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MLV K- FEtEE < 7 ORRS
(EESR) REREME
(Trend, seasonality and macro time series :
Nonstationary errors-in-variables)

EREAN - R
201541 H 30 H

1. A General Problem

Let y;; be the i—th observation of the j—th time series at ¢} for ¢ = 1,---,n;j =
Loop 0=t <ty <---<thr=T. Weset n =T, t' —tI" |, =1, Yi:(ylia"'yypi)l
be a p x 1 vector and Y,, = (y;) (= (1)) be an n x p matrix of observations. (yg
is the initial observation vector.) We consider the situation when the underlying

non-stationary trends x; (= (z;;)) at t (i = 1,---,n) are not necessarily the same
as the observed time series and let ¢; = (¢4, -+, i), 8; = (S1iy- -+, Spi) and v, =
(v1i, -+, Up;) be the vectors of the seasonal components, the cycle components and

the noise components at ¢, respectively, which are independent of x;. Then we use
the additive decomposition (see Kitagawa (2010))

(11) yi=X¢+Si+Ci+V¢,

where x; are a sequence of non-stationary trend components satisfying Ax; = (1 —
L)x; = w (with £x; = x;_1, EW™) = 0, EWw!™) = 8,), s; are a sequence

of seasonal components satisfying (1+ £+ - + £5)s; = w'” (with &(w'”) = 0,
EwPw) = %,), ¢; are a sequence of stationary cycle components (with &(c;) =
0, £(cic;) = X.) and v; are a sequence of independent noise components (with
E(v)) =0, E(vivy) = X,).
(s

We assume that w'™, w!

; ) and v; are the sequence of i.i.d. random variables with

@)

3}, being positive definite and finite, and the random variables w;, ., ¢; and v;
are mutually independent. We also set ¢; = 0 in this occasion, but we can generalize
the following arguments into more general directions with ¢; #0 (i = 1,---,n).
The main purpose of this study is to estimate the structural relationships among
the hidden random variables; the trend components and seaonal components in
particular when we have stationary and non-stationary errors-in-variables models.

Let B be a p x 1 vector and we want to estimate
(1.2) B'x; = 0,(1)

1



when we have the observations of p x 1 vectors y; (i = 1, --,n). More generally, let
B be a ¢ x p (¢ < p) matrix and we want to estimate

(1.3) Bx; = 0,(1);

when we have the observations of p x 1 vectors y; (i = 1,---,n). Similarly, some
structural relations among seasonal components can be written as

(1.4) Bgs;, = 0,(1)

and they imply that the observed multivariate time series have common seasonality.

2. Simple Cases

Consider some examples when p = 2 and ¢; = 0 (i.e. no-cycle components).
Example 1 : Assume that the random variables z1; = v; = [fop; and oy =
satisty p; = pi—1 + wZ(z) (¢ =1,---,n) and wf””) are i.i.d. random variables with

5(%@)) =0 and S(wz@)z) = Jg. Then we can write

(2.1) w=<%>m+w.

Since p; follows the random walk model,

(2.2) 1zn:/ﬁ21>02/132d5
: n2 : (2 €T 0 S Y

where By is the standard Brownian Motion on [0, 1].
If we multiply the vector 8 = (1,—/5) to (2.1) from the left, we have the relation

(2.3) Byi=u (=8v),
which is a structural equation.

Example 2 : We take the case when x; = u,;, and p, = p,_; + WEI), which has
been often called spurious regression. It can be written as

10
(2.4) = (o | )ty

and the dimension of random walk is 2 and B/yi = ﬂ, w; +up o, u = ﬁ;vi for any
B # 0 (the term of B,ui cannot be disappeared).
(s

Example 3 : Assume that the random variables s1; = v, ) — ﬁés) ul(-s) and So; =

(s)

7



satisfy 1 = 1 4w (s >1;i=1,--+,n) and w!” are i.i.d. random variables

with 5(wz(»s)) =0 and 5(w§5)2) = 2. Then we can write

ﬁ(s)
(2.5) Yi:< : )uﬁvi.
If we multiply the vector 3, = (1, —525)) to (2.5) from the left, we have the relation
(2.6) By = ui (= B,vi)

and y; has the common seasonal components.

