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X DA Fx(x) 12X 0, 5 DR a lZ2WT, N a7y YRS
VaR,(X) 1

VaR,(X) = inf{x € R|Fx(x) < a} (3.1)

v

E# (TailVaR)
TailVaR(CVaR) 1%, VaRy(X) 1T & W IR DRI S HIFHE L L TREHS
ns,

TailVaRy(X) = E[X|X > VaR.(X)] (3.2)

.

E# (LPM)

BfE 7 D% a > 1 O NAIABE (LPM:Lower Partial Moments) I3LA K D
fECERIND,

LPM, (X) = E[max(0,7 — X)°] (3.3)
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o NHDMEMEMED, ZNENDH 02 &, ZDDEFEHMDILNK 0y(i,j=1,---,N)
ERO LT DL, SEIEAEITH Q = (04) Moy BEHTE S, F72,C 2T S
FEEFTHI, BEHERZ5 R 2 VR 0 = (01, ,on) £ T B, FEMEEDOR—FT7 1Y
A%, BEHERZ Ml w=(m, - ,wy) TRTLK—-bMT7 1V FTOHRY R
iE,o(w) = vVwQw &7 5,

IS HOEIC & B KB INHA — R 7 4 ) A (GMV); F— R 7 4 ) A DA E
B/ME

%ﬁﬁ&ﬁwwy%ﬁ&w&ﬁw$%ﬁéaﬁé
KABALA — | 7 7 U 5 (MDP): 2 #blt% (DR) % Ak
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GMV

GMV IZBWTIEKR— b 7 4 U A ORS#E HIMET 2 D THIFIZAD F T RO ED i
IMEZAT - =Bl & 72 B,

1
min =w'Qw

s.t. wl=1

ZZT1=(11,---, 1) iFBHELB7-HDRT MLTH D, HELERT MLVOIEA
FIH 22 U, ZOfRIITD & 51245 Z LA AFHEICL VIO SNS,
o1
Wk = Ta-11 (4.1)

ZDE EDOR/NTEI

2 *\ * / * 1
o (w") =w""'Qw" = To-11 (4.2)
LB, Thhs, BUROHEIRERA D 32D,
wo Q1 =diag(c™")- C ' diag(o7") - 1 (4.3)
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AR R4 RM GMV,MDP,ERC O fffj H 7 FL i 14 S5 HA

MDP
MDP T3, ##ufbIt® DR 2 K{L$ 5,
w'o
R(w) =
(w) Vw Qw
ws = arg max DR(w)
w/l=1

Z DOfi#id Choueifaty and Coignard [2008] iZ &4, BAT D & B D O HBIBFRAK b 370,
MVP &3 diag(c™") DEZITEL S,

w* o diag(c™') - C1 -1 (4.4)
BBENBALLLEDR R T T4V T+ MEOEHE CR

Y wioi)?
R =S oy
IZIER T T4 U T« IESEEHEE p(w)
_ 2iy(wiwjoiog)pj
plw) = > iy (wiwjoioy)
EHWT, LROBMREHZ Z B osnNTWD,
DR(w) = [p(w)(1 — CR(w)) + CR(w)]~*
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AR R4 RM GMV,MDP,ERC O fffj H 7 FL i 14 S5 HA

ERC

ERC &%\ Y 2278 7« FA—» 7 4 Y 4 (RPP: Risk Parity Portfolio)
BUTO &I ICEHSI NG, T, FEEOHRELILR wITH U, 5 i BE
DADRELEE0 L LzbDE W &35 &, IFOEXAH D LD,

o(w) = vVwQw =) WU(Y;V)" (4.5)

T DIV s BEED Y R S F L RC XIS, ERC X, &#EHED

o(w)
VAV HGEEZ—IZUER— 73V AL LTERI NS,
RG 1
] = N (4.6)
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Q /il - HAOEATINIL M E 20 M OINER ORI T — XITHED L,
Q LI ZTORBEEIN-T 1 Vv E— VRO Z 2 THY H(w) =1, w* T

EHRIND,
“H | R—b7x ) AL | B E | BAES | BAKRS | AEES | AAERESX
1 GMV 88 94 5 1 0
2 ERC 57 74 8 12 6
3 MDP 65 80 10 8 2
4 EW 25 25 25 25 25
Table 6: #ZHVY 2—>
FE | A= b7 VAL [ BPE | HAES | HAKRX | EES | AAEFER
1 GMV 38 94 5 1 0
2 ERC 55 72 9 12 7
3 MDP 64 79 10 8 3
4 EW 25 25 25 25 25

