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Ruin theory and recent developments
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Insurance risk theory Ruin theory

Insurance Risk Models

@ Objective: quantify and analyze the risk of insolvency associated with
insurance business.
o Model setup: X; = A; — L; (risk process)
o Assets A = (A¢)t>0 (incoming cash flows):
Initial surplus, premium income, investment income, ...
o Liabilities L = (L;):>0 (outgoing cash flow):
Claim payments, dividends, expenses, ...

o Risk measures: X0
e Ruin probability: PX(Xo = x) =1, 4

P(x) =P (10 < 00).
o Distribution of “severity” of ruin:

o(x; u,v)
=P (Xrp_ < u,|Xry| < v, 7m0 < 00).

7o = inf{X(t) < 0}
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(NENMENINE Sl Classical model

Classical ruin theory
Cramér-Lundberg model- classical model; Lundberg (1903, Ph.D Thesis):

P.Lundberg

x > 0: initial surplus.

¢ > 0: premium rate.

N; ~ Po(At): a number of claims.
Y: € Q: IID; ith claim size.

Main concern:

\4
~

P(x) = P(1p < o0).
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(NENMENINE Sl Classical model

Classical tools for analysis of “ruin”

Let T > 0 and distinguish the following 3 cases:
@ No claim in (0, T) (not ruin): probability e=*7.

@ First claim occurs in [t, t + dt) with t < T: probability Ae ™t dt

its amount is y < x + ¢T: (not ruin)

© First claim occurs in [t, t + dt) with t < T: probability Ae™*t dt

its amount is y > x + ¢T: (ruin)

Y.Shimizu (Osaka University) Ruin to Default December 26, 2013
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(NENMENINE Sl Classical model

@ Distinguish the cases: for any T > 0,

¥(x) = e *p(x + cT) (1. no claim)

T xX—+ct
+ / e Mt dt/ Y(x + ct —y) Q(dy)
0 0

(2. first claim t < T, y < u+ct)

T [e%s)
+ / e M dt Q(dy)
0

x+ct
(3. first claim t < T, but y > u + ct)

o Take % on both sides, and set T = 0: Integro-differential equation,

e/ (x) + A /0 T — y) — 6] Q(dy) + AQ(x) = 0.

Y.Shimizu (Osaka University) Ruin to Default December 26, 2013
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(NENMENINE Sl Classical model

Making some computations, we have a renewal-type equation:

V) = 21+ Q100 + 2T, 0,

where:
o Tof(x) =¥ [ e ¥f(y)dy: Dickson-Hipp operator,
o p> 0. Solution to the Lundberg fundamental equation:

log EX[e#4)] = cp + A / (9% — 1) Q(dz) = 0.
0
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(LEMENICNGEIR IS Gerber-Shiu functions

Recent development of ruin theory

Expected discounted penalty function (Gerber and Shiu, 1998, NAAJ):

¢(X) =E~ [6_5T0 W(XTO—’ |XT0|)1{To<oo}] ,
where:
e 7o :=inf{t > 0|X; < 0}: Time of ruin.
o w : R?2 = R: “Penalty” depending on surplus prior to ruin and deficit at ruin.

@ Expected Present Value (EPV) of risk at ruin.
o Gerber-Shiu function.
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(NEMENC NS SN Gerber-Shiu functions

Example (Gerber-Shiu functions)
00=0; w=1: ¢(x) =P*(r0 < 00).
© 0=0; w(x,y) = lix<uy<v): a (defective) density of (Xr,—,|X5]):

o(x; du, dv) = P*(X;, € du,|X,| € dv, 70 < 0).

@ §>0; w=(ax+ By)k: the kth-order (discounted) moment of a claim
causing ruin: «, 8 € R,

o(x; a, B) = EX [e*‘ST“(ozXTU_ + ,B|X7-0|)k1(7'0 < oo)] .
e §>0; w(x,y)=e *~": moment generating function of (79, Xr,—, | Xs|):
§(xi8,€,m) = E* [~ X0t (7 < oc)| (5,6, > 0).

@ e.g., option pricing, dividend strategy, capital injection, ...; Gerber and Shiu
(1998a,b), Cai et al. (2009a,b,c), Eisenberg and Schmidli (2011), etc.
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(LEVTENICNE S CIAN  Gerber-Shiu functions

Risk measures by Gerber-Shiu function

@ VaR-type risk measure due to G-S risks:
Ve :=inf{x > 0] ¢(x) < €},

the minimum requirement of G-S risk does not exceed the level € > 0.
0eg,d=0, wix,y)=1(y > z) in ¢,

¢(X;Z) =P (|X7‘0| >z, 70 < OO),
the tail function of the Deficit at Ruin:
DaR,(x) :=inf{z > 0|¢(x;z) < 1—a}.

so-called “VaR at ruin” when the initial capital is x > 0.
@ Solve x, = DaR,(xa), then

