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� はじめに

❏ �観測誤差と線形制約を伴う真のデータ�とは�

例� 国民経済計算における供給表と使用表
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� 、 、 、 は等しくなければならない
� 真のデータでは等しいが、観測誤差のために等しくなくな

っている
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❏ 真のデータの推定
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� 、 、 、 を等しくするよう観測誤差を修正する
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�
修正法は国によって違う。アメリカとオランダは統計学
の理論に基づいたストーン法（������ ������������

��� ����� ����� ）を採用

� 本稿では、ストーン法も部分的に使うが、全く新しいアプ
ローチを導入する
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発表の構成
�� ストーン法と先行研究の概観

	� 新しいアプローチ

�� モンテカルロ実験


� まとめ
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� ストーン法と先行研究の概観

❏ モデル
�

�����
! �� " �� � � ��� #� 

��

�����
�� ! ������������

�� 観測されたデータ

��� 真のデータ

�� 観測誤差

�、�� ��が満たすべき線形制約
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例� 国民経済計算における供給表と使用表
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❏ ストーン法

�$��� ��� �#��
� �� ��� � %������� ! �

� ��� ! � � #�����#�� ������ � � 

別の解釈�

簡単化のため� ! �とすると制約条件は���� ! �で��� ! � � #�����#�� �����

! �� � &���� &� ���� � （ &� ! #��）

! ��� &��
��� �� &��
�� （���は直行補空間）

�
��が��に属している（フルランク�ではなくランク落
ちして� � 	）ため、�も��に属するよう変換してい
るのがストーン法
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❏ #�の設定について

ストーン法は#�が解らないと実行不能
� 統計理論に基づいた解決法はそう多くなく、ある程度恣意

的に決められることが多い

野木森 稔�「加重最小二乗法を利用したバランシング・モデル��	
バランスシステム開発に

向けた一考察」� 季刊国民経済計算� ���� 
����� ����年

より抜粋
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Æ 統計理論に基づいた解決法
'��(� ����� 等のアイデア�

�� ! ��
� " ��� �� � ��� #� � 
 ! �� � � � � ��

��、��
�、��は定常

�
����
� � �� ! �

とすると、簡単化のため����
�  ! �として

���#� ! �
�

�

�
� �����
�

�

! �
�

�

�
� �������
� " �� 
� ��� ��#�

� #�ではなく��#�の一致推定でストーン法を実行可能にし
ている
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❏ 先行研究の問題点と本稿での新しいアプローチ

問題点������������
���#�は� �� �でないとパフォーマンスが悪い

��
�に定常性を仮定するのは非現実的

ストーン法では��を一致推定できない

#�は一致推定できない

�

新しいアプローチ������������

大きな�に対して良好なパフォーマンス

��
�に定常性を仮定しない

��（の一部）を一致推定する

#�を一致推定する
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� 新しいアプローチ

❏ モデル

観測誤差にファクターモデルを適用する

�� ! ��
� " �� ! ��
� " �

�����
��

�����
" ��� 
 ! �� � � � � ������

�はファクター負荷

��はファクター

�はファクター数

� ���を一致推定して観測誤差を修正する。��についてはス
トーン法で修正

（簡単化のため、以下では� ! �とする）

� ����� �



❏ モデルの推定の直感的な概観
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� ����� �



�

�
�

��
�
�

��
����
�

� � ��
��#	�� " ��
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計算可能

! ��
��������#	�� �� �

�
�
�

�� ��� と �� �	 �で推
定可能

������ �� �

未知パラ
メーター
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で推定可能
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この式から�����を逆算して������を得る
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仮定�

�� ���� ! �、��� �� � ��� 

�� �の第�列と第�列で共通する項目の数���が十分小さい

（全ての�について


�
�
� ���が	 ��としても発散しない）

	� � � 	

�� �の全行には少なくとも�つ���*+���要素がある
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（


�
�
� �� ! ���� � � 	 � 	 �、

��� � � � � ��の内で��� なものの個数を��	�  � � 	 � 	 �）
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������ ���� �

��� ��� （観測誤差（の一部）の一致推定）
.��
�� � � � � .��
�

��� ��
�� � � � � ��
� （ストーン法の改善）

❏ 実際の���/��0��
ファクター*ストーン法�
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を使ってス
トーン法を適用
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� モンテカルロ実験