Table 7: FEHEV) 2 —v
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GMV,ERC,ERC2s MDP @ 4 1z & % Ak

GMV | ERC | ERC2s | MDP

BPIG1-3 96.0 | 33.9 40.5 11.1
BPIG3-7 0.0 22.2 20.2 36.7
BPIG7- 0.0 10.8 10.8 9.5
TSE1 1.2 1.9 1.5 4.7
REITJ 0.0 1.2 1.4 0.4
JapanHD 1.2 2.0 1.8 0.0
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WorldHD 0.0 1.4 1.3 0.0
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1. Capital Allocation Problem

d investment opportunities (e.g., business units, subportfolios, assets)

X loss associated with the 7th investments

1. Compute the overall risk capital p(X), where X = Zgzl X; and

p is a particular risk measure.

2. Allocate the capital p(X) to the individual investment possibilities
according to some mathematical capital allocation principle such
that, if k; denotes the capital allocated to the investment opportu-

nity with potential loss X;, we have Zgzl ki = p(X).

> Find k = (k1,...,6g) € RYst. szzl k; = p(X) according to

some criterion

Setup

It is convenient to introduce ‘weights’ A = (A1, ..., \y)

(to be interpreted as amount of money invested in each opportunity)

Put X(\) := Z?:l A\; X; and

rp(A) == p(X (X)) risk measure function

If p is positive homogeneous, then, for h > 0

i.e., p is positive homogeneous of degree 1



Euler's rule: If r, is positive homogeneous and differentiable,

0
Z%ai’)

~ Euler allocation principle N
If r,, is a positive homogeneous risk measure function, which is dif-
ferentiable on the set A, then the (per-unit) Euler capital allocation

principle associated with 7 is

kilA) = %’;(A)

Justification

e Tasche: RORAC compatibility
Tp: differentiable risk measure function

r: capital allocation principle

r is called suitable for performance measurement if for all A we have
(

.« —B(X;)  —E(X(\))

9 (—E(X(A)))<>O 0 = 0
ONi \ Tp(N) CE(X;) _ —E(X(\)
\<O if OV < )

»» The only per-unit capital allocation principle suitable for per-

formance measurement is the Euler principle.



e Denault: Coorperative game theory

d investment opportunities = d players
If p is subadditive, then p(X(\)) < 2?21 PN X;).

A fuzzy core (Aubin, 1981) is given by
d

d
C = {KJ < Rdi Tp(l) = Zlii & 7“,0()\) > Z )\i’{;i VA€ [07 1]d}
1=1 1=1

»» If r, is differentiable at A = 1, then € consists only of the
gradient vector of 7, at A = 1:

o Orp(A)
M TN,

A=1

Examples

e Covariance principle:

rp(A) = y/var(X(N)) = VNEN

where 3 is the covariance matrix of (X7, ..., X ). Then

_ Orp(A) _ cov( X, X (N))
2% var(X ()

Ki(A)

In particular, the capital allocated to the ith investment opportunity
IS
cov(X;, X)
R; =
var(X)




e VVaR contributions:
rp(A) = VaRo (X ()

Then (Tasche, 1999)

i) = S = BXG | XN = VaRa (X))

In particular, the capital allocated to the 7th investment opportunity

is given by
ki = E(X; | X = VaRy (X))

[Difficult to compute (c.f. Glasserman (2005))]

e ES contributions:

1
rp(A) = ESa(X(A)) = é /1 | ey

Then

() = S BXG | X 2 VaRa(X(A)

In particular, the capital allocated to the ith investment opportunity

is given by

K; = E(AXZ ’ X > VaR@(X)>



2. Distortion Risk Measures (DRM)

The class of coherent risk measures which satisfy law invariance and

comonotonic additivity.

~ Definition \
A distortion risk measure (DRM) is defined by

= L u) = x Do Fx(dr).
pp(X) = /[O,HFXUdD() [ Do P

R

N J

where D is a distortion function (i.e., a df on [0, 1]).

»» a.k.a. spectral risk measure (Acerbi), weighted VOR (Cherny)

* DY*R(u) = 17,514y yields VaRo(X) = Fy'(1—a), 0 < a < 1,

but this DY2R is not convex.

