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Abstract

This work provides a semi-analytic approximation method for decoupled forward-
backward SDEs (FBSDEs) with jumps. In particular, we construct an asymptotic
expansion method for FBSDEs driven by the random Poisson measures with o-finite
compensators as well as the standard Brownian motions around the small-variance
limit of the forward SDE. We provide a semi-analytic solution technique as well as its
error estimate for which we only need to solve essentially a system of linear ODEs.
In the case of a finite jump measure with a bounded intensity, the method can also
handle state-dependent and hence non-Poissonian jumps, which are quite relevant for
many practical applications.
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1 Introduction

Since it was introduced by Bismut (1973) [5] and Pardoux & Peng (1990) [42], the backward
stochastic differential equation (BSDE) has attracted many mathematicians because of its
deep connections to non-linear partial differential equations. There now exist excellent
reviews such as El Karoui & Mazliak (eds.) (1997) [17], Ma & Yong (2000) [38], and
Pardoux & Rascanu (2014) [44] for interested readers. BSDEs also have a wide variety
of applications to financial as well as operational problems; El Karoui et al. (1997) [18],
Lim (2004) [36], Jeanblanc & Hamadene (2007) [28], Cvitani¢ & Zhang (2013) [11], Touzi
(2013) [54] and Crépey, Bielecki & Brigo (2014) [8] to mention only a few. As for BSDEs
with jumps, see for example, Barles, Buckdahn & Pardoux (1997) [2], Royer (2006) [49],
Crepey & Matoussi (2008) [9], Morlais (2010) [41], Delong (2013) [12] and Quenez & Sulem
(2013) [48].

The last financial crisis and a bunch of new regulations that followed have made vari-
ous problems involving BSDEs such as XVAs, risk measures, optimal executions in illiquid
markets and the development for their efficient numerical computation scheme the central
issues in the financial industry. Although the backward Monte-Carlo simulation scheme
has been proposed and studied by many researchers such as, Bouchard & Touzi (2004) [7],
Zhang (2004) [55], Gobet et al. (2004) [27] and Bender & Denk (2007) [3] for continuous
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BSDEs, and Bouchard & Elie (2008) [6] for BSDEs with jumps, it has not yet become
a standard tool for practitioners due to its computational burden. In particular, we can
only find simple one-dimensional examples using the Poisson process instead of a ran-
dom measure in the existing literature. See, for example, Elie (2006) [16] and Lejay
et.al. (2014) [34]. See also the discussion in [8] and Crépey & Song (2015) [10] regarding
the problems in the existing computation scheme when applied to practical problems .
Moreover, in certain applications such as mean-variance hedging and multiple dependent
defaults, the solution of one BSDE appears in the driver of another BSDE 2. In such a
case, deriving an analytic approximation for the first BSDE seems the only possibility to
obtain a numerical result within reasonable computational time.

As one possible approach to these problems, the current work contributes by providing
a straightforward semi-analytic approximation method for BSDEs with jumps, which are
especially difficult and time-consuming to evaluate by the standard Monte-Carlo scheme.
We develop an asymptotic expansion method for decoupled forward-backward SDEs (FB-
SDEs) with Lipschitz drivers and the Poisson random measures in addition to the standard
Brownian motions. We propose an expansion around a small-variance limit of the forward
SDE. It starts from solving a non-linear ODE corresponding to the BSDE where every
forward component is replaced by the deterministic mean process. Every higher order ap-
proximation yields a linear FBSDE, which can be solved semi-analytically essentially by a
system of linear ODEs. More precisely, the approximate solution of the BSDE including
the martingale components is explicitly given by a polynomial in the stochastic flows of
the forward process whose coefficients can be computed by the linear ODEs.

In order to justify the approximation method and its error estimate, we use the results
of Kruse & Popier (2015) [33] for a priori estimates and the existence of unique LP-
solution of BSDEs with jumps, Delong & Imkeller (2010) [13] and Delong [12] for the
representation theorem based on the Malliavin’s derivative, as well as the idea of Pardoux
& Peng (1992) [43] and Ma & Zhang (2002) [39] for controlling the sup-norm of the
martingale integrands of the BSDEs. In the case of a finite jump measure with a bounded
intensity, the method can also be applied to a system with state-dependent and hence non-
Poissonian jumps, which are quite relevant for many practical applications. A closed-form
expression of the approximation up to an arbitrary higher order term is available when
the forward SDE belongs to (time-inhomogeneous) exponential Lévy type. The current
work also serves as a justification of a polynomial expansion method proposed in Fujii
(2015) [20] for a certain class of models, which provides a couple of interesting numerical
examples.

