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Abstract

This paper presents a new asset pricing model incorporating fundamental uncer-
tainties by choice of a probability measure. This approach is novel in that we in-
corporate uncertainties on Brownian motions describing risks into the existing asset
pricing model. Particularly, we show extensions of interest rate models to the ones with
uncertainties on the Brownian motions, which make the yield curve reflect not only
economic factors but also views of the market participants on the Brownian motions.
Such yield curve models are especially important in yield curve trading of hedge funds
as well as monetary policy making of central banks under low interest rate environ-
ments observed after the global financial crisis, in which yield curves are less affected by
economic factors since they are controlled by the central banks, but are driven mainly
by sentiments of market participants.

Firstly, to model aggressive (positive)/conservative (cautious) attitudes towards
such fundamental uncertainties, we consider a sup-inf/inf-sup problem on the utility of
a representative agent with respect to uncertainties over Brownian motions, i.e. fun-
damental market risks, by choice of a probability measure. Secondly, we show that the
problem is solved via a backward-stochastic differential equations (BSDEs) approach.
Then, under a probability measure determined by solving the sup-inf/inf-sup problem,
we propose interest rate models with those uncertainties and explicitly obtain their
term structures of interest rates. Particularly, we present two approaches to solving
the relevant coupled forward-backward stochastic differential equations (FBSDEs) to
obtain expressions of the equilibrium interest rate and the term structure of interest
rates. In detail, the first approach is by comparison theorems, and the second approach
is to predetermine the signs of the volatilities of the BSDE in the coupled system and
confirm them by explicitly solving the separated BSDE. Finally, we present concrete
examples with numerical experiments.

1 Introduction

This paper presents a new asset pricing model incorporating fundamental uncertainties by
choice of a probability measure. This approach is novel in that we incorporate uncertainties
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on Brownian motions describing risks into the existing asset pricing model. Particularly,
we show extensions of interest rate models to the ones with uncertainties on the Brownian
motions, which make the yield curve reflect not only economic factors but also views on the
Brownian motions of the market participants. Such yield curve models are especially impor-
tant in yield curve trading of hedge funds as well as monetary policy making of central banks
under low interest rate environments observed after the global financial crisis, in which yield
curves are less affected by economic factors since they are controlled by the central banks, but
are driven mainly by sentiments of market participants. Specifically, we model the market
participants’ aggressive (positive)/conservative (cautious) attitudes towards uncertainties by
a sup-inf/inf-sup problem on an agent’s utility by choice of a probability measure. The prob-
lem reduces to solving a forward-backward stochastic differential equations. In the theory of
asset pricing with ambiguity, such as the methods of robust control in Hansen and Sargent
9] and the pricing with ambiguity in Chen and Epstein [5], only conservative attitudes of
the agent towards risks has been considered. However, in practice, aggressive attitudes of
the market about some risks are also reflected in asset prices. Moreover, the term structure
of interest rates in the recent global low interest environments are driven by those optimistic
and pessimistic sentiment of the market (e.g. see Nishimura-Sato-Takahashi [20]). As far
as we know, there has not been an asset pricing model considering both conservative and
aggressive sides. Our approach is also new in taking the both sides into account by means
of the change in probability measures.

“Market sentiment”, which is modeled as attitudes towards fundamental uncertainties,
that is, uncertainties about fundamental market risks represented by Brownian motions
in this paper, is frequently considered as an important factor for a determinant of asset
market prices. After the global financial crisis in 2007-2009, the financial markets have been
more driven by market sentiment rather than economic events. Particularly, in the global
recession after the crisis, central banks, such as Federal Reserve, European Central Bank,
and Bank of Japan, conducted monetary easing to lower interest rates (see Joyce et al. [11],
Szczerbowicz [25], and Ueda [26] for instance). Bank of Japan started yield curve control as
a monetary easing policy in 2016, which aims to control long-end interest rates, which had
been untouched by the central bank and determined solely by supply and demand in the bond
market (e.g. Bank of Japan [1]). The quantitative and qualitative monetary easing with yield
curve control by Bank of Japan gathered attention from other central banks as a new method
of monetary easing in low interest rate environments. In the low interest rate environments
in which the short-end of the yield curve is flat, the long-end of the yield curve is driven by
market sentiment and hedge funds actively trade betting on movements of the long-end of
the yield curve (e.g. McGeever [15]). Thus, it is important for central banks as well as hedge
funds to use interest rate models incorporating such sentiment, which is not explicitly utilized
in traditional term structure models of interest rates. This paper develops a foundation and
provides concrete examples of term structure models of interests with market sentiment, i.e.
conservative or aggressive attitudes towards fundamental uncertainties (uncertainties over
fundamental market risks).

Particularly, an idea behind the models is as follows: In an economic model where
risks are expressed by Brownian motions (a multi-dimensional Brownian motion), there may
exist a fundamental uncertainty, which is an uncertainty about a risk of each Brownian
motion and is represented by a stochastic process A; for the uncertainty corresponding to



the j-th risk (Brownian motion Bj). When there is a fundamental uncertainty about the
j-th risk, we only know the true j-th risk is one of {B}X; € A;} with B}, := Bj; —
fot Ajsds, 0 < t < oo given some set A;, and we cannot tell which is the true one. In
contrast, if \; = 0 (i.e. B]f\ = B;), there is no fundamental uncertainty about the j-th risk.
Here, ij\ is a Brownian motion under a new probability measure induced by ();); through
a change of a probability measure. (See the details for the following sections.) Further,
in order to model aggressive/conservative attitudes towards fundamental uncertainties, we
consider a sup-inf/inf-sup problem on a representative agent’s utility, who optimally choses
its probability measure through minimizing the utility with respect to the fundamental
uncertainty (A;) for the first Brownian motion (B;) while maximizing it with respect to
the fundamental uncertainty (A\a) for the second Brownian motion (Bs). Here, we assume
that the agent has a conservative (cautious) attitude towards taking a risk of one Brownian
motion say B; and an aggressive (positive) attitude towards a risk of a different Brownian
motion Bs, while there are no fundamental uncertainties about the risks associated with
the other Brownian motions. Hereafter, we call these two independent Brownian motions
market risks, and also refer to the fundamental uncertainties \;, j = 1,2, as uncertainties
over the market risks.

For example, B; and B, can be taken as Brownian motions associated with foreign
and domestic news, respectively. In such a case, the market, which is deemed to be the
agent, is cautious about taking risks related to the foreign news, while it has strong views on
risks associated with the domestic news, therefore is willing to take those risks aggressively.
Nishimura-Sato-Takahashi [20] estimates a term structure model with explicit sentiment
factors in a period including the global financial crisis, in which market confidence was
substantially eroded. In particular, it makes use of a large text data of market news to
obtain observations associated with sentiment factors. In the work, the market is cautious
about foreign risks, such as news on fiscal conditions of foreign countries and foreign exchange
rates, while it is aggressive about domestic risks, such as domestic business conditions. In
another instance, B; and By can be taken as Brownian motions related to foreign exchange
and stock news, respectively. This implies that the market is bearish about the views on
foreign exchange risks, however is bullish about taking equity risks.

Specifically, we take a BSDE approach to solve a sup-inf/inf-sup problem arising from
a model that incorporates conservative and aggressive attitudes towards risks. Then, we
consider asset pricing under the probability measure of the agent, which is described as a
result of the sup-inf/inf-sup problem, and show that the interest rate is obtained by solving
a system of FBSDEs. To the best of our knowledge, this is the first attempt to rigorously
develop interest rate models with fundamental uncertainties based on a BSDE approach.
Also, we provide cases in which the system of FSBDEs reduces to a combination of a BSDE
and forward SDEs.

Furthermore, we present an example of the interest rate model with fundamental uncer-
tainties, which is deterministic without these uncertainties. In this case, the uncertainties are
the only sources of the randomness in the short rate and the yield curve movements. Such a
model is particularly important in low interest rate environments, in which the yield curve
moves mainly by uncertainties over market risks. For instance, Bank of Japan introduced
yield curve control in their monetary policy in 2016 for further monetary easing in a low



interest rate environment (e.g. Bank of Japan [1]). Also, in low interest rate environments,
hedge funds actively trade on yield curves (e.g. McGeever[15]). This model helps central
banks effectively control yield curves and hedge funds trade on the movements of the curves.

While the theories of robust control (e.g. Hansen and Sargent [9]) and ambiguity in Chen
and Epstein [5] consider the conservative side in their utility maximization problems, our
study takes both aggressive (positive) and conservative (cautious) attitudes of the represen-
tative agent into pricing and derive expressions of an equilibrium interest rate and its yield
curve under uncertainties over different market risks. Moreover, we present conditions with
which the system of FBSDEs reduces to a combination of a BSDE and forward SDEs, and
solve the system to obtain explicit expressions of the equilibrium interest rate and market
price of risks for concrete utilities. Furthermore, we consider cases in which fundamental
uncertainties increase as the market risks grow, which is expressed by the ranges of the
representative agent’s uncertainties about Brownian motions varying in accordance with the
state-variable processes describing the risks.

For other financial applications of optimal control, Gao et al.[7] consider a problem of
hedging risk exposure to imperfectly liquid stock by investing in put options. Chronopoulos
et al.[2] propose an analytical real options framework that incorporates major components
relevant to cybersecurity practice. Gao et al.[6] investigate an uncertain stock model by
uncertain differential equations involved by a Liu process. Wu and Chung [27] propose a
new approach for options trading based on Kelly criterion. Calafiore [3] deals with optimal
allocation of a portfolio by a data-driven approach computing the portfolio composition di-
rectly from historical data by a min-max based portfolio selection rule. Mukuddem-Petersen
and Petersen [17] consider optimal risk management of banks in a stochastic dynamic set-
ting. Yiu et al. [28] investigate an optimal portfolio selection problem with regime switching
and value-at-risk constraint. Zhang et al. [30] study American option pricing by applying
augmented Lagrangian method to the corresponding variational inequality problem. Saito
and Takahashi [22] examine derivatives pricing under market impact through a stochastic
control problem solved by an asymptotic method. Saito and Takahashi [23] consider a lin-
ear quadratic stochastic differential game to investigate trading behaviors of three types of
players in high frequency stock markets.

This paper is organized as follows. After Section 2 introduces a model with fundamental
uncertainties, which is a sup-inf/inf-sup problem on a stochastic differential utility. Section
3 proves existence and uniqueness of a solution of BSDEs associated with the sup-inf/inf-
sup problem. Section 4 shows that the sup-inf/inf-sup problem reduces to solving of the
associated BSDE with stochastic Lipschitz coefficients. Section 5 presents expressions of
an equilibrium interest rate and yield curve. Section 6 provides a case with numerical
experiments, in which explicit expressions of the equilibrium interest rate are obtained by
comparison theorems. Section 7 shows that coupled FBSDEs under the agent’s probability
measure are separated into forward SDEs and a BSDE under certain conditions, and the
expressions of the equilibrium interest rate and the term structure of interest rates are
obtained for three types of stochastic differential utilities. Finally, Section 8 concludes.
Appendix shows the proofs and derivations omitted in the main text.



2 Sup-inf/inf-sup problem with respect to fundamen-
tal uncertainties

This section introduces a sup-inf problem arising from a model with fundamental uncertain-
ties, which incorporates conservative and aggressive attitudes towards risks.

First, we suppose that a filtered probability space (2, F, {F; }o<t<7, P) and a d-dimensional
Brownian motion B = (By,..., By) (d > 2) are given, where {F;}o<;<r is the augmentation
of the natural filtration generated by B, and we call P the physical measure, hereafter. Next,
for a R?-valued {F;}-progressively measurable processes A = (A;, \2), where Z;(\) defined
by

2 t 2 t
1
Zi(N) = exp{ E /0 N sdBj s — g 5/0 Aisds} (1)
j=1 i=1

is a martingale, we define a probability measure P2 by
PMA2(A) = E[Zp(\)14]; A € Fr, (2)

where, A\ and )y stand for uncertainties over the risks associated with Brownian motions
By and B,, respectively. We also define a set A as

A = {(A\, A2); Z()) is a martingale and |\ < |\i(t, X3)|, 0<t < T, j=1,2}, (3)

where \; : [0,T] x Rt — R (I > d), j = 1,2, are measurable functions and R'-valued
stochastic process X is a state variable satisfying a stochastic differential equation (SDE):
with p, 0, RI—= R j=1,2,....,d,

d
dX; = 1o (X)dt + ) 0,5(X)dB;,. (4)

=1

Hereafter, we assume that \; (j = 1,2) and X are exogenously given and that SDE (4) has
a unique strong solution.

Then, a representative agent who has a conservative (aggressive) view on Brownian mo-
tion Bj(Bs) supposes the worst (best) case. Thus, the agent implements optimization with
respect to A; (j = 1,2), that is, minimize (maximize) its utility with respect to A;(Ag).
In contrast, the agent has no uncertainties over risks represented by Brownian motions B;,
j =3, ,d,so that we have \; = 0. Then, B}™ = By, — [ A1 ids, Boi™ = By, — [ Ao ds
and B;‘l”\Q = Bj for j = 3,--- ,d are Brownian motions under the probability measure P*:*2
generated by a martingale Z(\) with A = (Aq, A2, 0, -+ ,0).

More concretely, given a consumption process ¢, an agent with a standard utility solves
the following problem:

T
sup inf BT [/ eﬁtu(Ct)dt} ., (B>0), (5)
0

Aa€As AMEAL(A2)



or

T
inf sup EP? {/ e‘ﬁtu(ct)dt} , (B>0), (6)
A1€AL A2€A2(A1) 0

where conservative and aggressive attitudes are expressed by infy, and sup,,, respectively.
Here, for (j,k = 1,2, k # j) we define A; and A;(\;) respectively as

Aj = {)\37 ’)\j,t| < |;\j,t<Xt)‘7 0 <t< T}, j = 1727 (7)
and

A (Ow) = {0V Nl < IN(X)], 0 <t < T, and Z((A1, A2)) is a martingale for given A, € Az}
for (j, k) = (1,2), (2, 1). (%)
More generally, let us define a representative agent’s stochastic differential utility (SDU,
continuous-time version of recursive utility. For an introduction of SDU, see Section 1.3 in

Ma and Yong [14] for instance) Y12 as follows: with an aggregator g : [0, 7] x C([0,T] —
RY) x REx R — R,

T
y = prie {6 + / g(s, B, X, Y )ds
t

ft], )

where ¢ is a bounded Fp-measurable random variable.
Next, let us set J(A1, \2) as

T, Ae) = Y20 (A, Ag) € A (10)
Then, we consider the following sup-inf and inf-sup problems:
e (sup-inf problem)

sup inf  J(A1, A2)

Ao€As AMEAT(A2)

T
— sup infMEP“’*Q {£+/ g(s,B,XS,S?I’*2)ds], (11)
2 0

Aa€As AEA(

e (inf-sup problem)

inf  sup  J(A1, Ae)

A€M A2€A2(A1)

T
— inf sup EPM {§+ / g(s,B,Xs,Y;\l’/\Q)dS], (12)
A1) 0

A€M A2€Aa(

where the representative agent is conservative about the uncertainty about B; and minimizes
the stochastic differential utility J(\;, A2) with respect to A;, and is aggressive about the
uncertainty about By and maximizes J(A1, A2) with respect to As.



3 BSDEs for the model with fundamental uncertain-
ties

In this section, we discuss backward stochastic differential equations (BSDEs) associated with

a model with fundamental uncertainties introduced in the previous section. Particularly, we

provide existence and uniqueness of solutions of those BSDEs under certain conditions in

Propositions 1 and 2.

First, since ZM22 (A1, \y) € A is a P-martingale, applying Girsanov’s theorem, we can
define a d-dimensional Brownian motion under PA1*2, BMA2 — (BpA2  BatA?) Ty

t
Bi\j&)@ = Bl,t - / A1,sd‘97
0
t
Bg‘j&”\Q = Bay —/ A2,sds,
0
BN =B, (3<j<d). (13)
Then, Y12 in (9) is characterized as a unique solution of the following BSDE:

d
AV = —g(t, B, X, ) dt + Y 2B

j=1

d
=- (g(t, B, X, Y) + A 2007 + Az,tzs,;’*") dt+Y Z3™dBy,, Y = ¢
j=1

(14)

Az
Namely, Y;""** is expressed as

T d r
}/t/\l,)\g _ § +/ 9(87 B’XS’}/S)\l,)\Q)dS — Z/ Z;:;)&dB;:;)&
t j=1 71

T d T
_ /t (g(s,B,Xs,YsAl’A?)+>\17Sijf2+>\27SZQA’};A2>ds—Z /1t Z)12dB;,.  (15)
j=1

In particular, we note that by taking a conditional expectation under P2 in both sides
of the first equality in (15), we obtain (9) if the Ito integral is a martingale.

The next proposition states that BSDE (14) ((15)) with stochastic Lipschitz coefficients
A1 and Ay has a unique solution under certain conditions.

Proposition 1. Suppose that SDE (4) has a unique strong solution and g : [0, T]xC([0,T] —
RY) x R' x R — R satisfies the following conditions: (i) g(t,w,z,0) is bounded. (ii) There
exists a constant L > 0 such that

\g(t,w,x,y) - g(t,(«d,x,y,)’ S L‘y - 3/’7
Yy, € R,z € R, w € C([0,T] — RY),t € [0,T). (16)



Suppose also that an exponential local martingale with progressively measurable processes \;
(J=12),

1 2 T 2 T
exp (‘52 /0 X ds+ ) /0 Aj,sdBj,s) (17)
j=1 j=1

15 a martingale and

E { sup |>\S|4} < 00. (18)

0<s<T

Then, BSDE

d
d}/t)\L)\2 = - (g<t7 B7 Xt7 1/;)\17/\2> + >\1,tZl)\,?)\2 + )\2,1522)\7}57)\2) dt + Z Z;:%’)\ZdBj,h
j=1

ypt =g, (19)

has a unique solution (Y 122 Z2A2) gych that

T
E [/ |Z§1’A2|2ds} < 00 (20)
0

and Y2 s uniformly bounded with respect to (t,w) € [0,T] x C([0,T] — R?).
Proof. See Appendix A.