Example: Expected Shortfall (ES)

The expected loss that is incurred when VaR is exceeded

ESa(X) := ! /1 Flt(u)du = E(X | X > VaRy/(X))

a J1—«

Taking distortion of the form

DES(1) :é[u— 1-a)], O<a<l

yields ES as a DRM




One-parameter Families of DRMs (Tsukahara, 2009b)):

e Proportional Hazards: D9PH<U) —1—(1—uw)

Ou

e Proportional Odds: DEO(U):l 1-0)
— (1 =0)u

e Gaussian (Wang transform): DgA(u) = OO (u) + log )

(1—u) 1/~
10— 0(1 —u) + (1 —u)

e Proportional y-Odds: DQP GOy =1

Distortion Densities (theta=0.5) Distortion Densities (theta=0.25)
9 T T T T 18 T T T T
—— PH —— PH
— — ES — — ES
8 r PO T 16 - PO
— - GA — - GA
7 14
6 12

1: Distortion densities (§ = 0.5, 6 = 0.25)



Distortion Densities (theta=0.1) Distortion Densities (theta=0.05)

40 ‘ ‘ ‘ ‘ 40
—— PH —— PH
s ~ — ES
3 r PO | 3 PO
GA GA
30 : 30
25 1 25
S 2 f 1 220f
=] =]
15 | , 15 |
10 F - 10 |
\
|
5T I 5F
|
0 : 0 : : e
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8
u u

2: Distortion densities (@ = 0.1, 6 = 0.05)

3. Capital Allocation with DRMs

ro(A) = po(X(N)) = /[O (P ) an)

Then, under some regularity conditions (Tasche (2000)),

| _87"p()\)_ 9 y
ri(A) = y _/[Ol]aAFX) H(u) dD(u)

= / E[X; | X(A) = Fx(y ™ (u)] dD(u)

/ X0 | X () = ald(Fy (@) dFy o (@)

= E[Xid(Fx (X (A)))]



Thus, the capital allocated to the ith investment opportunity is

ki = E[Xd(Fx(X))]

»» We can think of d(Fx(X)) as a Radon-Nikodym density:
E(d(Fx(X)) =1 trivially

dQ _

p = dFx(X)) = K= EY(X))

Even when we know the joint df of (X7,..., Xy), it is still difficult
to compute k; since the joint df of X; and X is needed (The only

exception is a Gaussian case).

= Resort to Monte Carlo

Given a random sample (Xlk, o ,XC];), k=1,...,n, put

1 n
Xk xkoo 4 xk F - 1{xF <
P+t Xy, x(z) nH;{ <z}

Then we can estimate k; by

where



The error k;—k; can be asymptotically evaluated by proving asymptotic

normality: Under certain regularity conditions,

V(R — ki) =5 N(0,0?)

where

o = (Fg€i©) + [ Pt Wit ez 4G

Ci(Fx,(xi), Fx(2)) = P(X; < 25, X < @) and (§;,&) ~ Cj

(Needs to be modified for ES)

4. Numerical Results

Take the following distortion densities

1
e Expected Shortfall:  dy(u) = El{uzl—Q}

0
(1 —u+ 0u)?

e Proportional Odds:  dy(u) =

e Proportional Hazards:  dp(u) = 6(1 — u)?~!

&(P 1 (u) + log 0)
d(P~(u))

e Gaussian:  dy(u) =



§=0.5 g =0.25

10 : 20
—— PH —— PH
~ ~ ES 15t — — ES
PO PO
S s cA 2 10} GA
s e
g B
0 ' 0
0 0.5 1 0
u
0=0.1
40 : 40
—— PH —— PH
30t~ — ES < 30t~ — ES
PO PO
2 20 CA 2 20} CA -
s i) |
10 ‘/j 10 :
| J
0 -— - = 0 ‘
0 0.5 1 0 0.5 1
u u

3: Distortion densities

Elliptical loss distribution: E (i, 3, )

(: location vector, >.: dispersion matrix, 1): characteristic generator

Assume 1, is the risk measure function of a positive homogeneous,
law invariant risk measure p. Let (X1,..., Xy ) ~ E4(0,%,%). Then
under the Euler allocation, the relative capital allocation is given by
d
ki Ki(L) D g Dk
L - d
rjo k(1) S S

L 1<i,j<d

»» The relative amounts of capital allocated to each investment op-
portunity are the same as long as we use a positive homogeneous, law

invariant risk measure.