The organization of the paper is as follows: Section 2 gives some preliminaries, Section 3
the setup of the interested FBSDEs and the representation theorem based on Malliavin’s
derivative, Section 4 the asymptotic expansion and its error estimate, and finally Section
5 gives the concrete implementation of the scheme. Appendices A and B summarize the
relevant a priori estimates, and Appendix C provides the smooth approximation theorem
for the FBSDEs, which justifies the assumptions used in the main text.

Remark 1.1. As for forward SDEs, the asymptotic expansion method around a small-
variance limit has been applied to a variety of financial problems. It has been shown, in
various numerical examples, that the first few terms of expansion are enough to achieve

n [10], the authors successfully applied the asymptotic expansion method proposed in [22, 23] to a
collateralized debt obligation with 120 underlying names to evaluate credit/funding valuation adjustments.
2See Mania & Tevzadze (2003) [40], Pham (2010) [46] and Fujii (2015) [21] for concrete examples.



accurate approrimation for option pricing with typical volatilities ranging from 10% to
20% and maturities up to a few years. See a review Takahashi (2015) [50] for the details
and a comprehensive list of literature.

Remark 1.2. The current work can be extended in couple of ways. Firstly, based on the
result of Fujii & Takahashi (2017) [25], a similar asymptotic expansion may be justified
for a BSDE with a quadratic-exponential growth driver and a bounded terminal condition.
This would be done by replacing the estimates of the standard Lipschitz BSDEs with those
of local Lipschitz BSDEs with H?-BMO coefficients. It may also be possible to develop
a sub-stepping scheme similar to those in Fujii (2014) [19] and Takahashi & Yamada
(2015) [52], which can handle higher volatilities and longer maturities. See an initial
attempt in a diffusion setup with quadratic growth driver by Fujii & Takahashi (2016) [24].

2 Preliminaries

2.1 General Setting

T > 0 is some bounded time horizon. The space (Qy, Fy, Py ) is the usual canonical space
for an [-dimensional Brownian motion equipped with the Wiener measure Py. (Q,, F,, P,)
denotes a product of canonical spaces 2, := QL X oee X Qﬁ, Fu= .7-"; X oo X ]-"Zf and IPL X
e XPZ with some integer k& > 1, on which each y’ is a Poisson measure with a compensator
v'(dz)dt. Here, 1*(dz) is a o-finite measure on Ry := R\{0} satisfying fRo 12204 (dz) < .
Throughout the paper, we work on the filtered probability space (2, F,F,[P), where the
space (£, F,P) is the product of the canonical spaces (Qw x Q,, Fw x Fu,Pw x P,),
and that the filtration F := (F})cjo,r) is the canonical filtration completed for P and
satisfying the usual conditions. In this construction, (W, u!, - - -, u*) are independent and it
is well-know that the predictable representation property holds 2. We use a vector notation
pwlw,dt,dz) == (p'(w,dt,dz"), -, ¥ (w,dt,dz¥)). The compensated Poisson measure is
denoted by & := p — v. We represent the F-predictable o-field on Q x [0,T] by P.

2.2 Notation

Let C}, denote a generic constant, which may change line by line, depending on p, T" and
the Lipschitz constants and the bounds of the relevant functions. For any integer r > 1,
let us introduce a sup-norm for a R"-valued function x : [0,7] — R" as

|2]a,5) := sup{|a:|, T € [a, b]}
and write [|z[|¢ := [|z[]j0,4-

Let us introduce the following spaces for stochastic processes for p > 2:
o SP[s, ] is the set of R"-valued adapted cadlag processes X such that

1/p
X lsppeg =B [IX @)1y < oo

3See, for example, Chapter XIII in [30]. If one assumes the predictable representation property, this
construction is irrelevant.



e H[s, ] is the set of progressively measurable R"-valued processes Z such that

¢ p/2] /P
12l =& [( [ 12P00)"] <o

o HT,[s, ] is the set of functions ¢ = {(¢);j, 1 <i < 1,1 <j <k}, (¢);;: Qx[0,T]xRy —
R which are P x B(Rp)-measurable and satisfy

k t y i o 1
(Z/ / 9 ()P (d2)du)

For simplicity, we use the notation (E,&) := (RE,B(Rg)*) and denote the above maps
{()ij1<i<r,1<j<k}byt¢:Qx[0,T]x E— R™* and say ¢ is P x £-measurable
without referring to each component. We also use the notation such that

//wu fi(du, dz) Z//% (du, dz)

for simplicity. The similar abbreviation is used also for the integral with p and v. When
we use F and &, one should always interpret it in this way so that the integral with the
k-dimensional Poisson measure does make sense. On the other hand, when we use the
range Ry with the integrators (i, u, /), for example,

[Yllmz s == E < o0.