Xq: Surplus level to cover the deficit at ruin with 100a%

Y.Shimizu (Osaka University) Ruin to Default December 26, 2013
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Part 1l

“Ruin” to “Default”
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Generalization INHGIEEH]

Generalized risk process
Lévy insurance risk: spectrally negative Lévy process

Xt:X+Ct+O'Wt—St,

e W: Wiener process, (o > 0: const.)
o Uncertainty of income process; Dufresne and Gerber (1991),
@ S: Subordinator,

e Pure jump Lévy process with increasing path, possibly infinite activity,
representing frequent “small” claims, costs, etc;
Huzack et al. (2004), Biffis and Morales (2011), etc.

o Lévy characteristics:

E[e"*] = exp (t /0 oo(e"“ —1)u(z2) dz) ,

where v: Lévy density with [ zv(z) dz < co.

@ Time of Ruin:
70 := inf{t > 0|X; < 0}.
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Generalization INHGIEEH]

Connection to Credit Risk Modeling

Firm's asset value (or stock price) process:
Vi = Woexp (ct + o Wi — S;),

“Geometric” spectrally negative Lévy process,

e Madan and Schoutens (2008; J. of Credit Risk): It reasonably includes jumps
and incorporates skewness in the underlying return distribution. A firm's
asset value is exposed to shocks (represented by negative jumps), which is
the main concern in risk management practice.

e Carr et al. (2002; J. of Business): risk-neutral processes for equity prices
should be processes of infinite activity and finite variation.

e Time of Default (structural model):
T4 = inf{t > 0|X; < d}, deR,

where X; := log V4, x := log V.
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Generalization NS S{TIEEN]

“Ruin” to “Default”

Time of default:

=inf{t > 0|X; < d}, deR,

“Default-related” quantities:

Td
Ha(x) = EX [/ e I(Xz) dt} 1>ay,
0

a ‘path-dependent penalty up to default”.

@ G-S function due to default:
da(x) =B [e ™ w(Xr,_, | Xy N {ryccc}] s x> d,

is given by /(x) = w(0,0)eq(x) + [ w(x,z — x)v(z) dz.
@ As w =1, = 0: probability of default

Ya(x) =P (14 < ), x>d.

@ Hence g C ¢g C Hy.
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Generalization Example

Example (Total costs due to claims up to default)

@ Suppose that dealing with a claim at time t costs C(X;—, X;), where C is a
positive cost function.

@ EPV of total costs up to time T is given by

Hy(x; T) = EX Z ef‘;tC(Xt—,Xt)l{Ax»o}

0<t<7TyAT
T4NT (e%e]
=[E~¥ l/ / e Ot C(Xem, Xe— — 2)1(2) dzdt] .
0 0

o As T — oo,

Holx) = Jim_Hy(u; T) = X [/0 e3t/(X,) dt] ,

where /(x) = [©

C(x,x — z)v(z) dz.
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Part 1l

Some representations for “Default-related quantities”
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Theorems [M|v]=

Integro-differential equation

Theorem (Integro-differential Eq.)

Suppose that | is continuous on (d, o) except for a countable set of
discontinuities D such that

Td
E~ [/ e Ot|1( X)) dt] < oo forall x> d,
0

and that Hy has the bounded second derivative on (d,o0) N D€. Then Hy is the
solution to the following integro-differential equation:

(A—=9)Hq(x) = —I(x), x€(d,o0)Nn DS,

where

Af(x) = cf’(x) + %f”(x) + /Ooo[f(x —z) — f(x) + zf'(x)]v(z2) dz.
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Theorems BN

Renewal type equation
Let

Exf() = [ dy Tt = [T e i)y
0 X

Theorem (Defective renewal Eq.)

Suppose the same assumptions as in the previous, and the net profit condition:
¢ > [;7 zv(z) dz, and 0 > 0. Then Hy satisfies the following (defective) renewal
equation:

x—d
Ha(x) = hi(x) + / Hi(x - )e0) dy, x> d,

where
2
h(x) = ZETH0x) + [Hd(d) 2 g5 Toi(d)| &80,
2
£0) = ZET(x),

B =2c/a® + p and p is a solution to the Lundberg fundamental equation:

V(p) := log E*[e"P17] = 4.
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Theorems BN

Remarks |

e As g% > 0:
o Hg(d) = 0 if 1(0) < oco.
o Hqy(d) = w(0,0) in G-S cases.

e As 02 =0, Hy(d) is not clear (depending on the case): e.g.,
Hd(X) = PX(Td < OO),
1 oo
Hy(d) = —/ v(z,00) dz
0
e Case of 02 = 0 is obtained by ¢ — 0:

1
c

o(x) = —[¢>*7'1/](X) Tpl(x),

. 2 1
since ;c‘,’gf(x) — Ef(x).
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Theorems BN

Remarks I

@ Series representation:

Hy = h+gxHy
= h,+g*[h,+g*Hd]:h,+g*h,+g*2*Hd

— hl % Zg*n
n=0
1 x—d
= — hi(x — y)Gs(dy),
5 [ = yGilay)
where Gs: Compound Geometric Distribution s.t.