❏ 1-2と実験の設定

�� ! ��
� " �� ! ��
� " ��� " �������������

��
� � トレンド定常345�� 

�� � 期待値�の定常345�� （�#	���� �����
�  � 
6）

�� � 期待値�の定常345�� （#�� �����
�  � 
6）

��
�、��、��は全て正規乱数で互いに独立

� � ����� の内、� �����
�  が約��6で#�が約��6

� �����
�  、�#	��、#全てにおいて最小の分散と最大の分散
には約
�������倍の差をつけ、不均一性を表現

� ����� �



� ��
� の345�� パラメーターと定数・トレンド項は乱数で生成して固定

� ��と��の345�� パラメーターは乱数で生成して固定
� �は乱数で生成して固定

� �は��� �� �� �しかとらない%���%�行列として乱数で生成して固定

� � ! �で既知

� � ! �
� ���� ���、	 ! ����



�、� ! �
� 
�� ���

�繰り返し回数����回

❏ 各修正法の具体的な計算

Æ 原始的なストーン法（������）

#� ! ��として���
� ! �� ������ ������
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Æ '��(� ����� の方法（'��(�）
������、�������した��
� より

���#� ! �
�

�

�
� �����
��

� と

して���
� ! �� ��#������#�� ������

Æ ファクター*ストーン法（7*�����）

先述の通りだが、�
�

�

�

�
�)����
��� � ���
�
����� ���� � �
��

� � ��#

�
�

�

�
� ��
����
��

� � ��
��������#	������ " ��
�#

のように��
� で計算する。また、.��
� 	 �だった時は.��
� ! � ���

�
�

�

�
���
�

��
 �とする
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❏ 推定精度の尺度
��8! �����
� � ���
�  
����

� � ���
�  
だと、�����

変動の大きい���� � .����だけに���$����されてしまい不公平

�や	を変えると1-2のパラメーターの値の変化を反映して
しまい、純粋な%���(� %$+�の効果を捉えられない

�

基準化��8（%��8）�

%��8!

�
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��������
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� � �
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�

��
��
! !� " Æ�
 " "��� ��"�� ! �� "�� � ��� 

.���� ! !� " Æ�
 （確定項だけ捉えている�最低限�の推定量）

とすると、�
�

���
��
����
��
��

� �����
�
�

�
! �
�

��
��

� �����
�
�

�
! �

�
�

%��8 � �・・・最低限の規準はクリア

%��8 � �・・・推定精度に問題あり

（実際は%��8が
 ! �� � � � � �について得られるので �
�

�

�
� %��8�

を計算）
� ����� �



❏ %��8

������ '��(� 7*�����
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❏ 実験データの時系列プロット
� ! ���、	 ! �
、� ! 
�
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� まとめ

❏ 本稿の貢献

観測誤差を伴う真のデータの推定について、��� 観測誤差（の一部）の一致推定による直接的な推定（それ以外の観測誤差に関する）修正精度の改善

を提案した

❏ 推定精度

%��8という尺度では、概ね 7*�����#������#'��(�

� ����� �



トレンド・季節性とマクロ時系列：
(非定常)変数誤差問題

(Trend, seasonality and macro time series :
Nonstationary errors-in-variables)

国友直人・佐藤整尚

2015年 1月 30日

1. A General Problem

Let yij be the i−th observation of the j−th time series at tni for i = 1, · · · , n; j =
1, · · · , p; 0 = tn0 ≤ tn1 ≤ · · · ≤ tnn = T . We set n = T, tni − tni−1 = 1, yi = (y1i, · · · , ypi)

′

be a p × 1 vector and Yn = (y
′
i) (= (yij)) be an n × p matrix of observations. (y0

is the initial observation vector.) We consider the situation when the underlying
non-stationary trends xi (= (xji)) at t

n
i (i = 1, · · · , n) are not necessarily the same

as the observed time series and let c
′
i = (c1i, · · · , cpi), s

′
i = (s1i, · · · , spi) and v

′
i =

(v1i, · · · , vpi) be the vectors of the seasonal components, the cycle components and
the noise components at tni , respectively, which are independent of xi. Then we use
the additive decomposition (see Kitagawa (2010))

yi = xi + si + ci + vi ,(1.1)

where xi are a sequence of non-stationary trend components satisfying ∆xi = (1−
L)xi = w

(x)
i (with Lxi = xi−1, E(w(x)

i ) = 0, E(w(x)
i w

(x)′

i ) = Σx), si are a sequence

of seasonal components satisfying (1 + L + · · · + Ls−1)si = w
(s)
i (with E(w(s)

i ) = 0,

E(w(s)
i w

(s)′

i ) = Σs), ci are a sequence of stationary cycle components (with E(ci) =
0, E(cic

′
i) = Σc) and vi are a sequence of independent noise components (with

E(vi) = 0, E(viv
′
i) = Σv).