Also, in the next proposition, we prove existence and uniqueness of a solution for a
BSDE that contains |Z{\1’)‘2\ and ]Z;‘l”\2| in the driver. The BSDE appears in solving sup-inf
problem (11) and inf-sup problem (12) in Section 4, where A\; and A in (14) ((15)) are given
by —| A (X)|sgn(Z;*?) and |Ao(X)|sgn(Z5*72), respectively,

Proposition 2. Suppose that SDE (4) has a unique strong solution and g : [0, T} xC([0,T] —
RY) x R' x R — R satisfies the following conditions: (i) g(t,w,z,0) is bounded. (ii) There
exists a constant L > 0 such that

lg(t,w, x,y) — g(t,w,z,9)| < Lly — 3/,
Yy, € R,z € R',w € C([0,T] = RY),t € [0,T).

If a weak version of Novikov’s condition (e.g. Corollary 3.5.14 in Karatzas and Shreve [12]);
there exists a partition of [0,T], 0 =ty <t; < --- <tnx =T, such that

2 t
1 [ <
exp <§ 5/ 1Aj,s<xs>2ds>] < o0, forall L <n<N. (1)
Jj=1 "

is satisfied for A\; and Ay and

E

b [, 1

0<s<T

< 00, (22)



BSDE
i B d
dy; " = — (gu, B, X0, Y% — M (XN Z03 ™+ (R ()] Za ™ \)) dt+y 7,y dBy,,
j=1

Yo =g, (23)

has a unique solution (Y 12 ZMA2) such that

T * *
E V | Z22|2ds
0

and Y122 s uniformly bounded with respect to (t,w) € [0,T] x C([0,T] — RY).

< 00 (24)

Proof. See Appendix B.

3.1 Examples of the state-variable process

In the following, we present two examples of a state-variable process in which the assumptions
(17) & (18) in Proposition 1 and (21) & (22) in Proposition 2 are satisfied.

Example 1. (Ornstein-Uhlenbeck process)

Suppose that \;(t, X;) = S\j,tXt, j = 1,2 for some R"!-valued bounded deterministic

functions A, = (/\g}t) . S\Elz), where S\St), . ,5\% > 0, and X; is a Rl-valued Ornstein-

Uhlenbeck process following a SDE:
dXt - (Kl,tXt + KQ#/)dt + Zz,tdBta (25)

where K¢, Koy, X, are bounded deterministic functions on [0, 7] taking their values on
R RIXL RIXA respectively. Then, the moment conditions (18) and (22) are clearly sat-
isfied. Moreover, an exponential local martingale (17) is a martingale, which is proved as
follows.

First, X; is expressed as (e.g. Eq. 5.6.6 in p.354 in Karatzas and Shreve [12])

t t
X, = d, {XOJF / O (s) Ky ods + / O ()8, (s)dB,| , (26)
0 0

where ®(t) is the fundamental solution of the [ x [ matrix ODE:

O(t) = K1,P(t), ©(0) = 1. (27)
Let Hy(w) = (A(w) A2r(w)). Note that

|Hy(w)]
< A (w)] 4 Az (w)]
AL X | A+ [ Ao | X

< (1Pl + ol ) sup (X, (28)
0<s<t



Since

sup |X,| < sup (|<1>3X0| ¥ \@s JRERGL
0

0<s<t 0<s<t

< sup (10,3 + \@s JRSCIR
0

0<s<t

. [ (1) (0)dB,

) + sup
0<s<t

| wewa,

+ sup Z |Ds ;5| sup

0<s<t ) St 0<s<t

7 (29)

setting

k= <|5‘1t| + |5‘2t|) max (SUP (|¢’3X0| + ‘(I)s/ q)_l(U)KQ,vdU
0

0<s<t

) 3 )

0<s<t
(30)

SSSh1<i i<n
) . (31)

Since ®~1(t)o,(t) is a bounded deterministic function on [0,7], by Lemma 15.5.7 in
Cohen and Elliott [4], for each 0 < s < T, there exists a positive constant a(s) such that

exp (a(s) )

Together with the fact that { [ ®~'(v)o,(v)dB, o<s<r i a martingale, by Example 15.5.6
in Cohen and Elliott [4], the exponential local martingale (17) is a martingale. We also
remark that a weak version of Novikov’s condition (21) is satisfied. (See Examples 15.5.6
and 15.5.3 in Cohen and Elliott [4].) O

Example 2. (Square-root process)

Suppose that |A;| < \(t, X;) = Nj/Xje, § = 1,2 for some bounded deterministic
functions S‘j,t > 0, and X, is a R?-valued square root process following a SDE:

we have

Hy(w)] < & (1+ sup

0<s<t

| o ez,

E < 0. (32)

| o ez,

de,t = (Clj,t — bj7th7t)dt + O':E,j,t\/Xj,tdBj,ty Xj70 =, > O, j = 1, 2, (33)

where a;;,b;4,04: 1 [0,7] = R are bounded functions with a;;,b;¢ > 0, 0, > ¢o, 0 <
t < T, j=1,2 for some ¢y > 0, and Bj, By are independent. Then, a weak version of
Novikov’s condition (21) is satisfied and exponential local martingale (17) is a martingale,
which follows from Theorem 3.2 in Shirakawa [24]. Moreover, the moment conditions (18)
and (22) are satisfied by Eq. 5.3.17 in Problem 5.3.15 in Karatzas and Shreve [12]. Notice
that existence and uniqueness of a strong solution of SDE (33) follow from Theorems 4.1.1,
4.2.3, and 4.2.4 in Tkeda and Watanabe [10] and Proposition 5.2.13 in Karatzas and Shreve
[12].
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4  Solution of sup-inf/inf-sup problem

We recall that A\; and A, represent deviation of the representative agent’s probability measure
PA22 from the physical measure P. Specifically, the relation between Brownian motions B;
and B, under the physical measure P and Brownian motions B} and B, under the
probability measure PM2 is

dBy, = dBYY™ + Ay dt,
dBy, = dByY™ + Ao dt, (34)

as described in (13).
Taking the conditional expectations under P2 with respect to F; in both sides of (34),
we obtain

EP 2By | F) = At
EP ™ [dBy | Fi] = Agdt, (35)

which implies that under the probability measure P12, dB;,; and dBj; are expected as
A1dt and Ao, dt, respectively.

Thus, the sup-inf (inf-sup) problem in (11)((12)) is considered to be an optimization to
determine the views on Brownian motions B; and B; so that the SDU is minimized with
respect to \; for given A9, and maximized with respect to Ay for given A;. In other words,
the representative agent is most conservative through the view \; on B for given )y, and
at the same time, most aggressive through the view Ay on B, for given ;.

For example, X; and X5 can be taken as foreign and domestic market news, respectively.
In this case, the market, which is considered to be the representative agent, is cautious about
risks related to the foreign news and becomes conservative about taking those risks, while the
market has a strong view on risks related to the domestic news and is willing to take those
risks aggressively. Similarly, X; and X, can be taken as foreign exchange and stock news,
respectively, which implies that the market is cautious about the foreign exchange risks,
however is bullish on the stock news. In either case, the representative agent becomes most
conservative through the view A\; on Brownian motion B; driving X;, but most aggressive
through the view Ay on Brownian motion By driving Xs.

This section shows that under certain conditions, sup-inf problem (11) is equivalent to
inf-sup problem (12), and these problems are solved by finding a solution of BSDE (23),
which is summarized in the following theorem.

Theorem 1. Let
N o AENE )
/\j,t = (_1)j|/\j7t<Xt)|Sgn(Z'l 2)7 (] = 17 2)7 (36)

J,t

and Yt/\T’)Q be a unique solution of BSDE (23). Suppose that a weak version of Novikov’s
condition (21) is satisfied for A\;(X), j = 1,2, and

E { sup | A"

0<s<T

< 0. (37)

Then, (A}, \5) attains the sup-inf in the problem (11), as well as the inf-sup in the problem

(12).
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Remark 1. In Ezamples 1 € 2 and Theorem 1, a weak version of Novikov’s condition (21)
is satisfied for \;(X), j = 1,2. This condition guarantees that for all A = (A, \g) with
N <IN XD, 0<t<T, j=1,2, {Z:(\) }o<i<r is a martingale. Thus, by (7) and (8),
Ai(N) = Ay, Aoy(N) = As. Also, for A defined by (3), we have A = Ay x A,.

Moreover, by Girsanov’s theorem, P2 in (2) is well-defined as a probability measure
and BMA2 in (13) is a d-dimensional Brownian motion under P2 for all X € A = Ay x A,.

We also note that, in Example 1, the control sets Ay and Ay are driven by the common
stochastic process X, while in Example 2, A1 and Ay depend on stochastic processes X1 and
Xo, which are independent, respectively.

Remark 2. Suppose that there are two agents C' and D with a common utility function.
The agent C is conservative on By with no fundamental uncertainty on B, i.e. Ay = 0,
while the agent D is aggressive on By with no fundamental uncertainty on By, i.e. Ay = 0.
Then, Theorem 1 can be considered to guarantee a Nash equilibrium for a two-person game,
in which each agent reflects his/her own view on the risk associated with a Brownian motion
By or By through optimally choosing the process Ay or Ay:

inf  sup J(A,A) = sup inf J(A, No).
AMEAL Npeha () ( ) A2€A2 (A1) MEA ( )

Proof.
Since A1(A2) = Ay and As(A\) = As by a weak version of Novikov’s condition (21) as in
Remark 1, in the following, we show that

ALAS : ALA : AL A
Yy 1% = sup inf Y7V = inf sup YR (38)
Ao€Ag AMEAL MEAL NyeN,

To prove this, it suffices to show that (A], A}) is a saddle point of J(A1, A2), meaning that
J()\T, )\2) < J()\T, )\;) < J()\l, )\;),V)\l S Al, Ao € Ao, (39)
since if (A}, A}) is a saddle point,

inf sup J(A, A2) < sup J(A], A2) = J(A], AY) in]f\ J(A1,A5) < sup inf J(Aq, Ag),

A EA A2E€Ao A2E€As - A EAN Ao€As A EA
(40)
and combined with the opposite relation
inf AL, Ag) > inf AL, A 41
Jnf | sup J(Ai; A2) > JSup inf J(A1; Aa), (41)
(40) holds as an equality.
(41) is proved as follows.
For all (A1, \2) € A = Ay X Ay,
sup J()\l, )\2) Z J()\l, )\2) Z inf J()\l, )\2) (42)
A2€A2 A1€A

12



For any € > 0, there exists 5\1 € A; such that

inf sup J(A, Ag) +e> sup J(A, Ag). (43)
ALEAL NyeN, A2€A2
Then, by (42), we have
inf sup J(A, Ao) +€> inf J(A, \a), YAy € Ay, (44)
A EA )\2€A2 A1EA
and thus
f J(A1, A > f JA, A 45
S A S v

Since (45) holds for all € > 0, we obtain (41).
Next, we show the second inequality in (39),

TN = J(A AL = Y — v <, (46)
Note that BSDE (23) is rewritten as

dY;/\,{’)\;_—(g(t,B,Xth )+)\ th 2"")‘2t 2t )dtJFZ QdBj’t’

VM = ¢ (47)

Here, uniqueness and existence of a solution of BSDE (47) are guaranteed by Proposition 2.
Also note that Yt’\l’/\2 is a unique solution of a BSDE

A1 )\2 o

d
it (g(t, B, X, V) 4 A,z 4 A;,tZQ;’A;) dt+Y " 73, dBy,,

Yo% = ¢ (48)

in which existence and uniqueness of a solution are guaranteed by Proposition 1 as in the
following discussion. For any (A, \;) € A, Z**2 is a P-martingale since a weak version
of Novikov’s condition holds for (Ay, A), which is due to a weak Novikov’s condition (21)
on (A(X),A2(X)) and the fact that [A,| < [A(Xy)] and [Aj,] < [Ao(Xy)| for 0 < ¢ < T
Similarly, the condition (18) in Proposition 1 holds for any (A;, A\5) € A due to the assumption
(37) on the moment of (A (X), A2(X)).

By (47) and (48), we have

d(Y; =y
= b (V) Y dE— (N, - M) 20t

+ (Zf?*; — Z5 ) (dBuy — Mgdt) + (2572 = 2072 (dByy — N dt)
+ Z ")dB;,
= =0 = YA — (N, — M) 2y Rt + Z 9By, (49)

13



where

9t B. X0, Y7%) — gt B, X0, Y7 )
by =~ th;,,\; B Yt,\l,A; 1{1/?1"*3 YA gy (50)
BM% = (B B)") is a d-dimensional Brownian motion under P* defined as in
(13).
Set ¥, = elo budu (YA YA 70— el budu(Z20N gz
Then, we have
t d
dY, = —(Niy — M) Zo Peh a3 7By (51)
j=1
and thus
Yo [ O, — )zt =30 [ a8, 52)
0 — Jo
J=1

Next, we note that
d t
S [ ) >
j=1"0 0<t<T

is a PM*2-martingale by the following discussion.
Firstly,

d t t ‘
3 / 7, B =Y, Yy / (i — Avg) 2055 el g, (54)

We first take the increasing sequence of stopping times {7, },en such that 7, = T for
sufficiently large n, P**2-a.s. and local martingale (53) stopped by 7, is a martingale for
all n € N. More concretely, we set

d ¢
rn:inf{ogth;Z/Z]’{Sdszn},neN. (55)
j=1"0

Here, if {0 <t < T; ijl I3 Z;s(w)2ds > n} = 0, we set 7, (w) =T\
Since
EMAS

= phAz <n (56)

d t
} : 2
/ Zj,s/\TndS
j=1"0

d tATh
72
E / Z; ds
j=1"0

and

U

t d tATn
> A1, A% > A%
Z / ZjsnrydBit"? = Z / Z;.dB; ™, (57)
j=1"0 j=1"0

14



{Z / 7B } (58)

0<t<T

is a PM*:-martingale.
Then, we observe that for all 0 <t; <t, < T,

d toATn B )\ d t1NA\Th B A
lim FAA2 E Z;sd L = lim g Z;sdBj 1.}
n—00 0 8 n—00 0
j=1 j=1
d t1 )\
:}j/ 7, (59)
j=1"0
and
d toATh, _ A
lim EM2 E / Z;4dB; [
ﬁ b
n—00 = 0

toATn
= lim EArAs [YW - Yo+ / (Vi = o) Zy M els budu g
n oo 0
F}

7 (60)

7|

to
= EA17)\; |:§/;2 — }70 + / (AT,S — )\I,S)Zl s efo bududs
0

d to
Z/ Z;dB
j=1"0

where E*A2 denotes the expectation under P2, In the second equality in (60), we used
the dominated convergence theorem and the monotone convergence theorem, since Y is

uniformly bounded and fg (ATs— )\1,3)2 1s Melo budugs is negative decreasing process, which
is due to the following inequality

= FM Fi,

AT

, < NEE PEIY: AEAE
2 = =200 < — A1 207 = = A2 < Mz (61)

Thus, we have

EMAS

d d
> / Z;,,dB5 ] =Y / Z;,dB (62)
j=1"70 j=1"0

Taking the expectation with respect to P**2 in both sides in (52), we have

T
Yo =EMM [ / (A, = M) 2y eld ”ud“ds} . (63)
0
Thus, Y, < 0 and

Yot <y, (64)

The first inequality in (39) also follows in the same manner.
Therefore, (A, A5) is a saddle point of J(Aq, A2). O
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5 Asset pricing under fundamental uncertainties

In this section, as an application of sup-inf/inf-sup problem (11)(or (12)) in Section 1, we
briefly discuss asset pricing under the probability measure of the representative agent, which
is given by the optimal solution of the sup-inf/inf-sup problem.

Let R%valued stochastic process X be a state-variable process satisfying

d
dX; = pa(X)dt + ) 04;(X))dBjy, (65)
j=1
and e be an endowment process of the representative agent, which is a R-valued stochastic
process satisfying a SDE

d
det = ,ue(Xt)etdt + €t Z Ue,j (Xt)dBj,ta (66)

Jj=1

where ji;,0,,06;: RY = R4 pe : R =R, j=1,2,...,d.