3. The Case without Seasonality

Let p > 2 and s; = ¢; = 0, we have the representation
(3.1) yi=X; +v; =1, +v;,

where E(ng)) =0, E(Wl@)wlml) = 3, and ng) = Ax;. We assume that the rank
of p x ¢ matrix IT is ¢ (< p), p,; are g x 1 vectors, and there exists a ¢ X p matrix
B such that By; = w; (= Bv;), which are the set of ¢ structural equations.

We consider the situation when Ax; and v; (i = 1,---,n) are independent
and they are independently, identically and normally distributed as N,(0,X,) and
N,(0,%,), respectively. We use an n x p matrix Y,, = (y;) and consider the dis-

tribution of np x 1 random vector (y/l, e ,y;)/. Given the initial condition yq, we
have
(3.2) Yo ~ Ny (1n - ¥0, 1, © 3y + C,C, @ 5, )

where 1, = (1,---,1) and

1 0 -~ 0 0
1 1 0 0
(3.3) C,=|1 1 1 -0
1 - 1 1 0
1 --- 1 1 1

nxn

Then given the initial condition y, the maximum likelihood (ML) estimator can be
defined as the solution of maximizing the log-likelihood function except a constant
as

/ 1 — 147 !/
L; = log|l,®%,+C,C, @ ,|7/% - Slvee(Yo = Yo) T [, ® 3, + C,C, ® ¥,

n

x[vec(Y, —Yo) ]



and B

We transform Y, to Z, (= (z;)) by

(3.5) Z, =P,C." (Yo - )
where
1 0 - 0 0
-1 1 0 0
(3.6) C'=| 0 -1 1 0 :
0 0 -1 1 0
0 0 0 -1 1

nxn

2 2 1 1
, P o— (™) ™ — [ Lot

By using the spectral decomposition C;'C/~! = P,D,P, and D, is a diagonal
matrix with the k-th element

2k —1
2n+1

d = 2[1 — cos(m( N (k=1,---,n).

Then the log-likelihood function is proportional to

n 1 n ,
(3:8) Ly = Z log |agn 3, + Exl_l/Q 9 Z Z[arn 2, + zx]_lzk )
k=1 k=1
where )
. m(2k—1
(3.9) U (= d},) = 4sin? [2 <2n+1>] (k=1,---,n).

Since we are dealing with the errors-in-variables model, there is an issue if we can
identify the structural equation of our interest. When x; are i.i.d. random variables,
for instance, the coefficient parameters are not identified without some further re-
strictions. In the classical case we need to impose some conditions on the covariance
matrix (such as the homoscedasticity and zero covariance) when we have the func-

tional relationship model in Example 1 except z; (= p; ;i = 1,---,n) with
1 n

(3.10) >0l
n

i=1

(See Fuller (1987) for instance.) Here we say that the parameter vector 8 (= (6;))
is identified if @ # @' implies that L, () # L,(6).

We illustrate our arguments on the likelihood function when g = 1. We take 8 (= b)
and apply the matrix formulae that for a positive definite A we have

|A 4+ bb'| =|A|[l + b A™'b]

4



and
[A+bb|'=A"1—A'b1+bA b 'bA!
for A = a3, (k=1,---,n),b=0,Il and b, = 3, 'o,II.
Then L, is proportional to (-1/2) times
" / / ap (2,3, 'b)?

(3.11)Ly, = kZ::l log |3, | + log(ar, + b E;lb) + a;&zkEglzk P D

We notice that Ly, is a concave function of ¥ L and
(2,2, 'b)?

’ b* :
Z:: + A b2 T~ kz:: agn (g + €) o (o T o) 22

where we set blzglb = ¢. Then given b, X, b, = ¢, it is a quadratic form and its
minimum is the smallest characteristic root. Thus we have the next results.

Proposition 1 : Under the above assumptions, the structural parameter 0 (i.e. B)
is identified (up to a normalization).

Given the initial condition yq, the unconditional maximum likelihood (ML) estima-
tor can be defined as the solution of maximizing the log-likelihood function.

Proposition 2 : Under the above assumptions, there exists a unique ML estimator
for B.