We assume that w
(x)
i ,w

(s)
i and vi are the sequence of i.i.d. random variables with

Σv being positive definite and finite, and the random variables w
(x)
i ,w

(s)
i , ci and vi

are mutually independent. We also set ci = 0 in this occasion, but we can generalize
the following arguments into more general directions with ci ̸= 0 (i = 1, · · · , n).

The main purpose of this study is to estimate the structural relationships among
the hidden random variables; the trend components and seaonal components in
particular when we have stationary and non-stationary errors-in-variables models.
Let β be a p× 1 vector and we want to estimate

β
′
xi = op(1)(1.2)

1



when we have the observations of p× 1 vectors yi (i = 1, · · · , n). More generally, let
B be a q × p (q ≤ p) matrix and we want to estimate

Bxi = op(1);(1.3)

when we have the observations of p × 1 vectors yi (i = 1, · · · , n). Similarly, some
structural relations among seasonal components can be written as

Bssi = op(1) ,(1.4)

and they imply that the observed multivariate time series have common seasonality.

2. Simple Cases

Consider some examples when p = 2 and ci = 0 (i.e. no-cycle components).
Example 1 : Assume that the random variables x1i = νi = β2µi and x2i = µi

satisfy µi = µi−1 + w
(x)
i (i = 1, · · · , n) and w

(x)
i are i.i.d. random variables with

E(w(x)
i ) = 0 and E(w(x)2

i ) = σ2
x. Then we can write

yi =

(
β2

1

)
µi + vi .(2.1)

Since µi follows the random walk model,

1

n2

n∑
i=1

µ2
i

p−→ σ2
x

∫ 1

0
B2

sds ,(2.2)

where Bs is the standard Brownian Motion on [0, 1].
If we multiply the vector β

′
= (1,−β2) to (2.1) from the left, we have the relation

β
′
yi = ui (= β

′
vi) ,(2.3)

which is a structural equation.

Example 2 : We take the case when xi = µi, and µi = µi−1 + w
(x)
i , which has

been often called spurious regression. It can be written as

yi =

(
1 0
0 1

)
µi + vi(2.4)

and the dimension of random walk is 2 and β
′
yi = β

′
µi + ui , ui = β

′

xvi for any
β ̸= 0 (the term of β

′
µi cannot be disappeared).

Example 3 : Assume that the random variables s1i = ν
(s)
i = β

(s)
2 µ

(s)
i and s2i = µ

(s)
i

2



satisfy µ
(s)
i = µ

(s)
i−s + w

(s)
i (s ≥ 1 ; i = 1, · · · , n) and w

(s)
i are i.i.d. random variables

with E(w(s)
i ) = 0 and E(w(s)2

i ) = σ2
s . Then we can write

yi =

(
β
(s)
2

1

)
µi + vi .(2.5)

If we multiply the vector β
′

s = (1,−β
(s)
2 ) to (2.5) from the left, we have the relation

β
′

syi = ui (= β
′

svi)(2.6)

and yi has the common seasonal components.

3. The Case without Seasonality

Let p ≥ 2 and si = ci = 0, we have the representation

yi = xi + vi = Πµi + vi ,(3.1)

where E(w(x)
i ) = 0, E(w(x)

i w
(x)′

i ) = Σx and w
(x)
i = ∆xi. We assume that the rank

of p × q matrix Π is q (≤ p), µi are q × 1 vectors, and there exists a q × p matrix
B such that Byi = ui (= Bvi), which are the set of q structural equations.