First of all, in equilibrium for an exchange economy with a single (representative) agent,
¢ = e, where ¢ is a consumption process of the agent. In our model with fundamental
uncertainties, given the representative agent’s aggregator (f) and ¢ = e in equilibrium, we
solve the corresponding sup-inf/inf-sup problem (11)(or (12)) replacing ¢ in (9) with f,
where f : [0,7] x Ry x R x R — R satisfies the following conditions: (i) f(t,e,x,0) is
bounded, (ii) There exists a constant L > 0 such that

‘f(t7€axay) - f(t,e,l',y/)‘ S L’y - y/‘a
Yy, €ER, e€ Ry, z € R te0,T], (67)

and (iii) f is continuously differentiable with respect to e and y.
Then, by Theorem 1, the optimal solution of the sup-inf/inf-sup problem (A}, \}) is
expressed as

X = — (X |sgn(Z;17),
Xy = [ha(Xo)|sgn(Z51™), (68)

where Z;\T’/\; is a part of a unique solution (Y*1:*2, ZA142) of a BSDE:

d
Ay = (f(t, er, Xp, YUY 4 N5 200 Az,szsé’*z‘) dt+>  Z™dBy,,
j=1

d
— - (f(t, er, Xa, Y1) — [ An(X0)[| 2057 | + rxz,xxt)nzs,;“?\))dt +3 7 dB;,,
j=1

Vit =g, (69)

As a result, we have

* * T
)/;)\1,)\2 — EP>\1,>\2 |:€+/ f(sjestS’}/;)\’{,)\g)ds
t

]—"tl , (70)
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where for all A € Fr,
PN ()= B [277%1,],

2 t 2 t
* * 1
25— exp (z [ am-y5 | A;fids) 0<t<T (™
j=1 J=1

since
d
AR = —f(t e, X0 YRt + D 25 B, YR = (72)
j=1

Let m be a state-price density process under P2, In equilibrium, it holds that

d * *
ﬂ = —Ttdt + O'ZT . dBt)\l’)\Q, o = 17 (73)
Tt
and
t
Ty = eXp (/ fy(S, eijs’KAT,AZ)ds) fe(ta et7Xt7}/;Al,)Q)/fe(O?607X0’}/t)\17)\2)7 (74)
0

where 7 is a risk-free interest rate and —o™ is a market price of risk in equilibrium. (See Eq.
(3.5) and (3.6) in Nakamura et al. [19], for instance.) Here, a subscript of f describes taking
a partial derivative of f with respect to the variable, i.e. f, and f. are partial derivatives of
f with respect to y and e, respectively with an assumption of f. > 0. Hence, the equilibrium
interest rate r and the market price of risk are obtained by applying Ito’s formula to (309).

Next, let D be a cumulative dividend process which is RCLL (right-continuous with left
limits) and a R-valued {F;}-progressively measurable process.

Then, a risky asset (claim for dividend streams) price S; is described under the measure
P22 as

Sy = EP)\T’A; |:/T Est
t

In particular, the zero-coupon bond price P(t,T) is expressed as

7

AT,
T ZpT?
+ }}] : (76)

7TtZt !
We also note that P(¢,T") in (313) is rewritten as

P, T) = E? {exp (— /t ' rsds)

* . . . * *
where Q" is a risk-neutral measure with respect to P*12:

ft} | (75)

P(t,T) = B [@

T

.

]-'t} , (77)

Q¥(A) = B (28 1] Ae Fr,

A* 1 T T * )k
22 —exp (—5/ o7 |?ds + / o - st)‘l’)‘2) : (78)
0 0
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6 Deterministic endowment volatility (Method by com-
parison theorems)

In this section, we deal with the case in which the signs of Z{\ %2 and Zé\ 222 i the system of
forward SDEs (65), (66) and BSDE (69) are determined by comparison theorems. According
to the uniquely determined signs of Z{\ 23 and ZZ)‘ 44 A7 and A3, we can obtain an explicit
expression of the short rate r by (308) and (309). As an example, we calculate the short
rate r in the case of the stochastic differential /standard power utility with a log-normal
endowment process and square-root state-variable processes in Section 6.1.

We consider the following SDEs for the state-variable process X and the endowment
process e, as a specific case of (65) and (66). Let the dimension of Brownian motion d = 3
and the state-variable process X = (X7, X5, X3). We assume that under the physical measure
P, X1, X5, X3 and the endowment process e satisfy SDEs

dX14 = 1 (Xy4)dt + 01(X14)dBrs, X1 = 1,

) )

dXoy = po(Xoyg)dt + 02(Xa4)dBayt, Xog = xa,
dXsy = ps(Xz.)dt + 03(X54)dBsy, X50 = 3,
de; = pe( X, Xoyg, Xap)ewdt + 0c1€4dBry + 0cpe4dBay + 0e3(Xs4)edBsy, eg = e,

(79)

where i1, fig, 01,02 : R = R, e : R®* = R, pe(w1, T2, x3) is decreasing with respect to z; and
increasing with respect to x2, € > 0, 0¢ 1,002 € R, and 0.3 : R — R. Moreover, we assume
that fOT e (X4, Xog, X34)|dt < oco. Let f:[0,7] x Ry x RY x R — R be an aggregator
satisfying conditions (i)-(iii), and & is a bounded Fr-measurable random variable.

The next proposition shows that sgn(ZlA 23 and sgn(ZzA I,/\;‘) in the expressions of A} and
A5 in (68) are uniquely determined under certain conditions.

Proposition 3. Let X, Xy, X3 and e satisfy SDEs (79). Let v :[0,00) x R®* x RT — R be
a value function defined by

U(t7.f1,x2,$37€) - }/;t7x17x27x3767 (80)
where (Ylrrr2rse ZL12225.¢) 4s q solution of a BSDE
dYs = —(f(s, €0 X130 X522 Xy, Y5) = (XM Zs] + s (X522) [ Zosl ) ds

» s 2,5

+Zl7sdB1,s + Z2,sdB2,s + Z3,sdB3,sa YT == g, t S S S T. (81)

We assume that f. > 0, f is decreasing with respect to 1 and increasing with respect to o,
and |\ s(71)| and |Ags(x2)| are increasing with regard to xy, w2, respectively. Also, we assume
that v(t, x1, 9, x3,€) is continuously differentiable with respect to t and twice continuously
differentiable with respect to x1,x2,x3 and e. Moreover, we suppose o.1 > 0, geo > 0,
01(X1,) <0, 02(Xoy) > 0.

Then, we have

A

MY = 41, sgn(Z07) = 11 (82)

Sgn(Zl,i
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Proof. By a comparison theorem on SDEs (see Proposition 5.2.18 in Karatzas and Shreve
[12], for example), when x; increases, Xf?l increases. Since p is decreasing with respect
to the first variable, e%® decreases (see Remark 3). As a result, by a slight modification
of the proof of Theorem 1, a comparison theorem on a stochastic Lipschitz BSDE holds
and it follows that Y;"*1**% decreases. In detail, when x; increases, e“¢ decreases, and
consequently, the driver f(s, e, X12", X302, X537, y) — | Ao (XT2)||21] + (Ao (X552)||22] in

(81) decreases since f. > 0 and —|A;,(X77")| also decreases.

t,z2

. . . . t q
Similarly, when x5 increases, both X57? and e increase, and then Y, "¢

increases.

. . t .
When e increases, e increases, and then Y;""*>"* increases.

Since v(t, z1, x9, 3, €) is continuously differentiable with respect to ¢ and twice continu-
ously differentiable with respect to x1, xs, x3 and e, we have

O, v(t, 21, 9, x3,€) < 0,
axgv(ta X1,T2,T3, 6) Z Oa
> 0. (83)

Dev(t, 21, o, T3, €)

Also, by applying Ito’s formula to v(t, X1+, Xoy, X34, ;) and comparing the result with
(81), we have

PRIDY
Z{\}g ; o1 (X1,6)00,v(t Xty Xoy, X, €1) + 0e1€00:0(t, Xgy Xoy, Xag, €r)
Zyy | = 02(Xo,4) 00y v(t, X1t Xog, X3y, 1) + 0c26:0e0(t, X1, Xoy, Xsy, €r)
Z’\T’)‘Z 03(X3,t)ax3v(t> X17t, X?,tv X3,t7 et) + Ue,3(X3,t)€tan(t> X17t, X2,t> Xs,t, et)

(84)
By (83),
ATAS
ZLt =01 (Xl,t)amlv(ta X1,t7 X2,t, X3,t, €t) + Ue,letaev<t7 Xl,ta X2,t: Xs,t, et) >0,
ZQ)E’A; = 09(X2,1) O, 0(t, X1, Xog, X3y €) + Oe20e0(t, X1ty Xoy, Xy, 0) > 0, (85)
and
sgn(ZI\E’A;) = +1, sgn(Z;E”\g) = +1. (86)
O

Remark 3. When x, increases, e; decreases by the following reasons. Let x1 < %1, and X7}

and Xﬁ be X1 with initial values x1 and T, respectively. Also, let € and e be unique strong
solutions of SDFEs

de; = ,Ue(Xﬁﬁ Xot, Xg1)€dt + 0¢1,16,dB1 4 + 0e2,16,dBoy + 0c35(X3)€:dBsy, (87)

de; = pe( X7}, Xoy, Xay)ewdt + 0e1e0dByy + 0ep€0dBay + 0c3(Xs)edBsy, (88)

with €p = eg > 0.
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Then, setting Ae; = &, — e, we have

d(Aet) = (Me(Xilt; X2,t, XS,t)Aet + {Me(Xf}, Xz,t, XS,t) - Me(Xlz,lt, X2,t, X3,t)}€t) dt
+0’571A€tdB17t + Uengetngyt + O¢3 (X37t>A€tdB37t. (89)

Let 'y be a unique strong solution of a SDE
dly = Ty(—0c - dBy — pe( XT3, Xoy, X30)dt + |oe[*dt). (90)
Then, by Ito’s formula, we have
d(T';Ae;) = (Me(Xfﬁs:Xz,t, X34) — pe( X7}, Xoy, X31))eLidt. (91)

Therefore, since I'y, ey > 0, 0 <Vt < T and p, is decreasing with respect to the first
variable,

r 1 /[t N
Aet — F_OAGO + F_/ {,U/e(Xfly XQ,S; X3,s) - Me(Xils7 X2,s: X3,s>}estdS S O, (92)
t tJO

which indicates that when x1 increases, e decreases.

6.1 Equilibrium interest rate without fundamental uncertainties

In this subsection, we present expressions of equilibrium interest rate without fundamental
uncertainties in the cases of a SDU with four different patterns of parameters with the log-
normal endowment process, which correspond to stochastic differential /standard power/log-
utility.

Particularly, we show that in the cases without fundamental uncertainties, the short
interest rate r calculated by (308) and (309) becomes a deterministic process. We also
confirm that under the model with fundamental uncertainties, a stochastic term is added to
the interest rate expression in the case of the standard power utility. In other words, the
fundamental uncertainties play a role in stochastic movements in the model.

Let >0, p<1and a < 1. We consider the following SDU V' that satisfies the BSDE
with an aggregator f: R x R — R:

d‘/t = _f(ct7 %)dt + O-V,tdBt) VT = ga (93)
where

(5% (1 + av)enle — 51 + V)

(stochastic differential power utility, p, « # 0, p # «)
2t =1) = BV

(standard power utility, p = «a # 0)

B(1+ aV}) [log Cr — M

(stochastic differential log-utility, p = 0, # 0)

B log ¢, — Vi
| (standard log-utility, p = 0, = 0),

f(ctv V;f) =
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(cr—1
(0%
(stochastic differential power utility, standard power utility,

¢ =< stochastic differential log-utility) (95)

log cr

| (standard log-utility),

where B is a d-dimensional Brownian motion (d > 1) under the physical measure P, and
c and V are R-valued {F;}-progressively measurable processes. oy is a Re%-valued {F;}-
progressively measurable process. For the four types of stochastic differential utilities, see
Appendix C. Also, for the equilibrium short rate and the term structure of interest rates
without fundamental uncertainties under the stochastic differential log-utility, see Nakamura
et al. [18].

Let us suppose that the endowment process e is given as

% = pedt + o, - dBy (96)
t

with a constant p. € R and a constant vector o, € RY.

Since in equilibrium, ¢; = ¢; for all £, BSDE (93) becomes

AV, = = (e, Vi)dt + ov,udBy, Vi =& (97)

Here, we note that the Brownian motion B in (97) corresponds to B2 in (69) where there
are no with fundamental uncertainties.

A(z) = Ao(z) = 0. (98)
Thus,
N, =X, =0,0<t<T, (99)
and
dev _ fedt + 00 - dBy = pedt + oo - B, (100)

€t

By applying Ito’s formula to (309), in which Y12 is replaced with V, and comparing the
drift term with (308), we obtain the equilibrium interest rate r as

B |oe/?

T -a)2-p) (101)

Tt:5+(1_ﬁ’)#e 9

and the market price of risk —o™ as (1 —«a)o,. in the stochastic differential power utility case,
that is, when «, p # 0 (see Appendix C for details).
Similarly, we obtain the following expressions for the remaining three cases.

e For the standard power utility case (p = o # 0),

n=8+ 1= - L0 pe—p), (102)
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e For the stochastic differential log-utility case (p = 0, o # 0),
Tt:ﬁ"i_/fle_ |O-e‘2(1_a)' (1O3>
e For the standard log-utility case (p = o = 0),

re =P+ fe — |06|2. (104)

As we observe in (101)-(104), in the cases of the log-normal endowment process, when
there is no effect of fundamental uncertainties, the short rate r is a deterministic process, in
particular, with the constant coefficients for e in (96), r is a constant.

However, as we will observe in the next section, r is stochastic process even for standard
utilities when there are fundamental uncertainties, since random variables A}, A5 appear in
the drift term of the endowment process under Pz

% = (He + 0ca M) + 0e2A3)dt + 0 - dB"™. (105)
t

Particularly, in the case of standard power utility, if we incorporate the effect of fundamental
uncertainties, by applying Ito’s formula to (309) as we did in (101)-(104), we obtain the term
(1— p)(aalj\l« /Xo1+ 06725\2, /X54) in r in (121) which contributes as a stochastic term in 7.
Thus, in the case of the log-normal endowment process, the fundamental uncertainties gives
the sole stochastic effect on the short interest rate.

6.2 Equilibrium interest rate with fundamental uncertainties

As an application of Proposition 3, we calculate the expression of the short rate r by (308)
and (309) when f is an aggregator for the standard power utility. Let p < 1 with p # 0, and
£ > 0. We consider the case of a standard power utility

B
fley) = ;(6p —1) =By, (106)
with an endowment process e satisfying
det
—_— = /,Ledt =+ 0'671dB17t + 0-672dB27t, eg > 0, (107)
€t

where 0.1 > 0,0.2 > 0, and state-variable processes X; and X, satisfying

{qu = (11 X14 + fir0)dt + 011/X12dBrs, X190 =21 > 0, (108)

dXoy = (2,1 X0, + p2,0)dt + 021/ X21dBoy, Xog = x5 >0,

where 10, poo0 > 0, p,1, pro1 < 0, 01 <002 > 0, .
L1 . i
We also assume & = eTT for the terminal condition, and

M (X1) = M/ X1, Aa(X) = Ao/ Xy, (109)
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where 5\1 <0, 5\2 > 0.
Then, we obtain an explicit expression of the short rate r in (308) as follows.

Let
<O-e’1>
O = s
O¢,2
. 014/21 0
Ux(l') - ( 0 0'2\/T2> ) (110)

po () = fte + Ue,15\1\/$1 + Ue,25\2\/l‘27

'u* (ZL’) — ((,ul,l + Ulg\l)xl + :ul,O) (111)
* (f21 + 02X2)Ts + pia

Firstly, we note that f, > 0 and |\;(x;)| is increasing with respect to x;. With some
necessary modifications on the endowment process e and the state-variable process X in
(107) and (108) or the aggregator f in (106) and the terminal condition £ as in Remark 4,

by applying Proposition 3, we obtain sgn(Z{\T’)‘;) = +1, sgn(Zé\ik’)‘;) = +1.

Remark 4. In the above example, without any modifications, the boundedness on f(e,0)
and &, and the continuous differentiability of the value function v, which are assumptions
in Proposition 3, are not necessarily satisfied. One possible adjustment is that we consider
bounded modifications of e and X in SDEs (107) and (108), in particular so that X does
not take values in a neighborhood of 0. Then, the boundedness on f(e,0) and £, as well as
a uniform Lipschitz condition on the driver of BSDE (81), follows, and by Lemma 5.2.3 in
Zhang [29], the continuous differentiability of v is obtained. Another approach is that we
consider bounded modifications of f(e,0) in (106) and & as functionals of e, and assume
existence of a classical solution of PDE (A.14) without the jump component in Theorem
A.9.22 in Cohen and Elliott [4], which also yields the continuous differentiability of v.

Then, by (68), we have

Mo = MV X1 Ay = Ao/ Xy, (112)

and
dB™ = dB1; — A/ X1 dt,
dByi™ = dByy — Ao/ Xodt. (113)
Then, (107) and (108) are rewritten as
de ~ ~ k) ok * )k
e—t = (Me,t —+ O—e,l)\l\ / Xl,t + 0@,2)\2\/ X27t)dt + 0671dBilt7)\2 + UagdB;\y)\Q, €0 > 0, (114)
t

{Xm,t = (11 + 1M X + piro)dt + o1 /X1dB, Xy =21 > 0, (115)

dXQ,t - ((:U’2,1 + UQS\Q)XQ’t + ,U/270)dt + 0'2\/X27tdB;\:1;>\;, X270 = T9 > 0,
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with K10, 2,0 > 0, M1+ 0'15\1 < 0 and Mo + 0'25\2 < 0.
Also, Y212 in (72) is written as

dY/\* M= {é(etp -1) - 6}/15/\?/\5} dt + oy, - ng\T’)\Ea
P
AE X 65« —1

Y = , (116)
g p

PEIDY PEIDY
_ th B)‘TJ‘; _ Bl,t (117)
Ovit = Xiag | D = XA ]
2oy t B2,t

Next, applying Ito’s formula to (309), the interest rate r in (308) is given by

Lf.(ey, Y1)

where

AEAS
’I“t = _fy(6t7}/;f L 2) - S . (118)
fe(er, Yi7772)
where Lf, denotes the drift part of f., that is
Lfe  fectlts = feyf + feey€0eov + 3 feee€®|0c|? + & feyylov|?
= . (119)
Je fe
Thus, we obtain
. 1
r=B8+01=p)pi(X) = 5(1=p)2=p)loel (120)

In particular, the short rate r in (308) is expressed as with p < 1, 5\1 < 0, 5\2 >0, 0.1 >0
and 0. > 0,

re= 6+ (= pie = 51— p)(2— p)locl

—I—(l _p)(ae,lj\l\/Xl,t+Ue,25\2\/X2,t)- (121)
By (313), the zero-coupon bond price P(t,T") for maturity 7" at time ¢ is given by

Uy

P(t,T) = EP' {

7
Ty
s T 1 /7 T .
= pre [exp <—/ 7"st> exp (—5/ |a§|2ds—|—/ a§-dB§17A2> ’]:t}
t t t
9
— e (- {540 >(ue—%|ae|2)}@—t>)

5
x EP* e {ex —p) <Ue,15\1\/ X5+ Ue,25\2\/ X2,s> ds)

p
-/
xexp( ;/t (1 p)? ]ae]2ds—/tT(1—p)ae-dBSX{’)‘g) ‘]-"t}. (122)
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Let Y(t,t + 7) be a continuously compounded zero yield defined as
1
Y(t,t+7)=——logP(t,t+ 1), (123)
T

where 0 < 7 < T —¢.