Go(x) = (1 - p)+ 3 (1 - p)p* / 03 (x) dx,

X
0

Y.Shimizu (Osaka University) Ruin to Default December 26, 2013

21 /31



Theorems BN

Corollary (Compound geometric representation)

Ha(x) = 1%pxﬁ[h,(x “Y) x>d,

where Y = Uy + -+ - + Un; Ui ~ gs(x) dx (iid), N ~ Geo(p).

Corollary (Fourier transform)

_ Fl(s) = LI(p) + Ha(d)(p + is)o?/2
d — W(is) ’

fHd(s)

s € R,

where

Ff(s) = /R f(x)e™ dx, Lf(s)= /O h f(x)e™ dx,

2 o0
V(is) = isc + %52 - / (e — 1) v(dx).
0
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Theorems BN

Corollary (Large initial capital)
Suppose that, for Ry > 0,

/ eMu(z) dz < 00, (light — tailed)
0

and that there exists the negative solution —R € (—Ro,0) to the Lundberg fundamental
equation:

2 [e]
W(—R) = —cR + %RZ +/ (e® — 1)u(z) dz = 5,
0

and Then we have
fo “) du —R(x—d)

e
Jo B ’

Ha(x) ~ X — 00,

where
A(u) = &R {%Eﬁﬁ/(u) aF [Hd(d) + %55773/(0')] e*Bu} 7

B(u) = ue® *&sTp v(u)-
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Part IV

Connection to Lévy fluctuation theory
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Scale function

o First passage problem for Lévy process: e.g., Kyprianou (2006).

@ JO-scale function is defined via

o0 R 1
—sx /(%) — )
/0 e (x) dx () =3’ s> p,

where p > 0: W(p) = ¢ (Lundberg fundamental equation).
o Linking to “Potential Measure”: U(‘s)(dx) =E (/ e_‘”l(xtedx) dt).
0

@ Our target Hy has a representation via the scale function.

@ Recently, scale functions for various spectrally negative Lévy processes are
explicitly known; see, e.g., Hubalek and Kyprianou (2011).
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Example (Scale functions)
o BM: X; = ut + oW,

WO®(x) = \/ﬁeﬂ“‘/"z sinh (%\/2502 + u) , x>0.

o CPP with Exp.Jumps: X; = ct — Zf\il Y: with Y; ~ Exp(1/u), N ~ Po(At)

_ (pHp)er = (utpT)er X
V2 +4cpd 7
where pt = (r £ /r2 + 4cud)/2c, r= A+ 6 — cp.
@ s.n. [-stable process with 3 € (1,2): log E[e?%:] = e

x>0

)

W(é)(x)

WO (x) = BxP1E}(6x7), x>0,

where Eg(z) = >, zX/T(1 + Bk): the Mittag-Leffler function.
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Fluctuation-theoretic solution

Theorem (via the scale function)

Let W) be the scale function of the risk process X = (X;):>0, and suppose that
the corresponding d-scale function W®) js differentiable. Then

x—d 2
Ha(x) = / T,l(x — y) K(dx) + %K[O,x —d), x>d
0
where ;
K(dx) = {WW(O)EO(X) + d—w<5)(x) + pWO(x)| dx.
X
o It is well known that the ruin probability
PY(x) =P (10 < 00) = 1 — W (0+)WO)(x).

@ For the classical G-S function: see, e.g., Biffis and Kyprianou (2011).
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Example (Total costs due to claims up to default)

e Total costs up to 74: for I(x) = [~ C(x,x — z)v(z) dz,

Hy(x) := EX [/0” e %t(X,) dt} :

@ Suppose, e.g., C(x,y) = a(x—y) for a € (0,1) (100a%-cost for each claim):

I(x) = a/ooo 20(2) dz = fia,

@ Then M
Hq(x) = Ta (1 —E<¢ [6_67-01{.,-0<00}]) g
the last term is the “Gerber-Shiu function” ¢(x — d), which is easily
computed.

@ In particular,
x—d

Ha(x) = o (% W —d) - [

W (y) dy) :
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Part V

Concluding remarks
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Concluding remarks

@ We consider a generalized insurance risk process using spectrally negative
Lévy processes.

@ Beyond the classical insurance ruin theory, we consider “default-related
quantities”, which is EPVs of (path-dependent) default risks under the
general s.n. Lévy risks.

@ We obtain several representations for quantities of interest: from classical
analytical ways to modern fluctuation-theoretic argument.

@ Those results are possibly applied to the “credit risk” problems.

@ Statistical inference and more reasonable approximations for those quantities
are future issues.
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