Estimated ratios k;/k;, 1 of capital allocation (0 = a = 0.05)

1 0.10.5
sample from N | 0, | 0.1 1 0.9 . size = n, 1000 runs
0.509 1

true ES PO PH Gaussian
n | ratio bias vMSE bias vMSE bias vMSE bias vMSE
100 | 4/5| 0.0740 0.3962 0.0352 0.2815| 0.0422 0.3281 0.0587 0.3933
5/6 | —0.0081 0.1045| —0.0028 0.0793| —0.0023 0.0908 —0.0033 0.1048
250 | 4/5| 0.0129 0.2239 0.0101 0.1669 0.0219 0.2185  0.0332 0.2660
5/6 | 0.0007 0.0634 —0.0003 0.0483|—0.0017 0.0623 —0.0030 0.0740
500  4/5 | 0.0092 0.1441 0.0064 0.1103| 0.0138 0.1594| 0.0188 0.1911
5/6 | —0.0006 0.0429|—0.0007 0.0329 | —0.0015 0.0465|—0.0019 0.0552
5000 4/5 | 0.0017 0.0459| 0.0006 0.0356 10_5 0.0888| 0.0005 0.0931
5/6 | —0.0003 0.0139 910 0.0108| 0.0008 0.0265 0.0008 0.0278

Estimated ratios k;/k;1 of capital allocation (6 = a = 0.05)

1 0.10.5
sample from i3 0.1 1 09],4], size=mn, 1000 runs
0.509 1

true ES PO PH Gaussian
n | ratio bias \/I\/I—SE bias \/M—SE bias \/I\/I—SE bias \/M—SE
100 | 4/5 | 0.1498 1.0398| 0.0926 0.5788| 0.3003 4.7310| 0.1144 1.8068
5/6 | —0.0069 0.1471|—0.0048 0.1238| —0.0068 0.1487 | —0.0110 0.1754
250 | 4/5 | 0.0563 0.3477| 0.0431 0.2970 0.0860 0.4712 0.1227 0.6317
5/6 | —0.0057 0.0966 | —0.0043 0.0849| —0.0069 0.1207 —0.0084 0.1410
500 4/5| 0.0176 0.2319 0.0198 0.2265  0.0497 1.4311 0.2511 5.8652
5/6 | 0.0011 0.0654  —0.0004 0.0615|—0.0056 0.1097 —0.0073 0.1250
5000 | 4/5 —0.0013 0.0683|—0.0016 0.0638| 0.0244 0.3356 0.0220 0.3158
5/6 | —0.0010 0.0202| 0.0010 0.0189| 0.0027 0.0836| 0.0028 0.0820




Estimated capital allocation with GPD & t marginals (¢ = (.0

I 0.10.5
using Gaussian copula with correlation matrix | 0.1 1 0.9
0.509 1
ES PO PH Gaussian
cont. ratio|cont. ratio| cont. ratio| cont. ratio
GPD(1/25) | 2.60 2.21 1.58 3.25

GPD(1/10) | 4.38 (0.59) | 3.45 (0.64) 4.18 (0.38)| 8.30 (0.39)
GPD(1/3) | 9.12 (0.48) 6.99 (0.49)|24.32 (0.17)|38.87 (0.21)

t(25) | 1.28 0.99 0.74 1.60
£(10) | 2.04 (0.63) 1.54 (0.64) 1.69 (0.44) 3.44 (0.47)
t(3) | 3.82 (0.53) 2.88 (0.54) 9.62 (0.18) 14.97 (0.23)

Estimated capital allocation with GPD & t marginals (6 = a = 0.05)

I —=0.1 0.5
using Gaussian copula with correlation matrix | —0.1 1 —0.9
0.5 =09 1
ES PO PH Gaussian
cont. ratio| cont. ratio| cont. ratio| cont. ratio
GPD(1/25)| 3.24 2.63 1.17 2.99

GPD(1/10)| 1.05 (3.09) 1.15 (229) 029 (4.03) 041 (7.29)
GPD(1/3) 812 (0.21) 626 (0.18) 7.58 (0.04) 21.02 (0.02)

£(25) 2.08 1.57 0.65 1.78
t(10) | —0.73 (—2.83)| —0.54 (—2.91) —0.60 (—1.09) —1.75 (—1.02)
t(3) 263 (—0.28)| 2.01 (—027)| 2.60 (—0.23) 7.32 (—0.24)




5. Concluding Remarks (Tentative)

e Euler capital allocations based on ES and PODRM are easy to com-

pute, and widely applicable.

e For ES and PODRM, the computatiolnal errors with Monte Carlo
can be evaluated by CLT.

e For PHDRM and Wang transform, the CLT will not be applicable,
and they are difficult to handle.

e Numerical experiments support some of the theoretical observations.

We need systematic sensitivity analysis on dependence structure.