We consider the situation when ∆xi and vi (i = 1, · · · , n) are independent
and they are independently, identically and normally distributed as Np(0,Σx) and
Np(0,Σv), respectively. We use an n × p matrix Yn = (y

′
i) and consider the dis-

tribution of np × 1 random vector (y
′
1, · · · ,y

′
n)

′
. Given the initial condition y0, we

have

Yn ∼ Nn×p

(
1n · y

′

0, In ⊗Σv +CnC
′

n ⊗Σx

)
,(3.2)

where 1
′
n = (1, · · · , 1) and

Cn =


1 0 · · · 0 0
1 1 0 · · · 0
1 1 1 · · · 0
1 · · · 1 1 0
1 · · · 1 1 1


n×n

.(3.3)

Then given the initial condition y0 the maximum likelihood (ML) estimator can be
defined as the solution of maximizing the log-likelihood function except a constant
as

L∗
n = log |In ⊗Σv +CnC

′

n ⊗Σx|−1/2 − 1

2
[vec(Yn − Ȳ0)

′
]
′
[In ⊗Σv +CnC

′

n ⊗Σx]
−1

×[vec(Yn − Ȳ0)
′
]
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and
Ȳ0 = 1n · y

′

0 .(3.4)

We transform Yn to Zn (= (z
′
k)) by

Zn = PnC
−1
n

(
Yn − Ȳ0

)
(3.5)

where

C−1
n =


1 0 · · · 0 0
−1 1 0 · · · 0
0 −1 1 0 · · ·
0 0 −1 1 0
0 0 0 −1 1


n×n

,(3.6)

Pn = (p
(n)
jk ) , p

(n)
jk =

√√√√ 2

n+ 1
2

cos
[

2π

2n+ 1
(k − 1

2
)(j − 1

2
)
]
.(3.7)

By using the spectral decomposition C−1
n C

′−1
n = PnDnP

′
n and Dn is a diagonal

matrix with the k-th element

dk = 2[1− cos(π(
2k − 1

2n+ 1
))] (k = 1, · · · , n) .

Then the log-likelihood function is proportional to

Ln =
n∑

k=1

log |aknΣv +Σx|−1/2 − 1

2

n∑
k=1

z
′

k[aknΣv +Σx]
−1zk ,(3.8)

where

akn (= dk) = 4 sin2

[
π

2

(
2k − 1

2n+ 1

)]
(k = 1, · · · , n) .(3.9)

Since we are dealing with the errors-in-variables model, there is an issue if we can
identify the structural equation of our interest. When xi are i.i.d. random variables,
for instance, the coefficient parameters are not identified without some further re-
strictions. In the classical case we need to impose some conditions on the covariance
matrix (such as the homoscedasticity and zero covariance) when we have the func-
tional relationship model in Example 1 except xi (= µi ; i = 1, · · · , n) with

1

n

n∑
i=1

µ2
i

p−→ σ2
x .(3.10)

(See Fuller (1987) for instance.) Here we say that the parameter vector θ (= (θj))

is identified if θ ̸= θ′
implies that Ln(θ) ̸= Ln(θ

′
).

We illustrate our arguments on the likelihood function when q = 1. We take θ (= b)
and apply the matrix formulae that for a positive definite A we have

|A+ bb
′| = |A|[1 + b

′
A−1b]
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and
[A+ bb

′
]−1 = A−1 −A−1b[1 + b

′
A−1b]−1b

′
A−1

for A = aknΣv (k = 1, · · · , n), b = σµΠ and b∗ = Σ−1
v σµΠ.

Then Ln is proportional to (-1/2) times

L1n =
n∑

k=1

[
log |Σv|+ log(akn + b

′
Σ−1

v b) + a−1
knz

′

kΣ
−1
v zk −

a−1
kn (z

′
kΣ

−1
v b)2

akn + b′Σ−1
v b

]
.(3.11)

We notice that L1n is a concave function of Σ−1
v and

n∑
k=1

(z
′
kΣ

−1
v b)2

a2kn + aknb
′Σ−1

v b
= b

′

∗

n∑
k=1

[
1

akn(akn + c)
zkz

′

k]b∗ ,

where we set b
′
Σ−1

v b = c. Then given b
′
∗Σvb∗ = c, it is a quadratic form and its

minimum is the smallest characteristic root. Thus we have the next results.

Proposition 1 : Under the above assumptions, the structural parameter θ (i.e. B)
is identified (up to a normalization).

Given the initial condition y0, the unconditional maximum likelihood (ML) estima-
tor can be defined as the solution of maximizing the log-likelihood function.

Proposition 2 : Under the above assumptions, there exists a unique ML estimator
for B.