Next, given b'3,'b = b, X,b, = ¢ (a constant), we approximate L, of the
function of X, and b,. If we use

1 ,
(3.12) B == 72
L k=n

and 1/[ag, (agn,+c)] = (1/¢)[1/arn—1/(ar,+c)], then given b, X,b, = ¢, the problem
becomes to find a minimum of

(3.13) by |

Then it may be natural to use the minimization of
]. ’ ’ o ’
(3.14) b, A,b. (st.b,Eb, =c, A, =) 7z, ),
¢ k=1
where we use the fact that ¢ < ag, + ¢ < 4 + ¢ and ag, ~ O(1/n) when k, = o(1).

It is straightforward to extend the above likelihood analysis to the cases for more
general ¢ (¢ < p).



4. Macro-SIML Estimation

The exact ML estimator of unknown parameters is a rather complicated func-
tion of all observations and it may depend crucially on the underlying assumptions
including the Gaussianity. Then we need a simple robust procedure such that the
assumptions of Gaussianity and the specifications of each components are not crucial
for the estimation results.

Let denote ag, , and then we can evaluate that ag,, — 0 as n — oo when
k, = O(n*) (0 < a < 1) since sinx ~ x as + — 0. When £k, is small, we expect
that ag, , is small. Then the separating information maximum likelihood (SIML)
estimator of 3, is defined by

1 &

(4.1) YosiL = — > 242,

n k=1

(We need to use a consistent estimator for ¥,.) For 3., the number of terms
m,, should be dependent on n. Then we need the order requirement that m, =
On®) (0<a<l).

It may be natural to use the sample quantities 3, (= ((1/mn) S5 2izjk))
order to make statistical inference on X,. The estimation of the Pearson-correlation
coefficent is a typical case, which is given by

m
bii = Dk ZikZjk
) -
m 2 m 2
\/Zk:”1 Zik \/Zk:nl 2k

Furthermore, we consider the estimation of the structural relationships in the non-
stationary time series process satisfying (3.1). Hewe we notice that the present
statistical problem could be regarded as the estimation of structural relationships
with the covariance matrix ¥,(0) with @ being the vector of parameters. In the
standard statistical multivariate analysis Anderson (1984) discussed the statistical
models of estimating structural relationships among a set of variables and we have
n independent observations on the underlying variables.

(4.2)

We return to the case when ¢ = 1. By using the arguments on the likelihood
function, it may be natural to consider the characteristic equation

(4.3) 2, '8.5, =A% [b=0,

where ) is the (scalar) characteristic root. By using the relation b, = X, 'b and we
can represent

(4.4) (3% — A%, b, =0.

6



If we take the smallest eigen-value and we take EAJMSIML, we have the b, gry/r.
Also under a set of regularity conditions we have that the smallest eigen-value

(4.5) A1 — 0 (in probability)

as n — o0o. Then we may use the SILS (Separating Information Least Squares)
method by solving )
(4.6) Y:b.sis=0.

When p=2,g=1,8=(1,—f,) and II = ($,,1) (£, = 1) in Example 1, then
the SILS estimation becomes

m.
5 gl F1kc2k

(4.7) o

e 2
which is the regression coefficient of the first transformed variable on the second
transformed variable in z;, (= (211, 20) ) (K =1,---,m,).

Some Remarks :

By using the SIML procedure, it is also straightforward to investigate the several
structural relationships among trend variables at the same time. The SIML esti-
mation can be defined by the smaller ¢ (< p) roots and the corresponding ¢ (< p)
vectors of the characteristic equation. It may correspond to the standard situation
in the statistical multivariate analysis except the fact that the classical multivari-
ate analysis was based on the case when the observations are realizations of i.i.d.
random variables without seasonality as well as non-stationarity in time series data
sets.

We have done several simulations which are given in Appendix. The data length
is 80, the number of simulations is 3000, a = 0.6, and m,, = n® in each case.
In fugures cor = 0.9 means the true correlation coefficient (= .9) among the trend
components and cor is the SIML estimate. (voll is the correlation estimate based on
the first differenced data and vol4 is the correlation estimate based on the seasonal
differenced data with s = 4.)

When we have the basic model with the trend and noise components without the
seasonal and cycle components, the optimal choice of m,, = n® would be a = 0.8,
but it seems that the choice of @ = 0.6 would appropriate for the robustness of the
results when we have seasonality as well as non-stationary trends.