G-expectations and some statistical problems

TOMOYUKI ICHIBA *

1 Introduction

What is the (reasonable) worst scenario in the portfolio management? The fund manager often has
to consider various market scenarios in the near future. In order to assess the balance between risk
and return of portfolio choices, it is good to obtain some ideas about range of possible scenarios
from the past data. The difficulty of understanding reasonable scenarios arises from uncertainty
of the market characteristics in the future. In other words, the problem we need to look at is to
understand how the market characteristics move in the past and in the future. Here we shall get
some insights for this problem from the so-called G -expectation for volatility uncertainty. In this
note we shall discuss some aspects of statistical estimation methods under the G -expectation.

In section 2.1 we review definition of G -expectations and volatility uncertainty, representation
results and related topics. In section 2.2 we introduce the sublinear expectation under the discrete
time along with the invariance principle. In section 2.3 we discuss some naive estimators of lower
and upper bounds of volatility uncertainty as well as the corresponding estimator for the risk
measure to see the difficulties in the estimation problem, and then present some open problems.

2 G-expectation

2.1 Volatility Uncertainty in Continuous-time

Given a fix time T let us consider a canonical space §2 := C([0,7],R) of continuous functions
on [0,7] and a set P of probability measures on {2 such that under any probability measure
[P € P the canonical process w = {w(t),0 < ¢t < oo} is a P-martingale with w(0) = 0
whose quadratic variation process (w)(¢) in arange [\, p], i.e.,

A< (W)(1) < pt; 0<t<oo, @.1)

where the nonnegative numbers p and A are upper and lower bounds of volatility uncertainty.
We denote by F; := o(ws,0 < s <t), 0 <t <T the canonical filtration. Thus P represents
the scenarios of the sample paths which satisfies the condition (2.1).

*Date: January 17th, 2016. Department of Statistics and Applied Probability, South Hall, University of California
Santa Barbara 93106 USA. (E-mail: ichiba@pstat.ucsb.edu) Research supported in part by the National Science Foun-
dation under grant NSF-DMS-13-13373. The author is greatly thankful for fruitful discussions to the participants in the
workshop held on December 18th, 2015 at University of Tokyo. He is also very thankful to Professor Naoto Kunitomo
for warm hospitality during his visit at University of Tokyo in December 2015.



A @ -expectation is a map from random variables on the canonical space €) to real numbers
(PENG (2007), (2008), (2010)). The symbol G refers to a given function of the form
1

G(z) := = sup (ax), (2.2)
2 aerg)

where x € R for the one-dimensional, volatility uncertainty case. Given a Lipschitz continous
function f, the G -expectation of a random variable ¢ of the form £ := f(w(T")) is defined by

E(¢) = u(0,0), (23)
where «(0,0) is the initial value of the solution u(¢,z) to the non-linear backward heat equation

ou 0%u
0o L) = o,
5 (H %) 552 ()
with the terminal condition u(7,x) = f(z), where G is the function defined in (2.2), u; is the
derivative with respect to ¢ and wu,, is the second derivative with respect to x. It coincides with

E(¢) = sup EF(€) 2.4)
PeP

for any JFr-measurable random variable ¢ : Q — R with EF(¢) < 400 forevery P € P
(DENNIS, HU & PENG (2011)). Each P € P represents a scenario. Thus the G -expectation
is understood from (2.4) as the worst case expectation, if we look at ¢ as the portfolio loss size
based on the martingale measures with the constraint (2.1). The volatility uncertainty is measured
by the interval [\, p].

The G-expectation Eisa special case of non-linear expectations on the Lipschitz functional.
More generally, given a linear space ‘H of real functions that contains 1 and satisfies the property
that X € H implies |X| € H, a nonlinear expectation E is defined as a functional H — R
satisfying

(a) (Monotonicity) If X, Y € H and X > Y, then E[X]| > E[Y]; and
(b) (Constant Preservation) E[c] = c for every constants c.

In addition, if the functional FE satisfies
(c) (Subadditivity) E[X +Y]| < E[X]|+ E[Y] forevery X,Y € H and
(d) (Positive Homogeneity) E[AX +c¢] = AE[X]|+ ¢ forevery A >0, c€ R and X € H,

then we call it the sublinear expectation. The notion of the sublinear expectation is introduced
by HUBER (1981) (cf. HUBER & STRASSEN (1973)) as the upper expectation in the context of
robust statistics. In the context of mathematical finance it is introduced and studied axiomatically
by ARTZNER, DELBAEN, EBER AND HEATH (1999) as the coherent risk measure. In fact, the
representation (2.4) is generalized to the idea of the convex risk measure which typically takes the
form of

where Q, is some class of probability measures on the set of possible scenarios and «(-) is

some penalty function on QQ,, and X can be seen as the net monetary outcome. The convex risk

measure is a monetary risk measure or capital requirement with a convex acceptance set. When the

capital requirement p(X') only depends on the law of X , the risk measure is called law-invariant.
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The structure of law-invariant risk measures are described in terms of average value at risk (e.g.,
KUSUOKA (2001), FRITELLI & R0SAZZA GIANIN (2005)).