Next, given b
′
Σ−1

v b = b
′
∗Σvb∗ = c (a constant), we approximate L1n of the

function of Σv and b∗. If we use

Σv =
1

n

n∑
k=n

a−1
knzkz

′

k ,(3.12)

and 1/[akn(akn+c)] = (1/c)[1/akn−1/(akn+c)], then given b
′
∗Σvb∗ = c, the problem

becomes to find a minimum of

b
′

∗

n∑
k=1

[
1

akn + c
zkz

′

k]b∗ .(3.13)

Then it may be natural to use the minimization of

1

c
b

′

∗Amb∗ (s.t. b
′

∗Σvb∗ = c,Am =
mn∑
k=1

zkz
′

k ),(3.14)

where we use the fact that c < akn + c < 4 + c and akn ∼ O(1/n) when kn = o(1).
It is straightforward to extend the above likelihood analysis to the cases for more
general q (q ≤ p).
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4. Macro-SIML Estimation

The exact ML estimator of unknown parameters is a rather complicated func-
tion of all observations and it may depend crucially on the underlying assumptions
including the Gaussianity. Then we need a simple robust procedure such that the
assumptions of Gaussianity and the specifications of each components are not crucial
for the estimation results.

Let denote akn,n and then we can evaluate that akn,n → 0 as n → ∞ when
kn = O(nα) (0 < α < 1) since sin x ∼ x as x → 0. When kn is small, we expect
that akn,n is small. Then the separating information maximum likelihood (SIML)

estimator of Σ̂x is defined by

Σ̂x,SIML =
1

mn

mn∑
k=1

zkz
′

k .(4.1)

(We need to use a consistent estimator for Σv.) For Σ̂x, the number of terms
mn should be dependent on n. Then we need the order requirement that mn =
O(nα) (0 < α < 1).

It may be natural to use the sample quantities Σ̂x (= ((1/mn)
∑mn

k=1 zikzjk))
order to make statistical inference on Σx. The estimation of the Pearson-correlation
coefficent is a typical case, which is given by

ρ̂ij =

∑mn
k=1 zikzjk√∑mn

k=1 z
2
ik

√∑mn
k=1 z

2
jk

.(4.2)

Furthermore, we consider the estimation of the structural relationships in the non-
stationary time series process satisfying (3.1). Hewe we notice that the present
statistical problem could be regarded as the estimation of structural relationships
with the covariance matrix Σx(θ) with θ being the vector of parameters. In the
standard statistical multivariate analysis Anderson (1984) discussed the statistical
models of estimating structural relationships among a set of variables and we have
n independent observations on the underlying variables.

We return to the case when q = 1. By using the arguments on the likelihood
function, it may be natural to consider the characteristic equation[

Σ−1
v Σ̂xΣ

−1
v − λΣ−1

v

]
b = 0 ,(4.3)

where λ is the (scalar) characteristic root. By using the relation b∗ = Σ−1
v b and we

can represent [
Σ̂x − λΣv

]
b∗ = 0 .(4.4)
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If we take the smallest eigen-value and we take Σ̂v,SIML, we have the b∗,SIML.
Also under a set of regularity conditions we have that the smallest eigen-value

λ1 −→ 0 (in probability)(4.5)

as n → ∞. Then we may use the SILS (Separating Information Least Squares)
method by solving

Σ̂xb∗,SILS = 0 .(4.6)

When p = 2, q = 1, β = (1,−β2)
′
and Π = (β2, 1)

′
(Σv = σ2

vI2) in Example 1, then
the SILS estimation becomes

β̂2 =

∑mn
k=1 z1kz2k∑mn
k=1 z

2
2k

,(4.7)

which is the regression coefficient of the first transformed variable on the second
transformed variable in zk (= (z1k, z2k)

′
) (k = 1, · · · ,mn).

Some Remarks :
By using the SIML procedure, it is also straightforward to investigate the several
structural relationships among trend variables at the same time. The SIML esti-
mation can be defined by the smaller q (≤ p) roots and the corresponding q (≤ p)
vectors of the characteristic equation. It may correspond to the standard situation
in the statistical multivariate analysis except the fact that the classical multivari-
ate analysis was based on the case when the observations are realizations of i.i.d.
random variables without seasonality as well as non-stationarity in time series data
sets.