Firstly, as we observe in (121), since (1 —p) > 0 and 0.1\ < 0, if X; increases, the short
interest rate r decreases. This implies that under the risk-averse representative agent, if the
factor the agent is conservative about increases, then the interest rate falls. Similarly, since
06725\2 > 0, if X, increases, then the short rate r increases, which indicates that if the factor
the agent is aggressive about increases, then the interest rate rises.

Moreover, as in (122) and (123), since the continuously compounded zero yield Y (¢,¢+7)
depends on the movement of the short rate r in the future, which is also driven by the future
movement of X, the shape of the yield curve is determined by X. In detail, if there is an
exogenous shock to the factor X;, which changes the parameters of the SDE driving X; in
(108), and X takes higher values as time passes, then the short interest rate r in the future
decreases, hence, the long-end yield curve goes down, which means that there is a flattening
effect to the term structure of interest rates. Conversely, if X, takes higher values toward
the future, then the short interest rate r in the future increases, and the long-end yield
curve goes higher, which means that there is a steepening effect to the term structure of
interest rates. We will confirm these observations in numerical examples in the next section
by shifting the mean-reversion levels and initial values of X; and Xo.

Remark 5. We remark that BSDE (116) is solved as follows. Let us suppose a functional
form of Y;AI’AQ as
s A(Xp el — 1
Yj‘v/\z — ( ty )et : (124)
p
where A : R? x [0,T] — R is twice and once continuously differentiable with regard to x and
t, respectively.
Then, applying Ito’s formula to (124) and comparing the diffusion and the drift term with
(116), we have

10,A(X,,1)

_ o e S A
UV,t = A(Xt,t)et [p A(Xt7t)

o.(Xy) + ae} : (125)
and

B+ BA(e,t) — Ala.1) {ﬁ St pw;(a:)}

2
2 2 1 2 2
* k k 2 k k _
+ Z azzA(‘ra t) Mo, (l‘) + pz O, (ZE)O'mZ (I) + 5 Z arszA(xa t) Z O-zi<m>o-:pj (ZE) - 07
=1 k=1 5,j=1 k=1
Ar =1, (126)

with 0, A(x,t) € R*. With some necessary modifications in Remark 6, the linear parabolic
PDE (126) has a unique solution with the following stochastic expression by Feynman-Kac
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formula
T A T u A
Az, t) = Ef {e‘ft rods 4 5/ e~ i deu} >0 (8>0), (127)
t

where

=) = 8+ P52l — (e (128)

Here, the conditional expectation EA[] is taken under a probability measure P4 with the
following SDE for x:

da; = p(z)dt + o (x)dB], (129)

where B4 is a d-dimensional Brownian motion under P* and

2
ph(ee) = |, (20) + pZafa’;i(xt) : (130)
k=1

i=1,2

Remark 6. The unique existence of a classical solution of PDE (126) is guaranteed by
Theorem 2.9.10 in Krylov [13] if p(x) and o.(x) are smoothly modified so that those first
and second derivatives satisfy a polynomial growth condition as |x| tends to +oo and are
bounded around x = 0 and r*(z) > 0.

7 Numerical examples

This section presents numerical examples of the term structure of interest rates with funda-
mental uncertainties. Particularly, we provide the case of the log-normal endowment process
with the standard power utility case in Section 6.1. We show changes in the yield curve when
parameters of the uncertainties related factors shift, which gives implications on yield curve
trading by hedge funds and yield curve controls for monetary policies by central banks.

In the following numerical examples, we set the base case parameters as § = 0.01, p = 0.5,
te = 0.01, 0.1 = 0.10, 0.2 = 0.10, 0.3 = 0.10, z; = 0.10, o = 0.10, by = —py1 = 0.10,
b2 = —MH21 = 010, my = -t e 020, mo = —£20 0.20. o1 = —010, O — 010,

1,1 H2,1

A= —0.10, Ay = 0.10, t = 0, T = 30, in (106)-(109), where we rewrite SDEs of X and X,
in (108) as mean-reverting processes

de,t = (/LjJXj,t + ,ijo)dt + O'j\/ijtdBjﬂg

= bj(mj — Xj’t)dt + O'j\/ Xj,tdBj,t7
Xjo=x;>0, j=1,2. (131)

Particularly, we note that 06715\1 < 0, 06725\2 > 0 in (121). Hereafter, we call X;, which
is driven by the market risk source B; the agent is conservative about, as the conservative
factor, and X5, which is driven by the market risk source By the agent is aggressive about,
as the aggressive factor.
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Firstly, Table 1 shows that if the mean-reverting level my for the aggressive factor Xs
in (131) shifts from 0.20 to 1.00, the long-end yields move higher, since the higher mean-
reverting level makes the future short interest rate r higher as observed in (121), which leads

to a yield curve steepening effect.

Spot 2y Sy 10y 20y 30y
Mean-reversion level ma for Xso: 0.20 | 0.38% 0.37% 0.37% 0.37% 0.36% 0.36%
Mean-reversion level mso for Xs5: 1.00 | 0.38% 0.42% 0.46% 0.51% 0.55% 0.58%
Change in zero yields 0.00% 0.05% 0.09% 0.14% 0.19% 0.22%

Table 1: Change in the zero yield curve when the mean-reverting level mqy for X, shifts

Next, Table 2 shows that if the parameter on the degree of aggressiveness As in (109)
increases from 0.10 to 1.00, the whole yield curve moves up, since the change in Ao increases
the effect of the aggressive factor X, on rising the equilibrium short rate r as in (121).
Moreover, as Tables 3 indicate, if Ay shifts from 0.10 to 1.00, the steepening effect by the
change in the mean-reverting level msy intensify.

Spot 2y S5y 10y 20y 30y
Degree of aggressiveness Ay : 0.1 | 0.38% 0.37% 0.37% 0.37% 0.36% 0.36%
Degree of aggressiveness Ay : 1.0 | 1.80% 1.91% 2.07% 2.30% 2.67% 2.98%
Change in zero yields 1.42% 1.54% 1.70% 1.93% 2.31% 2.62%

Table 2: Change in the yield curve when Ay shifts from 0.10 to 1.00

Spot 2y Sy 10y 20y 30y
Mean-reversion level ms for Xo: 0.20 | 1.80% 1.91% 2.07% 2.30% 2.67% 2.98%
Mean-reversion level mo for Xs: 1.00 | 1.80% 2.40% 3.05% 3.86% 5.06% 5.99%
Change in zero yields 0.00% 0.49% 0.98% 1.56% 2.39% 3.02%

Table 3: Change in the yield curve when the mean-reverting level my for X, shifts (A, = 1.00)

Then, we can interpret the effects of the shifts in the parameters Ay and ms as follows. (i)
((ii)) An increase (a decrease) in Ay, which implies that the agent has more (less) aggressive
economic views as observed in (114), makes the equilibrium interest rate higher (lower). (a)
((b)) An increase (a decrease) in my, which implies that the aggressive factor becomes larger
(smaller) as time passes as in (131), makes the future equilibrium interest rate higher (lower).

Thus, four patterns of the yield curve movements are described by shifts in the aggres-
siveness parameters as follows. If we assume an upward sloping yield curve as a default curve
shape, (i)-(a): the whole yield curve moves up (bond prices decline = bear) while the curve
steepens (bear-steepening). (i)-(b): The whole yield curve moves up while the curve flattens
(bear-flattening). (ii)-(a): The whole yield curve moves down (bond prices increase = bull)
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while the curve steepens (bull-steepening). (ii)-(b): The whole yield curve moves down while
the curve flattens (bull-flattening). We remark that the same (opposite) effects are observed
by the opposite (same) changes in the parameters of the conservative factor X;. Net effect
of those two factors results in the movements of yield curves observed in reality.

For example, Figure 1 shows changes in the yield curve of Japanese government bond
(JGB) from 2009/1/5 to 2019/9/30, in which the data are obtained from the website of
Ministry of Finance, Japan [16]. As observed in Figure 1, the yield curve moved considerably
lower and flattened from 2009 to 2019. Such bull-flattening of a yield curve can be explained
by (ii)-(b), that is, the market’s aggressiveness in the economic view shrinks and an aggressive
factor decreases as time passes. It can also be explained that the market’s conservativeness
in the economic view grows and a conservative factor increases as time passes, in terms of
the conservativeness. Estimation of parameters and identification of the two factors are one
of our future research topics.

JGB yield curves

2.50%

2.00%

2o 20y 30v 40y

Figure 1: Changes in JGB yield curve from 2009/1/5 to 2019/9/30

As we observed, for central banks, who aims to control the long-end yields lower, it could
try to control the uncertainties related factors by effectively making public statements to
flatten the yield curve. Similarly, the hedge funds could trade on the yield curve movements
by estimating the factors in the model from market data. For example, if they predict that
the yield curve flattens, which means that long-end interest rates could go lower compared
to the short-end interest rates, then they can buy the long-end bonds and sell the short-end
bonds to earn profits.

8 Stochastic endowment volatility

In the following, we consider the cases in which sgn(Z{\ T’AE) and sgn(ZQ)‘ 1k’)‘z) in the expressions
of A} and A} in (68) are not determined by the comparison theorems as in Section 6, but
are obtained by solving BSDE (72) explicitly. Particularly, in Sections 8.1-8.3, we consider
three cases, the standard power, the standard log, and the stochastic differential log-utility
under random volatility endowment process. Also, we present the expressions of the short
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rate . In Section 8.4, we present the explicit expression of the continuously compounded
zero yield Y (¢t,t + 7) for the standard power and the standard log-utility.

Firstly, we restate SDEs (65), (66) and BSDE (69) in Section 5 in a more general setting
under P2, Let us assume the endowment process, which is equivalent to the consumption
process in equilibrium, and the state-variable process as follows:

det
€t
dry = pdt + oy (x, ) - dB)1?, (133)

= pidt + oo(my, t) - dB2 (132)

where BNz € RY o,(,t) € RY, 0.(z,t) € R™? (3 <d <) and with \* € R?,

ﬂ: = /’L€<xt7 t) + )\* ' O'e(xtat)a (134)
12 = (e 1)+ X - o (@), (135)

In particular, as in (68), the stochastic process of A\* is given as follows: for j = 1,2,
No = (=17 [N (@, )] sgn (ot (1)), (136)

and \j, =0 for j =3,--- ,d.
Here, a{} is the j-th element of oy € R?, the volatility of the following SDU:

AV, = —f (e, Vi)dt + oy (t) - dBY™, Vip = €. (137)

where f: Ry X R — R be an aggregator satisfying conditions (i)-(iii) in Section 5, and & is
a bounded Fpr-measurable random variable.

Since the forward SDEs (132) and (133) include o7,, j = 1,2, we note that the system
consisting of (132)-(137) is considered to be coupled FBSDEs.

In the subsequent subsections, we solve coupled FBSDEs (132)-(137) for the standard
power and the standard/stochastic differential log-utility in (94) in the following way. We
first suppose sgn(oi,(t)) = (=1)7, j = 1,2, which indicates A= | Az, t)], j = 1,2, and
make coupled FBSDEs (132)-(137) separated into forward SDEs and a BSDE, since

pe = pe(,t); py = py(,t) (138)

by (134) and (135). Then, we confirm that sgn(o?,(t)) = +1, j = 1,2 by explicitly solving
BSDE (137) under certain conditions. If these conditions are met, we observe that x and
(V,ov) also satisty the original coupled FBSDEs (132)-(137).

Remark 7. In the following subsections 8.1-8.3, without any modifications, the boundedness
on f(e,0) and £ is not necessarily satisfied. In the same way as in Remark 4, we can consider
bounded modifications of e and X in SDEs (132) and (133), in particular so that X does
not take values in a neighborhood of 0. Then, the boundedness on f(e,0) and & is satisfied.
Also, we can consider bounded modifications of f(e,0) and & as functionals of e.

We also remark that even without those modifications, the FBSDFEs with f and & in
Sections 8.1-8.3 are explicitly solved and the expressions of the equilibrium interest rate are
obtained. If we further restrict A in (3) so that BSDE (24) for (A1, A2) has a unique solution,
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and { i1 fo Z alBA1 i« } in (53) becomes a PM*2-martingale for any Ay in (A, Xo) in

0<t<T
the set, then the optimality of (A}, \5) for the sup-inf/inf-sup problem (11)/(12) is guaranteed
as in the proof of Theorem 1. For instance, in the standard log-utility in Section 8.2, if we

restrict the set of A to A of the form \; = /\ VX, 7=12, A <0 )\2 > 0, then the BSDE
(24) for (A1, A2) is solvable. In this case, the martingale property { =1 fo Z;. dB)‘1 2 }
in (53) holds and the result of Theorem 1 follows (see Section 8.2 for details).

0<t<T

8.1 Standard power utility case with random endowment volatil-
ity

Firstly, we consider the standard power utility with the aggregator f in (94), which is defined

as

flew Vi) = 2et = 1) = Vi (139)
Then, BSDE (137) becomes
AV, = — [g(ef —1)— m] dt + oy - dB)E ) Vi = 6p p_ S (140)
Let us further suppose a functional form of V' as
v — A(xy, t)el — 1’ (141)

p

where A : R! x [0,T] — R and A € C>L.
Then, by applying Ito’s formula to (141) and comparing the diffusion and the drift term
with (140), we have

oy = 0, A(x,t) - 0,(x, t) ; —l— Az, t)ePo.(z,t) (142)
— A(w, t)e? [%%%@ £) + 0.z, t)} (143)

with 9,A(z,t) € R! and o,(x,t) € R4, and
p(1—p)
2

ﬁ+@«aw—Am¢ﬂﬁ+ r%mJW—p@uxﬂ

l

d
+> 0, Al t) | 1, (2, 1) —i—pZa (z,t)0 Z 2 A, )Y ok ()0 (x,t) =0,
i=1 k=1 7,] 1 k=1
Ap = 1. (144)

By Feynman-Kac formula, A(z,t) is expressed as

T T u
Az, t) =E? [e— Joritds /3/ e i T?dsdu] >0 (8> 0), (145)
t
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where

B+p(1—p)

rit = Az, t) = 5

loe (e, ) = ppd (e, 1), (146)
with
fe = pe(z, 1) + A" - oe(z,1). (147)

The conditional expectation EZ[] is taken under a probability measure P# with the
following SDE for x:

dr, = p (g, t)dt + o4 (zy, t)dBE, (148)

where B4 is a d-dimensional Brownian motion under P4 and

d
MA(IU t) = [M;(It, t) +p Z 0-3: (xtv t)d;- (xh t)] : (149)
=1,

k=1

Then,

T T U
Op, Az, 1) = —E [(/ (9xir;4ds) e Jorids 5/ </ 8962.7’;4615) e It Tﬁdsdu} :
t t t

(150)
Hence, since 3 > 0, the sign of 9,7 determines the sign of 9, A(z,t).
Since A(z,t) > 0 and e > 0,
e When p € (0,1) and k = 1,2,
if o¥(z,t) > 0 and
!
> 0., Al t)ok i (x,t) > 0, (151)
i=1
then of, > 0.
e When p<0and k=1,2,
if of(x,t) >0, and
!
> 0n, Az, t)ok (x,1) <0, (152)

then of, > 0.
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This indicates that if the above conditions are satisfied, then sgn(a?,) = (—1)7, j = 1,2,
and thus (z,V, oy ), which is obtained by explicitly solving the separated forward SDEs and
BSDE with the predetermined values on sgn(ag/), is also a solution of the original coupled
FBSDEs (132)-(137).

By applying Ito’s formula to (309) and comparing the drift term with (308), we obtain
the short interest rate r as

_ Ll

r=—f, 153
- (153)
where Lf, denotes the drift part of f., that is
Efe feee,ue - fevf + feeveaeav + %f66662’06’2 + %fevv‘UV‘Q

= . (154)

Je Je

Then, we have

. 1

r=p8+01=phele,t) = 5p=1)(p— 2)|oe (1), (155)

The market price of risk 6 is given as the minus of the coefficient of Brownian motion in
dfe .
fe

0= (1-p)o.(z,t). (156)

Example 3. (Random endowment volatility with a square-root state-variable process)
If e and z in (132)-(135) are stochastic processes with coefficients

1 (20,1) = (L1 + MpG01) 10+ fhay 0, (157)

/[;2 (xtv t) = (/:L@,l + /\2,755-:0,2)1'2,15 + Hzs,0, (158)

/’L:/‘g (.I't, t) = /11'3,1:63,t + /'I’IS,(J? (159)

te = (fleq + 5\1,t5e,1)l’1 + (fle2 + 5\2,t&e,2)x2 + fle 33 + fleo, (160)
0o i(T,8) = Gain/Tig, 1= 1,2, i =k, (161)

Tpa(t,t) = Gup, 1 =3, i =k, (162)

ah () =0, 1=1,2,3, i #k, (163)

0-; (I’, t) = &e,l\/ xl,h (164)
02 () = Gean/Tay, (165)
o3(x,t) = Go3, (166)

with d = [ = 3, then

1— _
sgn (On, Az, t)ok (z,1)) = sgn ({—uc}z,k + p(fler + )\k,sf}e’k)] 6x7k) (167)
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holds in (151) and (152) (see Appendix D for details).
Particularly, when \;; = A;, j = 1,2, the expressions of the short interest rate r and the
market price of risk 6 in (155) and (156) become

r= B+ (1= p)[(fieq + MFe1)T1s + (flen + NoGe2)Tas + fiesTsas + fieo]

1 N - N
— 5(/) —1)(p — 2)[62 w14 + 02 g224 + G, (168)

and

1- Ne j ity ) = L 27
0, - {( P)esin/Tits J 109)

(1 — p)&e,j, j = 3.