In actuarial mathematics convex risk measure appears as convex principles of premium cal-
culations (e.g., DEPREZ & GERBER (1985)). In mathematical economics preference of a rational
agent is formulated as expected utility under the axioms of rationality. Relaxation of the axioms of
rationality implies the coherent risk measure and the convex risk measure (GILBOA & SCHMEI-
DER (1989), MACCHERONI, MARINACCI & RUSTICHINI (2006)).

The sublinear expectation E has some nice properties listed below.
e For p > 1 let us denote by H,, the subset of A that consists of X € H with E[|X|P] < co.
Forevery X € H, and Y € H, with 1 <p < g < oo and (1/p)+ (1/¢q) = 1 we have

(E[X +YPDY? < (BIXP)VP + (B[Y )7,

as well as
E[|XY[] < (BIX[")VP(E[Y|])V.
The linear space H,, can be completed to a Banach space under the norm || X||, := (E[|X[?])'/?.
Thus the sublinear expectation E can be extended to this Banach space.
o If X Y € H; with E[Y] = —E[-Y], then by the subadditivity we have

E[X] +E[Y] = E[X] - E[-Y] < E[X + Y] < E[X] + E[Y],

and hence
EX +Y] = E[X]+E[Y].

In particular, if E[Y] = E[-Y] = 0, then E[X + Y] = E[X].

e Let us consider the sequence X1, X2 in Hy with E[X?] = 52 > 0 and E[X;X;;] =
E[-X;X;| = 0 forevery ¢, = 1,2,.... Then the Law of Large Numbers holds in the sense
that S
lim E[|"

n

n—oo

2} —0, (2.5)

where S, = X;+---+ X, for n € N. Indeed, by the above properties of sublinear expectations

Sp |2 1 1 1
B[] = —7BIS21 + 2501 X0 + X2) = —E[S2_, + X2 < —E[S2_,] + E[X2)
n 9 o
<. < SEXY =" ——0.
n n n—oo

e Suppose now that we have X € H with a sublinear expectation E and X’ € H’ with another
sublinear expectation E’. We say X under E and X’ under E’ are identically distributed, if

Efp(X)] = E'p(Y)]

for every continuous test function ¢(-) with polynomial growth and with ¢(X) € #H; and
©(X') € H), where H] is the subset of H' with finite sublinear expectation. Also, for n € N
we say a random variable X € # isindependentof YV := (Y3,...,Y,) € H" := Hx---xXH,
if

El(X,Y)] = E[Blo(X, )] |{y—v)]

3



for every continuous test function ¢ : H"*! — R with polynomial growth and with ¢(X,y) €
Hi, p(X,y) € Hi, y € R". A sequence {X,,n € N} of random variables in H is said
to converge in distribution under E if {E[p(X,)],n € N} converges for every uniformly
Lipschitz, bounded function ¢(-). If {X,,,n € N} in H3 are identically distributed with
E[Xi] = E[-X3] = 0, E[X}] = p >0, ~E[-X?] = XA > 0, and if each X, is
independent of (X71,...,X,,) forevery n € N, then the Central Limit Theorem holds, i.e.,

Sn
\/ﬁ

where E is the G -expectation in (2.4) with the parameters p, \.

lim E[(p(

n—oo

)] = Ele@)] 2.6)

e Arandom variable { in Hj is called G -normally distributed with volatility uncertainty (A, o]
under I, if for every uniformly Lipschitz, bounded test function ¢(-)

o(t,z) = Elp(x +VEE)];  (t2) €[0,00) xR
is the unique, bounded continuous viscosity solution to

2’[)
(t, z) —G<‘3x2<t,x)) =0, 0(0,2) = ), 2.7)

v
ot
where G(-) is the nonlinear function defined in (2.2). It follows from this definition
v(1,0) = E[¢],
and in general, with the solution v(-) in (2.7) we define

PE(p)(z) = v(t,z) = E[p(z +VtE)]; (t2) € [0,00) x R. 2.8)

e When p = A = o2 > 0, then the G -normal distribution with volatility uncertainty [, p]
becomes the usual normal distribution with mean 0 and variance ¢ and with density

1 x2

V2mo? P ( 202

In this case we say GV -expectation, because the volatility uncertainty is reduced to the single
variance. The functional (P) in (2.8) satisfies the nonlinear version

); zeR.