5. Further Thoughts

Let s; = (s14,- - -, Spi) be the vector of the seasonal components, which are indepen-
dent of v;. Then we have
(5'1) yYi =S; +V;

(S)') _

%

where s; are a sequence of seasonal components with £ (WES)) =0and & (WZ(S)W
Y, with Ags; = s, —s;_5 = WES) (s > 2). We assume that X is positive definite

7



and finite. When we transform the observed data by using the seasonal difference
operator, we have

(5.2) (1-LYy; = w4 (1 - LA, .
For the seasonal transformation let n = ms (s > 2) and transform Y, to Z() (=

(")) by )
(5.3) Z) =PYCH (Y, - Yo)

where C®)~! = C;! @ I, and

1 0 -~ 0 0
-1 1 0 0
(5.4) C'l=| 0 -1 1 0 ,
0 0 -1 1 0
o 0o o0 -1 1)
(5.5) PY =P, oI,.

By using the spectral decomposition C®~1Ce)'~! = (P,, @ L,)(D®) @ I,)(P,, ®I,)
and D) is a diagonal matrix with

-1
2m +1
with the s multiplicities.
Then we can develop the likelihood analysis as the case when s = 1.

A = 2[1 — cos(m( N] = 4sin®(7/2)[(2k — 1)/2m +1)] (k=1,---,m)

We consider the case when we have
(5.6) Yi=%X+8;+V;

where x; are a sequence of trend components and s; are a sequence of seasonal
components. When we transform the observed data by using the seasonal difference
operator, we have

(5.7) (1—Lyi=1+ LA+ -+ LA + (1 — L%)s; + (1 — L%)v; .

Then there can be alternative possibilities of transformations of Y,,, but we may
use Z0)* (= (2,))) by

(5.8) Z =P,CO7 (Y. - Y,) .

n

It seems that the likelihood analysis can be extended by using the orthogonality
relations with components of pg-z). Let

1 0 0 0
: 0 0
(5.9) Av=jp)=11 1 1 -0
0 1 1 0
0 1 1

nxn



and

(5.10) P = () = PuA, .
Then
, sin? %gkﬂs 2 ’
sin §2n+1

when k/n — 0.

We consider the general case when we have

where x; are a sequence of trend components, s; are a sequence of seasonal compo-
nents and c; are a sequence of cycle components. When we transform the observed
data by using the seasonal difference operator, we have

(5.13)(1— Ly; = (14 L+ -+ LVAX + W + (1 = L9)¢; + (1 — L),
with (1 — £%)s; = w'™ .

(2
Then again there are alternative possibilities of transformations of Y,,, but we may

use Z(* (= (z))) by
(5.14) Z0 =P,CO7 (Y. - Yy) .

It seems that the likelihood analysis can be extended in the second case by using
the orthogonality relations with components of pg-z). Let

(5.15) P = (pi) = Pu(C,' ©1,) .
Then

3 T 2k — 1
5.16 g *7* ~ 4 i

when k = k'. When k # &,
kk  skk 1
(5.17) Zpk]pk 5~ o).

Also for any finite [ we have

n—s—I|
kk - ksk 1

(5.18) Y PPy ™ o)

j=1
we find that the covariances of the transformed cycle compotents (cj) = P*(c;) are

o 1

(5.19) Cov(c],cj) = P71 O(ﬁ)
with |p| < 1.
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Appendix: Some Figures

Quarterly Data

n=80

alpha=0.6

nsim=3000

With Noise, no Seaonality

cor=0.9 |cor vol4 voll

mean 0.852227| 0.732646| 0.491137
SD 0.087745| 0.075951| 0.094544
cor=0.0 |cor vol4 voll

mean 0.007154| 0.003388| 0.001042
SD 0.277539| 0.16811]| 0.119081
With noise and seasonality

cor=09 cor vol4 voll

mean 0.805092 0.662977 0.133043
SD 0.118186 0.088369 0.295366
cor=0.0 cor vol4 voll

mean —-0.00689 2.59E-03 0.004784
SD 0.278001 1.62E-01 0.287285

With noise, seasonality and outlier

cor=0.9
mean
SD

cor=0.0
mean
SD

cor

vol4

voll

0.584384 0.308292 0.063187

0.209764

cor

0.005651

0.13995

vol4
0.004289

0.217537

voll
-0.00455

0.275338 0.128497 0.210767

peu §

>3k

20 a0 [Sle) 80

Time

Time

Time




With noise and changing seasonality

cor=09 cor vol4 voll
mean 0.672386 0.344135 0.033535
SD 0.196482 0.184532 0.190742
cor=0.0 cor vol4 voll
mean 0.002128 0.001937 0.002259
SD 0.283569 0.148525 0.183541