8.2 Standard log-utility case with random endowment volatility

Next, we consider the standard log-utility with the aggregator f in (94), which is defined as

fler, Vi) = B(log e, — V), (170)

with the terminal condition & = loger. Particularly, we consider the case of the random
volatility endowment and state-variable processes with coefficients (157)-(166) of SDEs (132)-
(135) as in Example 3 with \;, = \;, j=1,2.

In a similar way as in Section 8.1, we first suppose a functional form of V' as

Vi = my(t)xy s + ma(t)xes + ms(t)zss + n(t) + log ey, (171)

where m;, i =1,2,3, n:[0,T] — R are differentiable.

Then, applying Ito’s formula to (171) and comparing the drift and the diffusion term
with (137), we observe the following.

m;(t),7 = 1,2,3, and n(t) are solutions of linear ODEs

—Bm(t) +11;(t) + fie; — 502, + mi(E)fiz,1 =0, my(T) =0, i =1,2, (172)
—Bmy(t) + mi(t) + fiei + mi(t)jiz, 1 =0, m(T) =0, i =3,
and
3
) 1_,
—Bn(t) +7(t) + Heo — 5005+ > mi(t)pa,0 =0, n(T) =0, (173)
i=1
where

_ He i + 5\ia-e,ia 1= 17 27
Hei =

Heis 1= 37
_ {/flmi,l + 5\7;5-1',7;7 1= 17 27
:U’ati,l - .

Hx;1, T = 3.
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Also, we have
ol = \JTja(Gaymy(t) + Gey), j=1,2. (174)
We note that ODEs (172) and (173) are solved as

(fiey — 362;) {m(e%ﬁfﬂxi,l)(ﬂn _ 1)} =12

i(t) =
mi(t) fies { =gy (e e @0 )i
€2 —(B_le,l) ’ 7

(175)

and

T 3
1. . s
n(t) =/ (ue,o— 50es T+ > mi<3)um,0> e P ds, (176)
t i=1

Hence, by (174), for k = 1,2, if
5$7kmk(t) + 5',371C > 0, (177)

then of > 0.

Thus, if this condition is satisfied, sgn(ot.), k = 1,2 agree with the ones predetermined
and x and (V, o) satisfy the original coupled FBSDEs (132)-(137).

In the same way as in (155) and (156) in Section 8.1, the short rate r and the market
price of risk # are given by

r=0+u(x,t)— |c76($,75)|2
=B+ [(fieq + MOe1)T1t + (fle2 + A2Fe2)Tat + fle3Tst + fleo]
— 02 @14 + G20k + 024, (178)

and

J ~ .
Ocj, J = 3.

; ~e j ity | = 1727
0,0 = ol(x,t) = {” A (179)

8.2.1 Optimality of (A}, \}) in sup-inf/inf-sup problem

As in Remark 7, in the case of standard log-utility in (170) with the random volatility
endowment and the state-variable process, if we restrict A € A in the sup-inf/inf-sup problem
(11)/(12) to X of the form X\; = A\ /Z;, j = 1,2, Ay < 0, Ao > 0, [N < [N ( = 1,2) ,
BSDE (24) for (A1, A2) is solved in the same manner without any further modifications, and
it is proved that the optimality of (A\f, A3) on the sup-inf/inf-sup problem (11)/(12) holds.

Let us assume the endowment process, which is equivalent to the consumption process
in equilibrium, and the state-variable process as follows:

d

; = pidt + o.(z,t) - dBy, (180)
t

dxy = pgdt + o (zy, t)dBy, (181)
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where BNz € R3, o.(z,t) € R3, 0,(x,t) € R¥*3 with the coefficients

fte = fle,1T1 + fle 2T + fle3T3 + flep,

Moy (xb t) = flgy 171, F oy 05
Hazo (It) t) = ﬂxz,le,t + Hazs.,05
s (T4, 1) = flas 1734 + fhas 0,

U;(ajvt) = 5—6,1\/xl,t7
af(x,t) = Oc2/T2,

o3(x,t) = Ge3,

Q

Ro@,t) =G4 /Tig, 1= 1,2, i =k,
];73(3370 = 5-x,37 1= 3, 1= ]{j’

’;ﬂ-(x,t) =0,1=1,23, 1#k,

Q

Q

By Girsanov’s theorem, under P**2 SDEs (252) and (253) are rewritten as

d
2t + ou(w,t) - dBM,
€t

dry = pdt + o4 (4, t)dBM ™,

where

W = e, t) £ A oo, ),
,ui = H:E(xat) + Ux(m7t))"

A\ (v
A=A | = Aoy/T2
A3 0
In detail, 2 and g} in (188) and (189) are expressed as

o = (feq + 5\156,1)% + (fle2 + ;\256,2)$2 + fle3T3 + [l

,uxl(iﬁt, t) = (fig, 0 + 5\1596,1)351,75 + Uy ,0,
,uiz (2¢,1) = (flwgy + A202,2)T2t + fhas0,
M;\3 (@4,1) = [lgs 1234 + a0
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(183)

(184)

(185)

(186)

(187)

(188)
(189)

(190)

(191)

(192)



ALA
Let us define (V122 g507?) as

VR =t O g O 0P Floge (o
oV = T (Gam () + Gey), G =12,
where
= 1z2 _ 1 (o= (B, 1)(T—t) _ | —
A (f) — (ei = 30%) {*w*ﬂw)(e )0 1>} i=12 (194)
,ae,i {m(e_(ﬁ—ﬁzi,l)(T—t) _ 1)} , 7 = ,
T 3
1
n(t)M"2 = / <Me,0 - §5e,3 + Zm?I’AQ(S)ﬂzm) e P70 ds, (195)
t i=1
with

~ {Me,z‘ + j\i&e,ia 1=1,2,
He,i = .
,Ue,i; 1= 37
_ {H’xiJ + 5\i5-$,i) 1= 17 2a
M1 = .
/‘LCEZ'J? 1= 3

Note that m)"**(t) and n**2(t) satisfy ODEs

{—ﬁmﬁl’AQ (t) 4+ "2 (t) + fieq — 262, + M) () fig,1 = 0, m*™(T) =0, i =1,2,

27¢e 7

—Bm 2 () + 12 (b)) 4 fles + M2 () fig, 1 = 0, m 2 (T) =0, i =3,
(196)
and

1 3

= BN (E) + M () + pe — 525+ D mpt (Dpa 0 = 0, n(T) = 0. (197)
i=1

Particularly when 5\j = \;, j=1,2, we write (A1, \a) as (A}, \}), that is,
Ait = 5\1\/5U17t,
)\;,t = 5\2\/$2’t. (198)

The next proposition shows that (VA2 gy, x,) is a solution of a BSDE under P12
and a stochastic Lipschitz BSDE under P.

Proposition 4. (VM2 g5, 5,) is a solution of a BSDE

AV = —f(en, V)t + oy nd B

2
= — f(ct, ‘/;/\1’)\2) + Z /A\jw [Tj 10y j dt 4+ oya . dDBy, V;I’AQ = logcr. (199)

j=1
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Particularly, when j\j =\, 5=1,2, (VM ga,) is a solution of a BSDE

ATLAS

AV dt + o a3 dBy, Vit =loger.  (200)

.
VM

2
ATLAS N
flen, Vi ) + E :)‘j LjtOyaiag
j=1

Proof. By applying Ito’s formula to VA2 in (193) and using (196) and (197), we obtain
(199). 0
We further assume the condition

~ A1,A2 ~ _
Gppmy 2 (t) + Ger, >0, k=1, (201)
- AL -
Gu gy "2 (t) + Gep, >0, k=2.
1 2 . .
Then, 0{\/1”\2’ > 0 and 0"\/1’&’ > 0 by (193), and in particular,
A TLEOy A As | = _Al\/xl,t‘o'vk“f,/\al <A\ T1 40125 |
)\2 $27tUVA{,A§72 = >\2w/l‘2,t|f7vk{,k§72| Z /\2 $27tgv>\’1‘,)\§ 27 (202)

for all |A;] < |A;],7 = 1,2, in (200).

Theorem 2. Let A € A in the sup-inf/inf-sup problem (11)/(12) be X of the form \; =
Nzj, §=1,2, || > || > 0. Suppose that ¢ and x are solutions of SDEs (252) and (253),
respectively, with their coefficients (183) - (184). We also suppose f in (170) and assume
that the condition (201) is satisfied.

Then, (A}, \5) attains the sup-infin the problem (11), as well as the inf-sup in the problem

(12).
Proof. We show that (\f, A\}) is a saddle point. In particular, we show

A

VN <, (203)

We first note that under P12, SDE (200) becomes

thA;,A; _ [f(Ct, VtA{,/\§> + (A — 5\1)%7”%’%71] dt + oz dB;\I”\E, VT)‘T:/\E = log cr,
(204)
Let
Then, by Ito’s formula, we have
_ ATAS ALAS X A\
AVe = = [ £leo V%) = F(e VM 5) o+ (O = Ao sgog ]

AL
+ (O'VA’{,Ag - UVAl,A’Q‘ )dBt

= —|—ﬁ‘7;5dt — (5\1 - 5\1)1’17,50"//\’1‘,)\;716[75 + (O'fo”\; - O'V/\ly/\g)dBt)\h/\S, ‘_/T = 0, (206)
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and

d(efmvt) =—(\ — 5\1).’131,t0' By 1efﬁtdt + (O'VAT,As — val,xg)efﬁtdBt)\l’)\;.

.
VM

Thus,
~ T T
_67/3’5‘/; = / —(/\1 — /\1)I1’SO'VAT,>\§ lefﬂsds —|—/ (O-V’\T’/\§ — O'V>\1’>\§>e*53dB£‘1,)\2
t ’ t
and by taking the conditional expectation Ej""2 [-] in both sides of (288), we have
— >\ A* T —_ A
—G_ﬁt‘/; = Et 12 |:/ —()\1 — )\1)ZL‘17SO'V>\’1‘,)\§ 16_65d8:| Z 0.
t K

Hence, V; < 0. Here, we used the fact that

¢
. —Bs A1,
{/ (O'VAI,A§7S (Tvxl,xgjs)e dB;+ "2
0 0<t<T

is a martingale under P***2, which is proved in the following lemma.

Lemma 1.

t
_ —Bs A1,AS
{/ (O'VAT,AE“S O'V)\l,)\s,s)e dB;+ "2
0 0<t<T

is a P\ -martingale.

(207)

(208)

(209)

(210)

(211)

Proof. As in the proof of Theorem 1 in Section 4, by (202) and (288), it suffices to show

AL AT PYPS; ALAZ
that EAvA2 [SUPogth \% |] and FA*2 [SUPogth V72| < 0.

Firstly, B2z [SUpogth |‘/t/\17)\; H

(253) become

— = idt + oo(x4,t) - dB",

dr, = jiidt + o, (xy, ) - ng\l’)‘z,

where

ﬂ;l(ﬂft, t) = (fig, 1 + 5\15951)371,15 + My 0,
,ELZ;Q (l’t, t) - (ﬂxz,l + )\26-522)112,15 + N$2,07
[l (T, 1) = [y 1730 + oy 0,

ﬂ: = (,ae,l + ;\15'671)1'1 + (,ELQQ + 5\253,2)«T2 + /16,3*%3 + lae,Ou
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< oo is proved as follows. Under P**2, SDEs (252) and

(212)

(213)

(214)
(215)
(216)

(217)



ok (2,t) = Guin/Tig, 1 = 1,2, i =k, (218)
ok s(w,t) =643, i =3, i =k, (219)
ok (x,t)=0,i=1,2,3, i #F, (220)

04 (,t) = Gean/Tis, (221)
2(2,t) = Geor/Tar, (222)

o3 (z,t) = ez (223)
By (193), we have
* * 3
sup |V;’\1’A2] —Z sup \m /\Q(t)\ sup |zi,| + sup [nMP2(8)| + sup |loge,|.  (224)
0<t<T 0<t< 0<t<T 0<t<T 0<t<T

Since log e; is written as

t 3
loge; = log eg + / (Z ;75 + [)ds +/ <0e 13/21, tdB/\h ? + Oe2v/To, tdBAl’ 3dBA17 )
0 =1

(225)
where «;,1 =1,2,3, 5 € R, we have
sup |loge;| <logeg+ (ﬁ + Z \ocz| Sup |x,s ) T+ Z |Ge.i| sup / \ /q;_lsdBAl,
0<t<T 0<t<T
+ [Ge3] sup |B3’t \ (226)
0<t<T

By Burkholder’s inequality, we have

EAA [ sup

0<t<T

/t VZisdB (/Ot \xi75|ds> %]
(E*h K/ |2i.4|d )D < KT (EAM; LKT ;. D2 i=1,2. (227)

Since EM3 [supgyorp |2ig|] < 00, @ = 1,2,3, and EM2[supgc,<pr ]B’\I’AQH < oo (for instance,
see Problem 5.3.15 in Karatzas and Shreve [12]), we have E*1A2 [supOStST |loge:]] < oc.

2 ] < KEM

AL : AL : :
Hence, EM3 [supgcyop [V V72|] < 00, EMA [sup0<t<T v 2|} < o0 is also proved in the

same manner. [
V;A“AQ — V{\l’Az > 0. is also proved in the same manner. Hence, (A}, A\}) is a saddle point
and the optimality of (A}, A\5) on the sup-inf/inf-sup problem (11)/(12) holds. O
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8.3 Stochastic differential log-utility case with random endow-
ment volatility

Finally, we consider the case of the stochastic differential log-utility f in (94), which is

defined as
log(1 + aV})

fler, Vi) = B(1 +ali) Jlogey — ————1, (228)

with the terminal condition & = % in BSDE (137). As in Section 8.2, we consider the case
of the random volatility endowment and state-variable processes with coefficients (157)-(166)
and \j; = ), j = 1,2 of their SDEs (132)-(135). Also, for the equilibrium short rate and
the term structure of interest rates without fundamental uncertainties under the stochastic
differential log-utility, see Nakamura et al. [18].
We suppose
Az, t)ed — 1

V=7 229
t o 9 ( )

where
Az, t) = exp(a{my(t)xy + ma(t)zg + ms(t)xs + n(t)}),

and m;,i =1,2,3,n:[0,T] — R are differentiable.

Then, by applying Ito’s formula to (229) and comparing the drift and the diffusion term
with (137), we observe the following.

my(t), mo(t), ms(t), n(t) are obtained by solving Riccati equations

= Bmi(t) +ni(t) + e — %(1 — )z ; + mi(t)fie,1 + ami(1)5eG,, + ami ()7, = 0,
mi(T) =0, i=1,2,3, (230)
and
—Bn(t) + n(t) + mi(t)pay 0 + ma(t) fray,0 + m3(t) g0 = 0, n(T) =0, (231)
where

fieq = fle + MOet,
fies = [le + Aabe 2,
fle,3 = He,3,
fiay,1 = flay,1 + MOg1,
[lzs1 = flzp1 + Aol
Haz 1 = Pag,1- (232)
Next, let
2

x,0)

Bi = (a/&e,i&w,i + ,aa:,i,l - 6)a
1
Ci= iy — 21— )2 (233)

ez’

Ai:aé

40



and assume that B? —4A4,;C; > 0, and set v; as a solution of
A+ B+ C = 0. (234)

Then, the solution of Riccati equations (230) is obtained as

1
m;(t) = o o (235)
72'(2Ai'77;+Bi)67(2Ai’Yi+Bi)(T*1)72Ai;4ii+Bi
Moreover, we have
O'%/(t) = 6?141 /a:i,t(&x,imi(t) + 5e,i)~ (236)

Hence, when 0 < « < 1, sgn(oy,) = +1 as long as my(t)G,1 + 0.1 > 0 and sgn(o?) = +1
as long as my(t)G,2+0c2 > 0. Also, when o < 0, sgn(oi,) = +1 as long as m; ()6, 1+0e1 <0
and sgn(of) = +1 as long as my(t)d,2 + 0e2 < 0.

If these conditions are satisfied, the signs of a{}, j = 1,2 agree with the predetermined
ones, and x and (V, oy) also satisfy the original coupled FBSDEs (132)-(137).

In the same way as in (155) and (156) in Section 8.1, the short rate r and the market
price of risk 0 are given by

r=p04 ui(x,t) — |o(x, 7f)|2 + aoe(x,t)[o(x,t) + o (x, t)m(t)]
=404 ((ftex + M Fe1)T1t + (flea + A21Fe2)Tat + flesTst + flep)
—(1- a)(&iﬂ"l,t + 53,2372,t + 63,3)

+ a{ml(t)56715$’1x17t + mg(t)ﬁegémxg,t + mg(t)ée’;;&z,g}, (237)
where
3
Oo(,t) + og(x, t)m(t) = (Uf(x, t)+ > my(t)oh (x, t)) : (238)
i=1 k=1,2,3
and

0 = oc(x,t) — afoe(x,t) + oy (z, t)m(t)]
= (1 — a)oe(z,t) — ao,(z, t)m(t)
a)be,

— {(1 - T Oéa-xu]mj<t>}\/ I‘j’t, ] = 17 27 (239)

(1 — 6’67]‘ - a&mmj(t), j = 3.

