Size 1.000 0.000 0.082 0.335 0.015 0.128 0.353 0.071 0.002 0.070 0.261 0.015 0.097 0.224

T = 50
Bias -0.054 0.039 -0.037 -0.028 -0.001 -0.009 -0.018 0.022 0.099 -0.079 -0.064 -0.001 -0.017 -0.031
IQR 0.008 0.572 0.065 0.033 0.035 0.030 0.026 0.025 1.121 0.152 0.092 0.085 0.074 0.064
MAE 0.054 0.287 0.042 0.028 0.017 0.016 0.019 0.022 0.564 0.091 0.067 0.043 0.038 0.038
Size 1.000 0.001 0.079 0.185 0.043 0.060 0.146 0.215 0.005 0.066 0.151 0.046 0.055 0.090

T = 100
Bias -0.025 0.050 -0.018 -0.008 0.000 -0.001 -0.003 0.015 0.096 -0.030 -0.013 0.001 -0.001 -0.003
IQR 0.005 0.457 0.040 0.017 0.012 0.010 0.010 0.018 0.739 0.075 0.042 0.029 0.028 0.027
MAE 0.025 0.239 0.024 0.010 0.006 0.005 0.006 0.015 0.386 0.044 0.023 0.015 0.014 0.014
Size 1.000 0.001 0.061 0.104 0.059 0.050 0.071 0.217 0.007 0.058 0.076 0.050 0.048 0.054
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