PE(P{(p)(z) = PL(0)(2); ste0,00), zeR
of chain rule (or NISHIO semigroup property) as well as

G [c? 72 [? 2] (Aop)
PC(p) 2 PI°(g), P77 ()= P77 (W) < PP (0= 9) 2.9)
for every uniformly Lipschitz continuous, bounded test functions ¢, 1 and A < ¢? < 72 < p,
where PG =: PG™ s defined in (2.8), GV is the special case with p = \, Gle*7] isthe G -
normal distribution with volatility uncertainty [02, 2] . We may extend this concept of G -normal
random variables to the multivariate version of G -normal distribution.

All these properties and other properties of sublinear expectation and G -normal distribution
have been developed by PENG (2007) and others. The idea of G -normal distribution is extended
4



to G -Brownian motion on the canonical space @ = C([0,7],R) of continuous functions on
[0,T] forevery T > 0. We consider the family

Lip® (M) = {p(w(tr), . w(tm)) : w € Q tryo st € [0,T], 0 € lip(R™),m > 1},

where lip(R™) is the space of uniformly Lipschitz continuous bounded functions on R"". We
also define the G -expectation E on Lip?(#r). The canonical process B(-) = w(-) € Q is
a G -Brownian motion if B(t) and B(t + s) — B(s) are identically distributed; and B(t,,) —
B(ty,—1) is independent of (B(t1),...,B(tm—1)) in the following sense:

E[@(B(t1), ..., B(tm-1), B(tm))] = E[B(B(t1), ..., B(tm-1))],

for every uniformly Lipschitz continous, bounded function ¢ with

PWrs s ym—1) = ElpWr- s ymots Ymo1 4 Btn) = Bltm-1)) 5 (U155 ym—1) ER™ L.

Furthermore, with G -Brownian motion we may define the conditional expectation, the stochastic
integral with respect to G -Brownian motion, and the corresponding 1t6’s formula (PENG (2008)).

2.2 From Discrete-time to Continuous-time

Given n € N, 0 < A < p < oo we consider R™*+1 _valued random vector as a discrete time
stochastic process in the canonical space €2, := R"! with elements w = (wp, ..., w,) € Qy,
in discrete time £ = 0,1,...,n with the canonical filtration G, = o(w;,0 < i < k), k =
0,...,n. We consider a set P(™ of probability measures such that each element P € P(") the
canonical process w forms a PP-martingale with wy = 0 and

A
D<lop—wpaP< s k=10 (2.10)
n n

The discrete analogue of the G -expectation representation (2.4) is defined by the sublinear expec-
tation R
E™(n) = sup EF(n) (2.11)

for any random variable 7 : Q,, — R such that 7 is G, -measurable and EF[5] < oo for every
Pepm,

We may extend from the discrete-time paths €2,, to the continuous paths Q = C([0,1],R)
by linear interpolation. Here for the sake of simplicity let us take 7" = 1. For a given w € €,
we define the linear interpolation

Ww(t,w) = (LntJ +1-— nt)wLmJ + (nt — LntJ)wLntHl; 0<t<1, (2.12)

where |x| is the maximum integer less than or equal to . Then & = {&(t,w),0 <t < 1}

takes values in Q = C([0,1],R) and G,, -measurable random variable. Note that &(k/n,w) =
wr, k=0,1,...,n, w € Q,. Thus we may define the sublinear expectation

BM(g) = EM (@) (2.13)

for any F7 -measurable random variable £ : Q = C([0,1],R) — R via (2.11).
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What is the relationship between the discrete version E((-) and the continuous version E(-)
of the GG -expectations?

Let us assume that £ : Q@ = C([0,1],R) — R is a continuous function with polynomial
growth. It is shown by DOLINSKY, NUTZ & SONER (2012) that

lim I/F:(”)(f) = lim sup EF(¢) = supEF(¢) = IE({) (2.14)
n—oo n—oo ]P)E,F,(") PeP

This can be seen as a DONSKER-type result under the G -expectation.