8.4 Term structure of interest rates for the random endowment
process

As we observed in (168),(178) and (237) in Sections 8.1-8.3, in the case of the square-root

state-variable process and the random volatility endowment process with coefficients (157)-

(166) of SDEs (132)-(135) with A;; = A;, 7 = 1,2, r becomes a linear functional with respect
to . Moreover, under the risk-neutral measure Q*" in (315), x also remains a square-root
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process, which is observed by the expressions of the market price of risk # = —¢™ calculated
as (169),(179), and (239). In particular, when f is the standard power or the standard
log-utility as in Sections 8.1 and 8.2, we can calculate the zero yield Y (¢,t + 7) explicitly
as follows. We remark that in the case of the stochastic differential log-utility in Section
8.3, since the coefficients of the SDE for x are time-dependent, we calculate the zero yield
Y (t,t + 7) by Monte Carlo simulations.

To obtain a time-t zero yield with maturity 7" under a square-root model, we evaluate
the following zero-coupon bond price:

P(t,T) = EQ [e= I rudv| 5] = B [ mrudu) £ EQY o= S a2udu| £ (240)
where
re = Xot— Tig, (241)
d:cj’t = bj(ej — xj,t)dt + aj./:rj,tdBf; ; Tjo > 0, (242)
= (aj — by )dt + 0, /TdBY =12, (243)

with independent Brownian motions BJQA under a risk-neutral probability, and with con-

stants o1 < 0, 09 >0, 60; >0, b; >0, a; = b;0;,j = 1,2, such that b7 > 207. Then, we
/02 _252 /02 1202

obtain with 7 =T — ¢, v = 120y (b > 20%), 1o = fa+275

2 2 ’

P1 (t, T) _ EQA* [6ftT xl’“du|}—t] _ ethBl(t,T)-f-Al(t,T)’ (244)

P2 (t, T) _ EQA* [67 ftT $2’udu|ft] _ efzg’th(t,T)fAz(t,T)7 (245)
(s

B;(t,T) = sinh(y;7) (j =1,2), (246)

7; cosh () + % sinh(v;7)

(2%
A1) = 28 log{ newty) } , 217)

i v1 cosh(717) + % sinh(y,7)
—2 bat
Ay(t,T) = 32 log 72 eXp(b2 ) 7 (248)
g2 Yo cosh(yeT) 4 % sinh(v,7)
where sinh(y) = €=~ and cosh(y) = £,

Thus, a time-t zero yield with term 7 is given by

-1 1
Y(t,t+717)=—logP(t,T) = — |
T T

_{Il,tBl (t, T) + Al (t, T)} + {132¢B2(t, T) + Az(t, T)}] .

(249)
Remark 8. Ifr = aowy — aqzy, o >0, j = 1,2, we define T; = ajx;
di’jﬂg = (dj — bj[i‘jﬂg)dt + a'j\/i’j’tdB?)\ 3 &j == Oéj.Tj; (3j == w/OéjO'j, (250)

and then, the same formula as above is applied.

42



8.5 (Gaussian quadratic-Gaussian interest rate model

This section explains a Gaussian quadratic-Gaussian interest rate model in which the state-
variable process is Gaussian and the equilibrium short rate is expressed as a quadratic
function of the state-variable process. Particularly, we consider a case of the standard log-
utility.

8.5.1 Optimality of (A}, \}) in sup-inf/inf-sup problem

Firstly, let us specify the consumption (endowment) process as follows:

dCt

= pedt + oo(x,t) - dBy, (251)
+

(252)
dxy = pgdt + oy (zy, t)dBy, (253)

with BA*2 € R o.(x,t) € RY, 0,(x,t) € R™? (d =1 = 3), where

,U,C(ZI}, t) = o + ll (t)l’l + lQ(Zf)fI}Q + ,ull’% + ,ngxg + p3xs, (254)
JZ(.%', t) = Oc,j %y, (] =1, 2)7 Oc,js (j = 3)7 (255)
pr (1) = a; — b;x;, (256)
Oz,1 0 0
o, t)y=1 0 o,2 0 |. (257)
0 0 02,3

Next, let us define for given 5\1 < 0, 5\2 > 0, )\Lt = /A\ll’l,t, )\Q’t = /A\QZEQ,t, |5\1| < |5\1|,
|A2] < g Since 14,75, are Gaussian process under P, a probability measure P2 in (2)
is well defined. Also, let

ALy = Mz, (258)
)\;,t = )\2.1'271/, (259)
(260)

and then, P12 is well defined by (2), too.
By Girsanov’s theorem, B***2 in (13) is a Brownian motion under P**2. (252) and
(253) are rewritten as

dCt by

— = ppdt + o, 1) - dBM, (261)
da; = (0t + oy (xy, t)dBM ™, (262)
where
e = pew, 1) + X - o, t), (263)
1y = pa(, 1) + o (2, ). (264)
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)\1 5\11’1
A= | = AaZo | - (265)
Az 0

Now, we specify the function f as the following standard log-utility:
fle,V)=pB(loge—V), B> 0. (266)

Let us define (VA2 gya, 0, ) as

VA =) gt (8)ad, + mg(t)s,
+ne() +log ey, (267)
0,5 5 — xj,t(UC,j +2m;1v\2(t)01,j>7 J=12
DT VI A
AT Pt P
where
<. - 1 T 1A
my () = (M?“M —503) / BTG5 =12, (268)
t
T
m(t) = pis / e s, (269)
t
T 2
o s 1
n/\l,)\g (t) — / (MO + Zmi)\l)\Q(S)aij + msasg — 50’23) e_ﬂ(s_t)ds’ (270)
t j=1
and
(1) = —2m) M (Hay, j=1,2, (271)
with
u;l’)\Q = u; + ;\jac,ja J= 1,2,
AL,A 3 ;
i = b = Aoy, §=1,2. (272)

Note that m?l’j"" (t), § = 1,2, ms(t), and n**2(t) in (268)-(270) satisfy a system of ODEs
below:

PUNEPN PUREDN PPN PN 1 POREPN
A () — mit A ()8 + 2000) 4 ™ = S0 = 0; m(T) =0, j=1,2(273)

J J J 2 CJ J
and
PN PN 2 PRy 1 PN
W (E) = B () + o+ Y mi (007 + ma(t)as — S0ly = 0; w(T) = 0. (275)
j=1

The next proposition shows that (VA2 g1, x,) in (267) satisfies two BSDEs:
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Proposition 5. (V22 o5, ,) in (267) is a solution of BSDE:
AV = — e, V)t + oynnd B, VI = loger. (276)

Moreover, (V22 o, ) satisfies a stochastic Lipschitz BSDE:

d‘/;)\l,)\z _ dt —+ O—VAh)‘QdBta V,‘-[%\l’)\Q = lOg Cr. (277)

2
AL :
Flen VP22 3 N0
j=1

Particularly, when M\ = A, Ny = Ay, (VA3 O-V)\’lf,/\g) defined as

D R0, 4 w0, et
—|—n’\1’)‘2 (t) + log Ct,

O A% A% B {ﬁj’t(gg + %m§\175\2(t)09€7j)7 J=12,
Vit g T

Vi

(278)

ol + ) (o, =3,

15 a solution of BSDE

AV = dt + 0 03dBy, VR =logep.  (279)

2
)\*7)\* —
flen, Vi) + Z AJTj 0y xe 05
j=1

Remark 9. This implies that V"™ satisfies (9).

Proof. By applying Ito’s formula to V;*** in (267) and using (274) and (275), we obtain
BSDEs (276) and (277). O

Moreover, if conditions,
DYDY .
jl 2(15)01:7]' > O, ] = 1,

ol +2m) M ()0, > 0, =2 (280)

ol +2m

are satisfied, then the equation for Tyrias in (278) implies that

sgn(oy s ;) = sgn(aje)- (281)
Then,

_ MITel|oarag | S M@0y ) =1
)‘jmj,to-v)‘?*; j — ’ ) (282)

holds in stochastic Lipschitz BSDE (279).
The next theorem shows the optimality of V12 on the sup-inf/inf-sup problem.

+)\2|x2,t‘|O’V”f,>\§72 > )\2552,150"/)\*{,/\372 J =2

Theorem 3. Let A\ € A in the sup-inf/inf-sup problem (11)/(12) be of the form X\; =
S\jxj, i=12 X\ > |5\J| > 0, and assume f in the problem as (266). Suppose that the
condition (280) is satisfied. Suppose also that ¢ and x are solutions of SDEs (261) and
(262), respectively, with their coefficients (254) - (257). Then, (A}, \5) attains the sup-inf in
problem the (11), as well as the inf-sup in the problem (12).
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Proof.
We show that (A}, \}) is a saddle point. Particularly, we show

MAL A <, (283)

Vi
Set
7, =y s (284)
Since SDE (279) is rewritten as

ALY AT
asdBy 2 Vit = log e,

(285)

AV = = [Fen V) + (= Aoy, | dt+o

* *
VM VM

we have
4V = = [ (e, VY75) = Fle, V) 4 (= M)wrgoyagog | dt
+ (Uv**{’*é‘ Oy )dBtAh)\;
= +BVidt — (A — M)T140 a0 ,dE+ (0 x5 — Tpagng )BT, Vi = 0, (286)

1721

By Ito’s formula, we have

d(e™PV,) = —=(A\ — A\y)z140

_ _ AL
VAL 1€ Pt + (O’Vxl*,,\; — val,xg)e ’BtdBt b2 (287)

and thus
- T R T
—e PV, = / —(\ — /\1)%’1’30"//\{,)\3 16_55ds +/ (O'VA’{,Ag — val,xg)e_ﬁsdB;\“\?. (288)
t ’ t

Taking the conditional expectation "2 [-] in both sides of (288), we have

T
—e P, = EQ\I’AQ [/t —(A\ — )\1)1’1730"/)\’1*,)\;,16_&9(18] > 0. (289)
Thus, by (282), we have V; < 0.
Here, we used the fact that
t *
{ [ oo = o Jereamros] (290)
0 ' ’ 0<t<T

is a martingale under P***2, which is proved in the following Lemma.

¢ _ ML : . .
Lemma 2. { (o — 0 nos )€ PdB Yociar is a martingale under P13

* *
VAL
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Proof.
To confirm the martingale property, it suffices to show that

E}\l,)\* |:sup |‘/t)\f,)\§’:| ’E)\h)\* |:sup |‘/;)\1,)\;‘:| < 0. (291)

0<t<T 0<t<T

Firstly, E*2 [supgc,<p V3] < oo is proved as follows.
Under P**2 SDEs become

d *

L fzdt + ou(ar, 1) - dBY, (292)

Ct

da, = fiidt + oy (g, t) - dB, (293)

where

ﬂ;l ('xt?t) =a; — (bl - X10-1‘1)*1.17t7 (294)
[, (20,1) = a2 — (b2 — A204,) T2y, (295)
fig, (e, t) = az — byxay, (296)

fie = (pe,n + ;\10c,1)37§t + (fe2 + /_\2Uc,2)$§,t + pe3Tae + 0z + lo(E)xo s + peo,  (297)

g];,i($’ t) = Oz, = 17 27 37 1= ka (298)
ok (x,1) =0, 1=1,2,3, i £k, (299)
Ten(,1) = 0121y, (300)
025(2,1) = 0922y, (301)
U§,3<x7 t) = 0¢,3, (302)

2
PERY:
sup V172 SZ sup |mi(t)] sup |x|* + sup |ma(t)] sup |as
0<t<T — o<t<T 0<t<T 0<t<T 0<t<T

+ sup |n(t)] + sup |logey. (303)
0<t<T 0<t<T

Since loge; is written as

t 3
loge; = logeg + / (Z Oéixis + Biwis 4 y)ds
0 =1

t
A1,A5 A1,A35 A E
+ / (eaoa B + s dBYL S + s d B (304)
0
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where «;, 8;,1 = 1,2,3,7 € R, we have

sup |loge;| <logeg + ( <|a,| Sup |x25|2+ |BZ| Sup |x15|)> T
0<t<T
+ E |oci] sup / a:zsdB’\l’ + |oes| sup ‘B/\l’ (305)
0<t<T 0<t<T

By Burkholder’s inequahty, we have

; t 2
/in,sst (/ ’xi,s|2ds)
0 0
%
(E*h K/ |25 |*d )D < KT (EM’A;[SUP |xz-,t|2D y1=1,2. (306)
0<t<T

Alv

FAA2 [ sup

0<t<T

} < KEM

Since EM2[supgc,op |2i4]*] < 00, i = 1,2 and EA [sup0<t<T|B ?|] < oo (for in-
stance, see Problem 5.3.15 in Karatzas and Shreve) we have BN [sup0<t<T |loge]] < o0.

Hence, B3 [supgc i< VA < 0o, BMA |:Sup0§t§T ]‘/?1’)‘2@ < o0 is also proved in the

same manner. [l
In the same manner, we can prove that

VN e >, (307)

Thus, (A}, A3) is a saddle point of J(A1, A2), (A1, A2) € A. O

8.5.2 Equilibrium interest rate (Three Factor Gaussian Quadratic-Gaussian in-
terest rate model)

Let 7 be a state-price density process satisfying a SDE
dm
— = —pdt + o -dB) mp =1, (308)
T

where 7 is a risk-free interest rate and —o™ is called a market price of risk in equilibrium.

We denote the market price of risk —o™ by 6.

The state-price density process 7 is given by

t
T, = exp ( / £ (cs, VQW)dS> Foley, V). (309)
0

in equilibrium where the consumption process c is equivalent to the endowment. Here,
subscripts y and ¢ of f describe the partial derivatives of f with respect to those variables.

By applying Ito’s formula to (309) and compare its drift and diffusion terms with (308),
we obtain

r= B+ pi(n,t) = |o(x, 1)

2
= B + {/Lo + ll(t)JILt + lg(t)l’gyt + Z(,uz + /_\io'c,i)xit + M3$37t} {Z O'CZ ” } ,

. (310)
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and
Oc,1T1
0 =o.(z,t)=|0c222 | . (311)
0¢,3
Let D be a cumulative dividend process which is RCLL (right-continuous with left limits)
and R-valued {F;}-progressively measurable process.

It is well known that under a complete market assumption, a risky asset with the dividend
stream D is priced as

S, = EP"T”\E [/T EdDS
t

T

]—}] . (312)

Particularly, the zero-coupon bond price P(t,T") becomes

;

AEA
Z 1°72
Trer ]:t] _ (313)

P(t,T) = EP [@

T

=EFr

N
7TtZt 1572

We note that P(¢,7T") in (313) is also rewritten as

P, T) = E?" [exp <— /t ' rsds) ’]-"t}, (314)

where Q" is a risk-neutral measure with respect to Pz

Q¥ (A) = BN 1) Ae Fr,
Q’\* 1 r |2 g T AT
Zr =exp —3 loT|“ds + or -dB{v72 | (315)
0 0

Thus, under Q*",

B2~ {Z?ii; + ocidt, Ez ~1,2) (316)
it oedt, i =3.
is a Brownian motion, so, for i =1, 2,
dr;y = (a; — bix;4)dt + O-x,idB;;L)\; = (a; — bjx;4)dt + ax’i(dBi%A* — 0T ¢dl)
= (a; — (] + 04,0c:)xiy)dt + amdBf’?;*,
(317)

where 0] + 0,10.1 < b} due to 0.3 > 0 and 0,; <0, and b5 + 0, 20,2 > b5 due to o2 > 0
and 0,9 > 0.
Similarly, for ¢ = 3,

)\*
d$3’t = ((Cbg — 0'33’30'073) — b3I37t)dt + UccjgdBko;Q’t . (318)

Consequently, evaluation of (314) with (310) under SDEs (317) and (318) provides an
equilibrium yield curve in a three-factor Gaussian Quadratic-Gaussian interest rate model.
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9 Conclusion

In this study, we have proposed a novel asset pricing model incorporating fundamental
uncertainties by choice of a probability measure. Particularly, the model takes into account
both aggressive (positive) and conservative (cautious) attitudes of the agent towards different
market risk sources by a sup-inf/inf-sup problem on the agent’s utility, which reduces to
solving FBSDEs. Moreover, we have applied the result of the sup-inf/inf-sup problem to
asset pricing, in particular, term structures of interest rates. Furthermore, we have presented
numerical examples of the term structure of interest rates with market sentiment. Such term
structure models are important in yield curve trading of hedge funds as well as central banks’
monetary policy making in the global low interest environments, in which the yield curves
are controlled by central banks and less affected by economic factors, but driven mainly by
sentiment of market participants.