With noise, seasonality,outlier and changing seasonality

cor=09 cor vol4 voll
mean 0.491676 0.184133 0.019022
SD 0.244269 0.152994 0.160183
cor=0.0 cor vol4 voll
mean —0.00467 0.000966 0.002659
SD 0.283498 0.133407 0.162206

With noise and seasonality

cor=0.0 cor vol4 voll
mean 0.044796 0.083241 0.673487
SD 0.282269 0.165334 0.237343
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3f, 1

8 D T @0 B B D

5 O B D B D

Time

p=Ze} 30 ao 50 [s1e} 7o

20 40 60 80

Time



Hh sk f5 51 0D = En AR 2 ] 28

JI G REHE (K ET ZUIERA T AT)
EREAN(HRRKRXRFXEEZEFEMRERD)

HMEMREEEBENRA)ARER

r%i/ﬁ%}fn-l' E&ﬁff‘}fn'l'o) ﬁmtﬁ? J
201551 A30H(%)

RRRFRFRBEFFHARE - NESHR—

sy AFRERNMEEA WE-LATLATERN

Sl B EORR TR




Flzﬁﬁ_ﬂ);'mt

° %ZEHTE}I H#%ﬁ'

o ENEATERIBFRS
15k Il b5 = B (cf. BR:

o FNIE TR B Z=EnEHZR
AR HE

),

FENEHEE

ZEETLTERSNDIM

v
o WA IFXIRIZL =T ALIE
LERIDEEL., Hig

099D EEEHEE

FATE R DA —H

« MBABDFRFRINFEICFONDESEEFF
=245 ENHLHDTIE?

1*#%!1..:‘”. HHHHHHHH



‘ E,.“fouﬁ%ll%'3~2

- F1EDRERS
* %Zﬂ-o)ﬁ%gl

— n,.l&non-seasonal partz. s,.|&seasonal partz

=x9 . LLTDON,, S,LELC,
« BEERA|(KY DM OYo4ETIZHE

=) Y =

L=
F F
[ =

:'-"d =

'-.l'"'Ei’

19"] |z

EFFH Y1 = g +51¢
EFER yor = Nop + 524

Vie + Vor DEFER Y, = N + S;

ﬁf&%']%‘](ﬁﬂ‘fi) Nt X Nqyg T Ny, bhjé%

(B

/.

\.L\L/T.._L\:ba))b\beét St ~ Slt + SZt

=T ,'-F Ml AFHENNRENEL RN ATLATEN

Sl FRSHBORTR %R



o BIZIEN, = TC, + [, ERITTEZF=H.

TC, = TCyy + TCoieird €T ) (L[ HE
DL~ 1, + L EEZ D50

— B (TR TR, BB (XER /4 X

* St ~ S1¢ + Sth\hjZU_LOBEU 'j:Nt ~ Nq¢ +

n, NEAFF TS HD T, KEFRAMZHT Oy

DDT—R)DEERDTZITIZ, TRRIE

@iﬁA H

En%-d_:ETUJO iC-c

3R

0l e BB



E R IHHET AR AR R5)

9‘:1@1%

/
4

F1H ~2012«

F128 (R

R E5FR.TOEEZZAS

£420)

FRAERDREEL RN 227 LEARERN

Tl w=r BOR T




B mD— K=/

— EJO Aomori stochastic level
25000/ it |

;\ —— stochastic seasonal|

20000

15000

10000

5000

I | I I I I | I I I I | I I I I | I I | I I I I | I I I I | I I I I | I
1980 1990 2000 2010 1980 1990 2000 2010

1000~ )
| — segsanal 1978 [ irregular]

LN

-1000

Il Il Il Il Il Il Il Il Il Il Il ‘ i Il ‘ Il Il Il Il ‘ Il Il Il Il ‘ Il Il Il Il ‘ Il
1978 1979 1980 1990 2000 2010