We have done several simulations which are given in Appendix. The data length
is 80, the number of simulations is 3000, α = 0.6, and mn = nα in each case.
In fugures cor = 0.9 means the true correlation coefficient (= .9) among the trend
components and cor is the SIML estimate. (vol1 is the correlation estimate based on
the first differenced data and vol4 is the correlation estimate based on the seasonal
differenced data with s = 4.)

When we have the basic model with the trend and noise components without the
seasonal and cycle components, the optimal choice of mn = nα would be α = 0.8,
but it seems that the choice of α = 0.6 would appropriate for the robustness of the
results when we have seasonality as well as non-stationary trends.

5. Further Thoughts

Let s
′
i = (s1i, · · · , spi) be the vector of the seasonal components, which are indepen-

dent of vi. Then we have
yi = si + vi(5.1)

where si are a sequence of seasonal components with E(w(s)
i ) = 0 and E(w(s)

i w
(s)′

i ) =

Σs with ∆ssi = si − si−s = w
(s)
i (s ≥ 2). We assume that Σs is positive definite

7



and finite. When we transform the observed data by using the seasonal difference
operator, we have

(1− Ls)yi = w
(s)
i + (1− Ls)vi .(5.2)

For the seasonal transformation let n = ms (s ≥ 2) and transform Yn to Z(s)
n (=

(z
(s)′

k )) by

Z(s)
n = P(s)

n C(s)−1
n

(
Yn − Ȳ0

)
(5.3)

where C(s)−1
n = C−1

m ⊗ Is and

C−1
m =


1 0 · · · 0 0
−1 1 0 · · · 0
0 −1 1 0 · · ·
0 0 −1 1 0
0 0 0 −1 1


m×m

,(5.4)

P(s)
n = Pm ⊗ Is .(5.5)

By using the spectral decomposition C(s)−1
n C(s)′−1

n = (Pm ⊗ Is)(D
(s)
m ⊗ Is)(P

′
m ⊗ Is)

and D(s)
m is a diagonal matrix with

akm = 2[1− cos(π(
2k − 1

2m+ 1
))] = 4 sin2(π/2)[(2k − 1)/(2m+ 1)] (k = 1, · · · ,m)

with the s multiplicities.
Then we can develop the likelihood analysis as the case when s = 1.

We consider the case when we have

yi = xi + si + vi(5.6)

where xi are a sequence of trend components and si are a sequence of seasonal
components. When we transform the observed data by using the seasonal difference
operator, we have

(1− Ls)yi = (1 + L+ · · ·+ Ls−1)∆xi + (1− Ls)si + (1− Ls)vi .(5.7)

Then there can be alternative possibilities of transformations of Yn, but we may

use Z(s)∗
n (= (z

(s)∗′
k )) by

Z(s)∗
n = PnC

(s)−1
n

(
Yn − Ȳ0

)
.(5.8)

It seems that the likelihood analysis can be extended by using the orthogonality
relations with components of p

(n)
jk . Let

Λn = (λjk) =



1 0 · · · 0 0
... 1 0 · · · 0
1 1 1 · · · 0
0 · · · 1 1 0
0 · · · 1 · · · 1


n×n

(5.9)
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and
P∗

n = (p∗jk) = PnΛn .(5.10)

Then
n∑

j=1

p∗kjp
∗
k′ ,j ∼ δ(k, k

′
)
sin2 π

2
2k−1
2n+1

s

sin2 π
2
2k−1
2n+1

∼ s2δ(k, k
′
)(5.11)

when k/n → 0.

We consider the general case when we have

yi = xi + si + ci + vi(5.12)

where xi are a sequence of trend components, si are a sequence of seasonal compo-
nents and ci are a sequence of cycle components. When we transform the observed
data by using the seasonal difference operator, we have

(1− Ls)yi = (1 + L+ · · ·+ Ls−1)∆xi +w
(s)
i + (1− Ls)ci + (1− Ls)vi(5.13)

with (1− Ls)si = w
(s)
i .