Firstly, we have formulated a sup-inf/inf-sup problem of a representative agent’s utility
that describes aggressive (positive)/conservative (cautious) attitudes toward risks of Brown-
ian motions and shown that the optimal solution is obtained by solving the associated BSDE.
Moreover, we have presented expressions of the equilibrium interest rate and the term struc-
ture of interest rates under the probability measure obtained through the sup-inf/inf-sup
problem. Furthermore, we have provided explicit expressions of the equilibrium interest rate
by solving the system of FBSDEs by two approaches. The first approach is by comparison
theorems with which the signs of the volatilities of the BSDE are uniquely determined and
thus, the system of FBSDEs is reduced to a combination of a solvable BSDE and forward
SDEs. The second approach is to predetermine those signs and confirm them by explicitly
solving the separated BSDE. Finally, we have provided numerical examples on the term
structure of interest rates under fundamental uncertainties, which give implications on yield
curve trading by hedge funds and yield curve controls for monetary policies by central banks.
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A Proof of Proposition 1

In this section, we prove Proposition 1 with modifications of the arguments in the proofs of
Theorem 9.20 in Cohen and Elliott [4] and Theorem I-3 in Hamadene and Lepeltier [8].
Hereafter, we suppress the superscript A\, Ay of Y and Z.
Let ¢ : [0,T] x Rt x C([0,T] = R?Y) x R x RY — R be
¢<t7 T,w,Y, Z) = g<t7 W, T, y) + /\l,t(w)zl + >\2,t(w>z2- (319)

Then,

d
dYy = — (9(3, B, X5, Ys) + M Ziy + /\Q,tZ2,t) dt + Z ZjwdBjy, Yr =0

j=1

= —&(t, X, B,Y,, Z,)dt + Z,dB,, Yy = €. (320)
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|6t ,w,y,2) = ¢t 2w, 9, 2)| = [Ae(w) (21 = 21) + Ao(w) (22 — 25) | + LIy — /|

< |AW)elz = 2| + Lly — /'], (321)
where A(w) = (A1(w), A2(w)) and [|A(w)]]; = supp< s [As(w)]-
Let
" (t,  w, Y, 2) = Ot T, w0, Y, 2) L aw)l<nt Hotayw)>0y T O 2, w, ¥, 2) Liaw)le<m} Lo t,zwy,2) <0} -
(322)
Then, we have
o™ (t, x,w,y, 2) — "tz w, Y, 2| < (n4+m)|z = 2|+ Ly — ¥ (323)

Hence, ¢™™(t,z,w,y, z) satisfies the uniform Lipschitz condition and by Theorem 6.2.1 in
Pham [21] , there exists a unique solution (Y™ Z™™) for a BSDE

dY;"" = =" (t, Xy, B,Y,"", 20" dt + 2By, YT =€, (324)

such that
T
E [ / (Y»m™)? 4 |Z§’m|2ds} < 00. (325)
0
Namely,
T T
verm =g [ ot X By Zemyds - [ zemas,
t t
T
—f—i—/ "™ (s, X5, B,0,0)ds
t
T T
+ </ ¢"’m(s,Xs,B,Y;"’m,Z§"m)ds—/ "™ (s, X, B, 0, Zg’m)ds)
t t

T T
+ </ ™" (s, Xy, B,0, Z0™)ds —/ gzﬁ"’m(s,Xs,B,0,0)ds)
t t

T
- / ZmmdB,
t
T T T
=&+ / o™ (s, X, B,0,0)ds + / a?"Y . "ds — / ZrmdBrm, (326)
t t t
where
n,m (bn,m(s, X87 37 Y;mma Z;m,m) — gbn,m(s, X87 87 07 Z;L?m)
ag,” = }/;n’m 1{ysnvm?g0}, (327)
n,m ¢n’m<S>XS7B>07Z;L7m) _(bn’m(s?X&BaOaO) n,m
dBj,s = dBj,S - ‘Z?’mP ZLS 1{Z;L,m¢0}d8. (328)
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Note that by (323), we have

la™™| < L. (329)
Let
n,m ¢n,M(S7XS,B7O’Z;1,m> _¢n7m(S7XSaB7070) n,m .
9' — |Z§L’m|2 Zj,S 1{Z?7m750}’ j = 17...7d. (330)
Then,
n,m |¢n,m(S7XS7B70’Z;7,,m> _¢n7m(S)XSaB7070)|
05| = 7 Lizzm 403- (331)
Since
™™ (t, x,w,y, 2) — OV (t x,w, y, 2')| < (n+m)|z — 2, (332)
Zn,m
oo < 7;;)},1' | —ntm (333)

By Girsanov’s theorem, P™™ defined by

1 T T
Prm(A) = E [exp (-5 / 977 2ds + / 92””st> 14 JAerF (334)
0 0

is a probability measure, and B™™ is a Brownian motion under P™™.
By Ito’s formula, we have

(efg ay’ mdsYn m) at efot ay mdsY'tTL ,m efot a?‘mdsdyvtn,m
= —eloa M dsgnm(y X, B0,0)dt + eho @ s grmaprm, (335)

fOTaS 5 fot nmdSYtn,m _ / fs ay ™ du nm( XS,B 0 0 d8+/ fo ay’ uluandBnm7
(336)
and

T T
v = el e isg g [l g X, B0, 0ds [ el gz mapn. - (3a)

t t
Then, due to the fact that

{ / el o du gz mdB"m} (338)
t 0<v<T

is a P™™- martingale for each 0 <t < T, we have

T
Y;n,m — prm |:6ftT a’;’mdsg +/ @fts azymdugbn’m(S,Xs,B,0,0)dS
t
Let K; and K, be positive constants by which [£| and |¢(s,z,w,0,0)| are bounded,

respectively. Since |¢™"™(s, X, B,0,0)| < |¢(s, X, B,0,0)| < K, we have
V"™ < eT(Ky + T sup |¢(s,z,w,0,0)|) < e (K, + TK,). (340)

0<s<T

;Et} . (339)

Here, we used (329) in the first inequality. Thus, Y™™ is uniformly bounded with respect to
t,w,n,m.
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Al
The fact that

{ / el aﬁ’mduzgvmngvm} (341)
t t<v<T

is a P™™- martingale is proved as follows.
We first show

- 1/2
Emm {/ (Z?’m)st} ] < 00, (342)
0
Let
1t !
L™ = exp <——/ |02 [*ds +/ Qg’mst) : (343)
2 0 0
Then,
. 1/2 ¢ 1/2
Emm { / (Zg»m)%zs} =FE 3" { / (Z;"m)2d8} ]
0 0
» . 1/2
< B[] E { / (Z?’m)st} (344)
0
Since L£}"™ satisfies
dLy™ = 0] LB, Ly = 1, (345)

where 6™ is bounded, and thus E[£}™] < co.

Hence, noting that £ [fJ(Z;“m)zds] < 00 in (344), we have

{ /0 T(ngm)zds}l/zl < 00. (346)

T 1/2
{/ efts2a3‘mdu(Z;L,m>2dS} ]
t
T 1/2
{/ (Z;L’m)st} ]<oo. (347)
0

is a uniformly integrable local martingale and thus a

Frem

By Burkholder’s inequality,

£ [ sup

t<v<T

v
S aw™du Zmm J gr.m
€ s s
t

:| S KETL,TI‘L

S KeLTEn,m

Hence, {ﬁv eft ay dng’mdB?’m}
martingale.

t<o<T
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A.2

Since Y™™ is uniformly bounded, increasing with respect to n and decreasing with respect
to m, we can define Y; as

Y; = lim lim V"™, P-a.s. (348)

m—00 N—r00

Here, the monotonicity of Y™™ with respect to n, m follows from a comparison theorem (e.g.
see Theorem 6.2.2. in Pham [21]) applied to BSDE (324) with a monotone driver which is
increasing with regard to n and decreasing with respect to m. For each p > 1, we can choose
a subsequence such that

T
lim E { / YRk _y Pds| = 0. (349)
0

k—o0

In fact, we choose a subsequence n(k) as follows.
Let Y™ = lim,, ., Y. Note that by the bounded convergence theorem, for all j > 1,

nhj{.lo Y™ — Y| 1o 11 x0) = 0. (350)
Let
n(1) = min{n € N|||Y"™" =YY oorix) < Y™ = Y| o015 - (351)
For 5 > 2,
n(j) = min{n > n(j — DIY™ " =Y o< < IV = Ylomxe ) (352)

Then, by the dominated convergence theorem, for all € > 0, there exists N such that, for
all k > N, ||Yoo’k — Y”Lp([oj]xg) < %6.
Moreover, by (351) and (352),

1

Y EF — Y| oy < 2¢ (353)
Hence,
Y™ OF — Y| ooainay < 1Y% =Y Loz + VF = Vile(o10)
<e. (354)
A.3

Then, {Zt"(k)’k}keN is a Cauchy sequence in the space {Z'E [fOT Zfds] < oo} , by the fol-

lowing discussion.
Since by Ito’s formula,

AT VY = 2 (v vy a (v v ()

t
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we have
—(Ym =y

T
- / 2(}/;"77” - }/;n/’ml>(_¢n7m(s7 XS’ B’ }/;n’m7 Z;%m) + ¢n/’m/(87 XS’ B7 st/7m/7 Z:l7m/))d8
t
T / / ! / T / /
+ / 2y — Yy (Zmm — 77 dB, + / (Zmm — Z7' )2 s, (356)
t t

Note that { [; 2(Y"™ — Y )(Z0™ — Z7' " )d B, }o<y<r is a P-martingale, since Y™™ —
Y™™ is uniformly bounded with respect to w,n,m,n’, m’ and E[fOT(Z"’m —Z"m2ds] < o0,
Taking the expectation with respect to P, we have

T
Bl v | [z - 2]
t
T ! ! I ! ! I
=B | [ 2 v s X B2 - 6 6, X B2 s (35)
t

Thus, we have

T / /
E|:/ (Zn,m_Zn,m)2d8:|
t

r pT
<E / 2™ — Y ) (¢ (s, Xy, B,Y™™, 20 — " (5, X, BY™ ™ Z;‘“’”’))ds]
t

T
<E / 21y — Y[ pnm (s, X, B, Y™™, 20 — " (s, X, BLY™ ™ Z:”m’ﬂds]
t

T
<B| [ @2y -y 20 |>ds}
LJ ¢

T
v | [ oLy vy s
t

T
+FE {4/ lo(s, X, B,0,0)][y™™ — Y”/’m/\ds}
t

B[ [ o

T
‘B [ [ 2ty -y gy + m"’vmw)ds]
t

1/2 1/4 1/4

T ! !
E |:/ |Yn,m _ynm ’4d51
t

T
<i| [0z iz
t

T
+E {4/ |6(s, X5, B,0,0)|[Y™™ — Y""m'|ds} : (358)
t

By the assumption on the integrability on A(B) in (18), and the fact that E [ftT \Z;?’m|2ds]

and |Y™™| are uniformly bounded with respect to n,m, taking the subsequence n(k) for
p = 4, we observe that {Z"F)*F}, \ is a Cauchy sequence in L%([0,7] x ). We define Z as
the limit of {Z"®)k}, o in L2([0,T] x Q).
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A4
The fact that

E { /t ' |Z§’m|2ds] (359)

is uniformly bounded with respect to n, m is proved as follows.

T T T
€ ()2 = / oY (s, X, B Y, 2 ds + / (Zm)2ds + / V™) Z0md B,
t t t
(360)

Then,
T T T
/ (Z1m)2ds < €2 + / Y™ (5, Xy, B, YO 20 ds — / 2V Z M dB,. (361)
t t t
Taking the expectation with respect to P, we have
T T
E { / (ngm)%zs} <FY+FE { / QY (5, X, B, Y™ Z;"m)ds}
t t
T T
< B+ | [ v s X Bo0js| + 8| [ vrriae) iz )
t t
T
+F [/ 2L\Ys”’m]2d51
t
T 1 T
< )+ B[ [ avrmons X mo.0jas] + 32| [ veepine)e)
t t

T 1 T
+E [/ 2L|Y'S”’m|2ds} +5E [/ |ngm|2ds} : (362)
t t
Thus,

1 T T 1 T
38 | [ @rmyas| < m@v e[ [ v xo o0l + 55| [ e )
t t t

T
+FE { / ZL]YS”’”"”|2ds] : (363)
t

Since Y*™ is uniformly bounded with respect to n,m and ¢™"™(s, X;, B,0,0) is bounded,
the right-hand side does not depend on n, m.

A.5
We observe that (Y3, Z;) is a solution of BSDE (14) by the following discussion.
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We consider the limit k¥ — oo in L*(€2) in both sides of

T T
}/tn(k)Jf _ g +/ ¢n(k)’k(S,XS,B,YSn(k)’k, Z;z(k),k>d8 _/ Z;L(k),kst
t

t

Firstly, by the dominated convergence theorem, we have

lim E[|Y - Y] =0.

k—o0

Secondly,

k—o0

hmE{

since

lim F

k—o0

Finally,

lim F [ (s, X, B, Y"

k—o0

This is proved as follows.

Then,

d

T T
/ zMRkqB, — / Z,dB,
t t
T T
/ zMRkqB, — / Z,dB,
t t

T T
¢n(k),k(s7XS’ B’st(k),k:’ Z;z(k),k)ds _/ o(s, Xs, B, Y5, Zs)ds
¢nk)kSXs,B yrkk  zn(h) ds—/ ¢

+/ gb”(k)’k(s,Xs,B,Ys,Zs)ds—/ o(s, X, B, Ys, Zs)ds
t t

/ ¢n(k)k(8 X., B, Yn(k) Zn(k / gbn(k (s, Xs, B,Ys, Zs)ds

|-

2

ds

kg ds—/ &(s, X,, B,Y,, Z,)ds

|-

|

T
<FE {/ IN(B)||s|Zr®)+ — ZS|ds} +F U LIy Rk _ Ysyds]
t t

<e[[ o] " [ 1z - 2]

— 0 (k — o0).

Next, by (322), we have

|¢n(k)’k(57 Xs; B7 Y:sa Zs) -

1/2

T
+E U Ly Rk
t

o(s, X5, B, Ys, Zs)| < 2|d(s, X, B, Y, Zs)|.
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k(s, Xy, B, Yy, Z)ds

T
= lim F U |z Bk _ Zs|2ds] = 0.
k—o0 t

0.

- Ysrds]

(364)

(365)

(366)

(367)

(368)

(369)

(370)
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Also,

T T 1/2 T 1/2
E[/ 2|¢<8,X5,B,Y;,zs>|ds]sw [/ ||A<B>||§ds} E[/ |Zs|2ds]
t t t

T T
+2F {/ L|Ys|ds] +2F U |¢(s,X5,B,0,O)|ds} < 0.
t t (372)

Hence, by the dominated convergence theorem, we have

d |

T
E U "k (s, X, B, Y, Z,)ds — ¢(s, X, B, Y, Z,)| ds} — 0 (k= o0). (373)
0

T T
/ qbn(k)Jg(:S’)(S)-871/297Zs)ds o / gb(S?XS?B’}/s’ZS)dS
t t

Here, we used

lim ¢"®* (s, X,, B, Y., Z,) = ¢(s, Xs, B, Yy, Zs), jux P-ae., (374)

k—o0

where p is Lebesgue measure on [0,7]. This follows from (322).
Since

T
E{Yt (5+ qﬁsXS,BYS,Z)ds—/ ZdB>

T
= EH( (/ €+ "Wk (s X, B, YRk Znk) Ry g —/ Zg(k)”“st>)
- (v (e [ otsxm vz [0 zas.) |||

< B[l —vy]
T T
+ EH (/ QS”(k)’k(s,XS,B,YS"(k)’k, Zg(k)’k)ds _/ Z:(k)’kst)
t t

T T
- ( gb(s,XS,B,YS,Zs)ds—/ stBS) H S0 (k — 00), (375)

we have
T T
Y, =&+ o(s, Xs, B, Ys, Zs)ds — / Z,dB,, P-a.s. (376)
t t
Since Y is continuous P-almost surely as we shall observe in next subsection,
T T
Y, =&+ (s, Xs, B, Ys, Zs)ds — / ZdBg, 0 <Vt<T, P-as (377)
t t

holds.
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A.6

The fact that Y is continuous P-almost surely is proved by the following discussion.
If we show

sup [Ye@Ee®e®) _y | 0 (K — o), (378)

0<s<T

for some subsequence {n(o(p(k)))}ren of {n(k)}ren, then it follows that Y is continuous,

since Y is a uniform convergence limit of continuous processes {Y™(PED)o@FENY, o
By (364), we have

| n(k),k _ l)l| < (s, X, B, Yn(k:) Z;z(k),k) . ng”(l)’l(s,Xs,B,)/é,”(l)’l, Z:(l)’l)ds
+ / (zr®Bk _ Zzn0ap,| . (379)
t
Since ( YO ft ¢"Dl(s, X,, B, Z¢ nid )ds ft MaB s) converges to

Yt,ft (s, Xs, B, Z, ds,ft Z,B,) in Ll(Q), Wthh follows from (365),(366), and (373),
there exists a subsequence {o(l)};en of {l}en such that the convergence holds in P-almost
surely and in particular,

/ |t e®) (5 X, B,y ok) Znle®elk)y — o(s, X, B,Y;, Z,)| ds — 0 (k — o).
(380)

Then, we have

T
|y o)y < / prete®) (g x B yrem)olk) gnle®)e®)y _ o(s X, B,Y,, Z,)ds
t

T
n / (Ze®) o) _ 7y,
t

T
< / | gD ®) (5, X, B, Y oMo ZrletDe®)y — (s X,, B, Y, Z,)| ds
t

T
+ / (zneDe®b) _ 7 ydB, (381)
t
By taking supy<;<7 in both sides, we have
Sup ’Yn(o ).0(k) Y;5|
0<t<T
/ |¢n (o(k)), k)(s X,, B, yn( o(k)),o(k )’Z;l(O(k))yo(k)) _ ¢(3,XS,B,Y;,ZS)| ds
T
+ sup / (zneDe®) _ 7ydB,| . (382)
0<t<T
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Finally, to prove (378), it suffices to show that there exists a subsequence {n(o(p(k)))}ren
of {n(o(k))}ren such that

T
/ (727w e®) _ 7B | — 0, (383)

lim sup
k=0 g<t<T

since (380) holds.
(383) is proved as follows. By Burkholder’s inequality,

2

E | sup

0<t<T

T
/ (Zn @O b)) _ 7 \qB,

(384)
Hence, (383) follows.