2.3 Estimation Procedures for Bounds

Suppose that the observation wy, £k = 0,1,...,n is obtained in discrete-time points 0 = £y <
t1 <ty <---<t,=1with ty := k/n, k = 0,...,n. We know from (2.14) that for large n
the discrete analogue (2.11)-(2.13) of the sublinear expectation approximates the G -expectation
with volatility uncertainty [\, p] . From the observation w = (wy, . ..,wy) € €, , we may define
W(+) := W(-,w) asin (2.12). Let us consider the estimation problem of the interval [\, p] of the
G -expectation of volatility uncertainty. Since I@[(@(l))Q] = p and —E[—(@(l))Q] = \, the
estimation of these bounds [\, p] is essentially the estimation of the G -expectation.

It follows from (2.10) that the naive estimators of the lower and the upper bounds are

. B 2~ - ,
Ap 1= 12}3271(71 lwp —wr—1]7),  Pn : 12112{71(” |wr, — wr—1]%), (2.15)

respectively. _
Using these estimators ), , py, , given a function f, let us define the implied G -expectation
&n = 1n(0,0), (2.16)

for any Fj -measurable random variable ¢ of the form { = f(w(-)) for w € @ = C([0,1],R),
where u,,(t,x) is the non-linear backward heat equation

o, o,
Ot Ox?

with the terminal condition w,(1,2) = f(x) and
1
2

(t,x)—éW( (t,x))zO; (t,z) € [0,1] x R

G (z) = sup (azx); ze€R.

aE[Xm ﬁn}

Proposition. The estimators Xn , Pn in (2.15) satisfies that for every n € N we have

A< —EM[-X,] <EM[G,] <p, 2.17)
where E(™ is the sublinear expectation defined in (2.11). Assume that £ = f(w(-)), w €0 =
C(]0,1],R), where f is a Lipschitz continuous, bounded function. Then the estimator &, in
(2.16) satisfies

lim E™[E,] < E[¢], (2.18)
n—oo
for every JFr-measurable random variable ¢ of the form ¢ = f(w), where E is the G-

expectation in (2.4).
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Proof. First it follows from (2.10) that under the probability measure P € P on Q, we have
for k=1,...,n A< n|w, —wr_1|> < p. Hence by the definition (2.15) we obtain

A<M <P <p, (2.19)
and also by taking the expectation under P € P(" we claim

< —E¥[—\,] = EP[ mi - 2 < EP — 2 = EP 5 < p.
AS-E'[-A] = E [13}33”(”@1@ wp—1[7)] <E [fgggn(n\wk wp—1[7)] = E"[pn] < p

Then taking the supremum over P € P we obtain (2.17).

To show (2.18), first we obtain G(-) > G(”)(-) from (2.19), and then apply the result (2.9)
with ¢(-) = f(-) and ¥(-) = 0 backward in time (cf. PENG (2008)) to obtain the inequality
&n < IAE[f] P-a.s. for every P € P(™) . Taking the supremum over P € P(™) and then limits, we
obtain N

lim E™[¢,] = lim sup EF[¢,] < E[¢],

n—oo n—o0 [P)G,P(n)

and conclude the proof of the proposition. U

This proposition implies that the naive estimate (2.16) of risk measure of the wealth { =
f(w(+)), in general, underestimates the risk E[¢] in the sense of (2.17)-(2.18). This type of prob-
lem often comes even in the classical statistical problem of estimating the support of random vari-
ables. Thus the natural question is how to improve the estimation of the lower and upper bounds
for the volatility uncertainty. There might be a good subset of the family P of probability
measures on {2, , so that the estimation procedure works well. Or is there stronger formulation to
resolve this problem?

Here are some other open problems.

o In this note we consider only volatility uncertainty for one-dimensional random variable (or one
asset). In general, we may consider multidimensional random variables with uncertainty for the
volatility as well as the return, i.e., the function G(-) in (2.2) is replaced by

1
G(p,A) = swp (S Trace(AQQ) + (p.a))5 (p,A) ERIXS(),  (220)
(¢:Q)€l

where T' is a bounded, closed subset of R? x R4*? and S(d) is the space of (d x d) square
matrix. The corresponding equation is

0

g:(t,x,y) — G(Dyo(t,z,y), D3v(t,z,y)) = 05 (t,2,y) € [0,00) x R x R?,
with Cauchy condition u(0,z,y) = ¢(z,y), (z,y) € R? x R? and the derivatives Dyv =
(Ov [ Oyi)i<i<d,» Dzv = (820/81:1-8%)1@750{ (see PENG (2010)). Suppose that some discrete
observation is given but I' is unknown. Is there some good estimation procedure for unknown I'
in (2.20)?

e The above statistical problems are for discrete time observation. Suppose that the observation
is continuously obtained. Is there a good way of combining filtering technique and optimization
technique under the GG -Brownian motion?
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