Then again there are alternative possibilities of transformations of Yn, but we may

use Z(s)∗
n (= (z

(s)∗′
k )) by

Z(s)∗
n = PnC

(s)−1
n

(
Yn − Ȳ0

)
.(5.14)

It seems that the likelihood analysis can be extended in the second case by using
the orthogonality relations with components of p

(n)
jk . Let

P∗∗
n = (p∗∗jk) = Pn(C

−1
m ⊗ Is) .(5.15)

Then
n−s∑
j=1

p∗∗kjp
∗∗
k′ ,j ∼ 4 sin2[

π

2

2k − 1

2n+ 1
s](5.16)

when k = k
′
. When k ̸= k

′
,

n−s∑
j=1

p∗∗kjp
∗∗
k′ ,j ∼ O(

1

n
) .(5.17)

Also for any finite l we have

n−s−l∑
j=1

p∗∗kjp
∗∗
k′ ,j+l ∼ O(

1

n
)(5.18)

we find that the covariances of the transformed cycle compotents (c∗k) = P∗∗
n (cj) are

Cov(c∗j , c
∗
j
′ ) = ρ|j−j

′ | ×O(
1

n
)(5.19)

with |ρ| < 1.
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Appendix: Some Figures   

Quarterly Data alpha=0.6
n=80 nsim=3000

With Noise, no Seaonality

cor=0.9 cor vol4 vol1
mean 0.852227 0.732646 0.491137
SD 0.087745 0.075951 0.094544

cor=0.0 cor vol4 vol1
mean 0.007154 0.003388 0.001042
SD 0.277539 0.16811 0.119081

With noise and seasonality
cor=0.9 cor vol4 vol1
mean 0.805092 0.662977 0.133043
SD 0.118186 0.088369 0.295366

cor=0.0 cor vol4 vol1
mean -0.00689 2.59E-03 0.004784
SD 0.278001 1.62E-01 0.287285

With noise, seasonality and outlier
cor=0.9 cor vol4 vol1
mean 0.584384 0.308292 0.063187
SD 0.209764 0.13995 0.217537

cor=0.0 cor vol4 vol1
mean 0.005651 0.004289 -0.00455
SD 0.275338 0.128497 0.210767
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With noise and changing seasonality
cor=0.9 cor vol4 vol1
mean 0.672386 0.344135 0.033535
SD 0.196482 0.184532 0.190742

cor=0.0 cor vol4 vol1
mean 0.002128 0.001937 0.002259
SD 0.283569 0.148525 0.183541

With noise, seasonality,outlier and changing seasonality
cor=0.9 cor vol4 vol1
mean 0.491676 0.184133 0.019022
SD 0.244269 0.152994 0.160183

cor=0.0 cor vol4 vol1
mean -0.00467 0.000966 0.002659
SD 0.283498 0.133407 0.162206

With noise and seasonality
cor=0.0 cor vol4 vol1
mean 0.044796 0.083241 0.673487
SD 0.282269 0.165334 0.237343
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問題の提起 
• 都道府県別時系列の季節調整 
• 都道府県別時系列を集計して定義される地
域別時系列(cf. 東北ブロック)の季節調整 

• 両者は独立した統計処理 
• 都道府県別季節調整済系列の合算と、地域
別時系列に対する季調結果の不一致 

• 両者の季調済系列間に何らかの整合性を持
たせる必要があるのでは?  



自然な制約～2変量を例に 



自然な制約(続) 



データ 
• 職業安定業務統計 有効求人数(原系列) 

– 厚生労働省 

• 青森県、岩手県、その合算を考える 
• 1978年1月～2012年12月(時系列長420) 



青森県の一変量解析 
EJO Aomori stochastic level 
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岩手県の一変量解析 
EJO Iwate stochastic level 
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青森+岩手合算系列の一変量解析 
EJO Aomori+Iwate stochastic level 
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多変量状態空間モデル 
観測方程式 

状態方程式 システムノイズ、観測ノイズの分散共分散行列は対角を仮定 



(暫定的な)解析結果 



考察 
• 集計系列と、基礎となる個別系列間で整合性
ある季節調整を考えたいが、観測ベクトル自
体はおのずと完全多重共線状態。 

• 個別モデルを束ねて形式的に多変量状態空
間モデルとして推定してもパラメータが非現
実的に大きくなりうまくいかない。完全多重共
線かつ自由度が高すぎ。 

• 制約(ファクター型の構造)が足りない?  



考察(続)：まとめに代えて 
• システムノイズの次元落ちに関する丁寧な探
索が必要だと、手間がかかりすぎて実用的と
は言えない 

• 不規則変動部分は(状態変数でないので)ファ
クター流にモデル化しづらい 

• 観測ノイズは対角を仮定しているが推定して
みると対角とは言いがたい。直交化は可能だ
が季節調整の解釈に問題は生じないか? 
– Nishio (2002) FTSM3 