HFR

30000 J — EJO lwate — stochastic Ievel\ | 3000 J —— stochastic seasonal\
|
25000 - I | | 2000+
( 4
TN il
L ) 1 L WA 1000+
20000 1 | ml, W | \}\ il I H h
J ‘ I ‘ J’ "‘ fl \
15000 i} } f) "l ' Wy \\ f ’ i “ “
| ,’r ! '4 | '," Ik ‘\l.\ r
1L /" -1000H
10000
L | L L | L L | L L | L L | L L | L L | L L | L
1980 1990 2000 2010 1980 1990 2000 2010
3000, r
| —— sedsonal 1978]
| 3e-10 i
2000+ i
2e-10+
1000~ |
le-10+
O 0 “.Yzzé' 'Fv“w"ih ‘E
-1000+ -1le-10
L L ‘ 7\ ‘ L L ‘ L L ‘ L L ‘ L
1978 1979 1980 1990 2000 2010
AFARMNREEL RN-2ATLARER

Wl Bt IR




= :M:+7E$Aﬁ=’?~§|10) Tga_ﬁ’q’:*ﬁ

[ \7 EJO Aomori+lwate —— stochastic Ievel\ :‘7 prr—— onal\
50000 - m i I
; ol I 0| 25000
40000 I TR "
i H | ‘ll“" ‘ I I
I ' ' ‘5,\ ’ "’ \\ , / ‘l l /l"' " \\ ,' 0
30000 ‘ im0 M
- il
b , | |‘ ' V,' |
20000 , I ‘ ‘ i -250%
L L L L L | L L L L | L L L L | L L | L L L L L L L | L L L L | L
1980 1990 2000 2010 1980 1990 2000 2010
4000 1.0e-9
:\ — sea@pnal 1978\ | irreéular
i 7.5e-10
2000~ .
- 5.0e-10
0r v 2.5e-10-
I 0.0 {1hAH
-2000¢ UL
-2.5e-10- |
L L L L L L L L L L L ‘ L ‘ L L L L ‘ L L L L ‘ L L L L ‘ L
1978 1979 1980 1990 2000 2010

AFHRAMEBEL R 2ATARREN

Wl Bt IR




%2 EW;%E:EFHEI%-‘P)L

Eﬁiﬁlljﬁiit
Yi = Y1t t Yor = Up + S1t + Sor T €
Yie = U1t T S1t T €1t
Yot = Hot T So¢ T €2t

IRREEAFEXK SRFILIAR BRI A X DD EITHE R BERE
Ue = U1 T Nes Uit = Ui ¢— 1+77:t(l_ 1,2)
s—1




EJ e 0N

R

R

Gl

4

m
%,‘L—'Ji oo M

&

"” fou)ﬁq:*ﬁ%*%

% EROFE: o WES
—10256.17

A

—10543.26

U |

(BxE1E) DD 2

LV THELT .

DA

b""’F'aEFET)LO)/\"j)‘ RHETE

TE RIS R

=M. ZEEETILIEEIILTLVEL....

— AICRDINA T AHH1

2= TG

_’Cﬁiz:f%éotoﬁiﬁd)

SFATET ATARMBRRILL -2 27 LARAN

0l et B



e 5T RINE BEELLLHERNRIETESHE
ZHFHBEEZ -, BEHEIARIKILE

= Bl §

B

KIEEDT ETE S EHRINEE,

01E

All=

ETIILERRTHANICEESINREZE

FETILELTHEEL TE/NTA—FHIER

ERHZKELGYSFENDEL, TEBE

[Ty

j:_
d

71

MM DOEHBEENS TS,
o« FFNTFIOE—ERDBE)DEYLELN?

AFAEFIMIEEL W-22T LR



=
-
=t >
l"' = =3
’

IR T

. ““/ZTA/*(ZO)/XJE}%EL@T\%)T%EUFT‘&
RBHNLEZE, FRMNOMYITETERME
[T E A%

o FNRBIZEEFNBRDIL(AIRREEELTHELND T)I7
HE3—RIZETILIEL DL

o BRI/ AXIEHATRELTLNSALHELT
%gétijﬁ EIXE LA =LY, EXREILAIEET=

‘é’é’ﬁsﬂ*ﬂ@ﬂﬁﬂl Fnﬁaﬁli*_t,m\h\?
— Nishio (2002) FTSM3

111 H-H.IIII:'LL A2 :-'.nhﬂ