A7

The uniqueness of (Y, Z) holds by the following discussion. Let (Y, Z) and (Y’,Z’) be
solutions of the BSDE (14).
By Ito’s formula, we have

AY, — Y} = 2(Y; - Y))d(Y, - Y]) + d (Y — Y. (385)
where
d(Y:f - Y;f/) = _(g(tv B7 Xt7 Y;f) - g(ta B> Xt7 YZ) + /\17t(Z1,75 - Zi,t) + )‘Q,t(ZQ,t - Zé,t))dt
d
+> (Z1 — Z},)dBjs,
j=1
g(t7B7Xt7Y;f) - g(taB>Xt7Y )
- Y, — Y/ 1{Yt Y’;AO} dt+z Gt dB]t7
= —b (Y, = Y)dt + Z = (386)
and
d
d(Y =Y"), = (2, — Z},)%dt. (387)
j=1
Here, we set
d‘éj:t = dBj,t - Aj,tdt .] = 17 27 (388)

where B is a P-Brownian motion because of (17) and Girsanov’s theorem if we define

1 2 T 2 T
exp —52 / Xds+ ) / NisdBj | 14
j=1"0 j=1"0

P(A)=E L AeF, (389)
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and

b, = g(t7B7Xt7Yt) _g(t7B7Xt7}/t/)
t Y, — V)

1y, _y;0}- (390)

Let ¥; = (Y, = Y)elo i, Z, = (Z, — Zp)ek b,
Then,

d T T d
—V7 =Y /t 2V, 7, ,dB; , + /t > 73 ds, (391)
j=1 j=1

and taking conditional expectation with respect to P and the filtration F;, we have

E Y2+ t ZZisds
j=1

]—}] = 0. (392)

We used the fact that {ijl fg 2K2j7sdéj7s}0§t§T is a P-martingale, which can be shown
by a localization argument as follows.
Noting that

t
> / 2V, Z;dBy =Y =Yy — | > Z} ds, (393)
0

and {2?21 fot QZZj,sdBj,s}ogth is a P-local martingale, we can take an increasing sequence
of stopping times {7,},en such that 7, = T for sufficiently large n, P-almost surely, the
P-local martingale {Z;lzl OMT” 2Y,Z; «dB; s Yo<o<r is a P-martingale for all n € N.

Thus, we observe that for all 0 < t; <t, < T,

_ d toATh o ~ t1ATh o ~
lim £ ) / 2Y,Z;dBj | Fyy | = lim > / 2V, Z; (dB;
n—00 st 0 n—)ooj:1 0
d ti ~
=> / oY, Z; ,dB;.,, (394)
j=1""0
and
_ d toATh _ B toATn d
: 7 : 2 2 72
lim B Z / 2Y,Z55dBjs| Fiy | = lim E Y2, V7 = / lej,sds, Fu
Jj= =
~ _7 — t2 d —
—B(V2-v- [ 3 ZidsF
L 0 j=1
~ i d t2 — — ~
=E|) / 2V, Z; dB; | Fi, | - (395)
Lj=1"0
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In the second equality in (395), we used the dominated convergence theorem and the
monotone convergence theorem, since {Y;? — Y }o<i<7 is uniformly bounded with respect to
w and ¢ and {— [; 2?21 Z? ds}o<i<r is an decreasing process.

Hence,

E

d ts ~ d o _
> / 2Y.Z; B, ]—}1] => / 2V, Z; . dB; .. (396)
j=170 j=170

Therefore, noting that elo budu 0, 0 <Vt <T, we have

Y, =Y/, 0<Vt<T, P-as. (397)
Zjy = Zj,, i< P-ace. (398)
L

B Proof of Proposition 2

Proposition 2 is proved in the same manner as Proposition 1 with the following modifications.
In the proof of existence of a solution, instead of (319) and (322), we set

ot x,w,y,2) = g(t,w,x,y) — | M (t, 2)||z1] + [ Ao(t, 2)]|2] (399)
and
¢n,m (ta z,w,Yy, Z) = ¢(t> x,w,y, Z)1{||5\(:E)Ht§n}1{¢>(t,x,w,y,z)20}
+ Ot 2, w, Y, 2) L{x@)ll <m} Lot zw.y,2)<0} (400)
respectively.

Then, noting that

|6t 2, w,y, 2) — o(t, z,w,y/, )]

< Lly = /1 + Ma(@)lllz] = 1241 + e (@)]]]22] — [25]]

< Lly = /| + Me(@)llzr = 2] + [Aeg(@)] |22 — 2]

< Lly =y + M(@)l] = 2|

< Lly =y + M)l = &', (401)

we have

|¢7’L,m(t7 x,w,Yy, Z) - ¢n,m(t’ xz,w, ylv Z/>|
<ot z,w,y,2) — ot 2,w, 9, 2 ) L a@)i<ny Lis(tewy,z) >0}
+ ‘QS(t, T, w,Yy, Z) - ¢(ta xz,w, y/a Z/)|1{||/_\(gc)||t§m}1{¢(t,w,w,y,z)<0}
< Lly—y'|+ (n+m)|z — 2|, (402)

which corresponds to (323).
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For uniqueness of the solution, let (Y, Z2), (Y’, Z’) be solutions of BSDE (23).
Then, instead of (386), we have

g(trB?Xt?}/;) (t B Xt7Y>

d(Y; —Y)) = - Livi—vyzoy (Y — YY) dt

Y, -V,
< Z14| — |21,
M (X)) Nz oz 0y (Zis — 21 ) dt
Zl,t - Z1,t ot
S | Za | — | Z3,]
_ |/\2,t(Xt)|?Z§:1{Z2,t*Z§’t7ﬁ0}(Z2,t — Zy,)dt
d
+) (2 ' )dB;, Yr — Y] = 0. (403)
7j=1

Setting Y; Y, — }/;/7 Z _ th _ Z/ta j=1,...,d b = g(t,B,Xt,%)—g(t,B,tht/)1{}@_}17&0}’

J5 Y;—Y/
Z zZ! Z Z.
Clt—_l)\1t<Xt)|| lt‘ | ) ‘ 2t| | Qt‘

|
- 1{2“ 7, #0}s Cop = |/\2t(Xt U 220-24 20, We have

d
dY; = —bY;dt + Zy (dByy — c14dt) + Zo(dBay — coudt) + Y ZjydBj,, Yr=0.  (404)

j=3
Since
< [ Z14] — 121,
= |\ (X)) ————
el = [Are (X)) |Z1,t—Z{,t|
S |5\1,t<Xt)|7
. [ Za| — | Z5,4]|
= |\ ( X})|————
‘CQ,t‘ ’ 2,t( t)’ |ZQ,t_Zé,t|
< At (X)), (405)

if a weak version of Novikov’s condition (21) is satisfied for A\; and Ay, then the probability
measure P

2 T 2 T
1
P2 (A) = E |exp (——Z / ds+Y / cjvsdBj,S> 14|, Ae F, (406)
255 o j=1"0
is well-defined and Girsanov’s theorem is applied.
Then,
dY; = —b;Y;dt + Z dBSy, Yy =0, (407)
7=1
where B2 = (B{"?,..., B;"?) define by
t
Biltm = Bl,t —/ Cl,sdsa
Ot
Bcl 2 Bgt — / 027Sd8,
0
B]C.}t’” =B, (3<j<d). (408)
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is a d-dimensional Brownian motion under P2,
The rest of the proof is the same as the one for Proposition 1. n

C Equilibrium interest rate without fundamental un-
certainties

In this section, we show that BSDE (97) with the stochastic differential power utility f in
(94)

P
dv, = — 5%(1 + aVj)e=ple _ %1 +aVy) | dt + o, (1 + aV;)dB,,
@ —1
VT = eT ) (409)
«
that is
dVy = —f(es, Vi)dt + ov,d By (410)
where
P
flen V) = 81+ V)@ — 21+ vy, (411)
oy = oyl + alVl), (412)

is explicitly solved and r is obtained as in (101).

Remark 10. The stochastic differential power utility in (411) is derived from the standard
version of stochastic differential power utility (continuous version of recursive power utility)
that includes the volatility of the BSDE in the aggregator (driver), as follows.

d -1

ﬂ = — |:5(Ct/L — le'v’t|2:| dt + Uv,tdBty (413)
(o p 2

oy — o (414)

with >0, p=1-0<1,v>0.
Forp=0 (0=1),

d
S~ — [ Blogler/v) = Slowal?| dt + 0,4dB, (415)
t
vr = op (416)
Let
v —1
V= al0) = o

with o =1 — < 1. Then, v; = (1 4+ Vi)V, ¢4(v) = v and ¢4 (v) = (a — 1)v*2.
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Applying Ito’s formula, we have

Y
dv, = — ﬁ%(l + aVy)e=pla _ é(1 +aV,)| dt + o,.(1 + aV})dB,, (418)

p
@1
Vp=ZL - (419)
(6]

Then, we have the following:
For >0, p<1(p#0) and a < 1(a # 0) (stochastic differential power utility),

d‘/;/ = —f(Ct, V;g)dt + O—V,tdBt (420)
where
ot (a—p)ja _ B
f(Ct,Vt):ﬂz(l‘i‘OZVt)a g a—;(l‘l'OéVt), (421)
Oyt = 0'1,715(1 + Oé‘/;g) (422)

For p =0 with >0 and a < 1(« # 0) (stochastic differential log-utility),

e Vi) = 501+ Vi) [loge — 2B (123

Oyt = 0'1,715(1 + Oé‘/;g) (424)

For p=a # 0 with > 0 (standard power utility),

Flen Vi) = §<cf 1) BV (p=a#0, (425)
ove = oy (1+ alV}). (426)

For p=a =0 with § > 0 (standard log-utility),

fler, Vi) = Blloge, — Vi, (427)
ovi = 0ui(1+aVi). (428)

Let us suppose that the endowment process is given as

der _ piedt + oodB, (429)

€t

with a constant . and a constant vector o..
Let us assume V; = V(e t) = % € C?*! and since fot fles, Vi)dt + Ve, t) is a
martingale, Ito’s formula implies

1
f + 815‘/ + ueiet@eV + 50’37156?@62‘/ = 0,
o« 1
Vp=T" 7 (430)

(0%

67



Then, by (430), we obtain an ODE
A(t) = pA(t) + gAY = (t), A(T) =1, (431)
with
p=a(B/p—p—(a—1)0/2), g =—ab/p. (432)
Let u(t) = A(t)?/*, and then
u'(t) = au(t) +b, w(T) =1, (433)

with a = pp/ac = — p(pte + (o — 1)0?/2) and b = gp/ac = — .
Hence, we obtain

u(t) = e Ty (T) +

e ™

(1 . efa(Tft))

= e Tt 4 §(1 ) (434)
with a = 8 — p(pe + ( — 1)02/2), and u(t) > 0 for ¢ € [0,T] since 5 > 0.
Thus,
A(t)e — 1
y, = A —1 (435)
«
with A(t) = u(t)*/.
We also obtain oy (t) = A(t)oeel = (14 aV)o,, and o, = 0.
By applying Ito’s formula to (309), the interest rate r in (308) is given by
2

=8+ 0o — 2L o)z ) (436)

D A(z,t) for determination of sgn(oy) in Example 3

A(z,t) in Example 3 in Section 8.1 is explicitly calculated and concrete conditions that
determine the signs of of, k = 1,2 are obtained as follows.

1- *
= (e t) = 84 Lo o )7 — g, (437)
1 —
=4 P52 0y 62y, 4 52 (438)
—p [(ﬁe,l + 5\1,1:C~7e,1)$1 + (fle2 + 5\2,t6e,2)x2 + fle3T3 + ﬁe,o} (439)

2
1— _ S . _
i (z,1) = Z [p( 5 2) 02— pfie; + Ai,tge,i):| T; — pPfle3%3 + [ﬁ +

=1
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3

A

Ty =Y + E YiTits
i=1

with
p(l—0p)._ .
Y =B+ %03,3 — Plle,0,
1— - T - ‘
Vi = %Ugﬂ - p(:“ﬁ,i + )‘i,tae,i>a (Z =1, 2)’
V3 = —Plle,3-

B+ 0 A(x,t) — A(z, t)

3
Yo + Z %‘%,t]

i=1

3
1
+ Z a:va(xu t):u?(xtu t) + 5 [ai%A(Ia t>&§,1x1,t + a?g%A(I7 t)&iﬂ‘r?,t + a§§A<x7 t)a-i,?)]
=1

Ap = 1.

By Feynman-Kac formula,
A T rad g Y rdd
Az, t) = E; {e_ft " S—i—ﬁ/ e i Sdu} :
t

By independence among B (i = 1,2, 3),

EiA[ef ftu T?ds] — e*’YO(U*t)H?:lEiA[ei ftu 7i,smi,sd8].

For:=1,2,
d
M?(mtv t) = :u::i (mtv t) +p Z Uf(l‘t, t)O";i(ilj't, t)
k=1
= ([L:ci,l + )\i,ta-xi)xi,t + Haz;.0 + pée,ié-x,ixi,t
= (flg; 1 + NitOu; + POei00i)Tit + Hay0-
For ¢ = 3,

(T4, 1) = flug 1330 + s -

dxl,t = (a1 — blxl,t)dt -+ &m,lw/xl,tdBﬁty J]Lo > 0,
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(443)
(444)

=0,

(445)

(446)

(447)

(448)

(449)
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with a1 = Hgz,,0 Z 0 and bl = —(/111’1 + 5\1,t6m1 + p5'8716'171).

Let ]AILt = ”}/1|(L’17t.
iy = (a1 — bidr)dt + 64,01/314d By, d19 > 0 (453)
Wlth dl = |’)/1|/L$1’0 Z O and OA'le = |’}/1|5'33,1.

We note that there exits the unique strong solution z;, > 0 for all ¢ > 0.

dray = (ag — boxay)dt + 5x72\/EdB§t, Tao >0 (454)
With ay = figy0 > 0 and by = —(figy,1 + A2,t0ay + POc2042).
Let Zoy := |y2|z2s.
dioy = (Go — bodioy)dt + 6500/ B0dBgy, &2 >0 (455)
with ds = |72|ptey.0 > 0, and 6,9 = v/[72[04 2.

Again, there exits the unique strong solution z5; > 0 for all ¢ > 0.

de‘g’t = (a3 — b3$3’t>dt + 5-a:,3dB§47t (456)
with a3 = Hgz3,0 and b3 = —IEL$371.
Let @3, := v373+.
disy = (a3 — bsdss)dt + 6,,3dB3Y, (457)
(&3 = V3Hz3,0, @:,3 = 73535,3)- (458)
A T rAq g A vrAq
Az, t) = E: [e— e } + / E: [e-ft i } du (459)
t
(460)
with
Ef e i ds) = =0 (=DT3_ A (t, ). (461)
Fori=1,2, let
Ai(t,u) = Ef[e IF msmisds] — A= [ #isd5) (4, > 0), (462)
Ai(t,u) = BAle™ Jvismisds] = BA[e) #isds] (4, < (). (463)

For i = 1,2, with constants, a; > 0(jg, 0 > 0), b;, 0, i = 1,2 such that b7 > 202 when
i < 0.
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Then, we obtain with 7 = v —t, h; =
b? > 207?),

2 2

Ai(t, u) — e—fi,tﬂi(T)—Pi(T), (fyl > 0)

sinh(h;T
62(7—) = b; ) )
h; cosh(h,;T) + % sinh(h;7)

bt

—2a, h; exp(5F)
pZ(T) = T2 IOg b, - ’
0; h; cosh(h;T) + % sinh(h;7)

Ai(t,u) — eii,tﬁi(T)-l—pi(T)7 (% < 0)
sinh(h;7
i) = 1) —
h; cosh(h;T) + % sinh(h;T)

= 20, hi exp(*)
i(T) = =5 1o ‘ ’
P o2 & h; cosh(h;T) + % sinh(h;7)

where sinh(y) = €=~ and cosh(y) = <.
For ¢« = 3 with b3 = 0,
A &3 2 &g 3
Az(t,u) = exp | =37 — ?T + ET .

For ¢ = 3 with b3 # 0,

As(t,u) = exp (—23,:083(1) — p3(7)),

where
1— efbg‘r
/B3<7—) - b3 )
1 (3'3 2 1-— 6_2b3T d3
=— | — -2 _ — |7 — .
pir) =5 (2) |7 =28+ | + 0= AaCr)
1—p). - T -~
8117124 - p( 9 p) 0-271 - p(ﬂe,l + /\l,tae,1)7
1—p). - T -~
a:]cg = p( 9 & 03,2 - p(ﬂe,2 + >\2,t<7e,2)7
a:r:art - _plae,?)
For k =1,2,

l
Z 8$1A(ZE, t)O'l;ﬂ-(iL‘, t) = axkA(l‘7 t)O'];’k(I, t) = a-TkA(x? t)&a:,k\/ Lh,ts
i=1
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b +20; (v > 0) and h; = Vb2,

(71 < Oa

(464)
(465)

(466)

(467)
(468)

(469)

(470)

(471)

(472)

(473)

(474)

(475)
(476)

(477)



where

T 1— - T A
Oy, Az, t) = —E l / {p (=) 72 = p(fes + Ak,sﬁe,w] ds e Je 794 (478)
t

2
T w1 ) u
+6\/ / |:p( 5 p) 5-37]{; - P(ﬂ@k + >\k755-e,k):| dS e ft T?dsdu:| .
t t
(479)
Thus, the sign of
1 - 0 (1 3\ ~ ~
[_%Uik + p(fles + )\k730'67k):| Guk (480)

determines the sign of 0,, A(x, 1), k.
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