[t = ([ viewia)

we interpret it as a k-dimensional vector.
e KP[s,t] is the set of functions (Y, Z, 1) in the space SP[s,t] x HP[s,t] x H[s,t] with the
norm defined by

1/p
10, 2, ) ooy 1= (1Y WBogasg + 1200y + N0 B )

e L2(E,&, v : R") is the set of R"™*-valued £-measurable functions U satisfying

1Pl = (/E|U(Z)21/(dz)>1/2

- (i/R \U"i(z)|2ui(dz))1/2 <o,

We frequently omit the subscripts for its dimension r and the time interval [s, t] when they
are obvious in the context.

We use the notation of partial derivatives such that

9
Oci= 5y Ooi= Oy 0) = (

o2
02 =0y y = (8&/:2-8%]')%1_{1"”@}

0 0
%,...,%)




and similarly for every higher order derivative without detailed indexing. We suppress the
obvious summation of indexes throughout the paper for notational simplicity.

3 Forward and Backward SDEs

3.1 The setup and some standard results

We work in the filtered probability space (2, F,F,P) defined in the last section. Let
us introduce a d-dimensional forward SDE of (Xi™, s € [t,T]) with the initial data

(t,z) € [0,T] x R? and a small perturbation parameter € € [0,1], and an m-dimensional
Markovian BSDE driven by X%%¢:

S S S
ngx#:er/ b(r,Xﬁvx’f,e)err/ a(r,X}f’“’c’g,e)dWﬁ-/ /EW(T,Xﬁ@’E,Zvﬁ)ﬁ(dﬁdz)
t t t
(3.1)

T
v =g+ [ p(rxime vtz |
0

P20 (2)(d2) ) dr

S
T T
_ / 2t — / / G ()i (dr, ), (3.2)
s s E
for s € [t,T]. Here, b : [0,T] x RI x R — R% o : [0,7] x R x R — R and ~ :
[0, 7] x R x E x R — R¥¥ for the forward SDE and ¢ : RY — R™, f: [0, 7] x R% x R™ x
R™* x R™*k 5 R™ and p : E — RF for the BSDE are measurable functions.

We shall specify the dependence of (b, o,7) in € more explicitly in Section 5.1, where we
arrange it so that X%®¢ becomes deterministic process in the limit of ¢ — 0. The main goal
of the current paper is to obtain the Taylor expansion of the solution (X 5% V&€ Z4&:€ qht-a:€)
around e = 0 and the associated error estimates. Let us fix the order of the highest expan-
sion by nmax (€ N) in the reminder of the paper. For notational simplicity, let us define
ne 1= npax + 2. 4

Let us also introduce the function n : R — R by n(z) := 1 A |z|]. Now, we make the
following assumptions.

Assumption 3.1. The functions b(t,x,€),0(t,x,€) and y(t,x, z,€) are continuous in all
their arguments and n*-time differentiable in (x,€) with continuous derivatives. Further-
more, there exists some positive constant K such that

(i) for every 0 < m < n?, |9/"b(t,0,€)| + |00 (t,0,¢)] < K uniformly in (t,e) €
[0,T] % [0,1],

(i) for every 1 <mn < n?, 0 <m < n?, |020"b(t,x,€)| + |020"0(t,x,€)| < K uniformly
in (t,x,¢) € [0,T] x R? x [0,1],

(111) for every 0 < m < n* and column 1 < i <k, |0"y.,(t,0, z,€)|/n(z) < K uniformly
in (t,z,€) €10,T] x Ry x [0,1],

(tv) for every 1 <n <n*,0 <m < n* and column 1 < i <k, |070".:(t,z,z,€)|/n(z) <
K uniformly in (t,x,z,¢€) € [0,T] x R x Rqy x [0,1].

Assumption 3.2. There exist some positive constants K, q such that
(i) £&(x) is n*-time differentiable in x with continuous derivatives. Moreover, it has at

“The additional factor +2 (instead of +1) arises basically from the need to bound the approximation
error for the control variables (Z,1).



most polynomial growth |07¢(x)| < K(1+ |2]7) z € RY for every 0 < n < n?,

(ii) |pi(2)| < Kn(z) for every 1 <i <k and z € Ry,

(iii) f(t, z,y, z,u) is continuous in all its arguments and n®®-time differentiable in (z,y, z,u)
with continuous derivatives. Moreover, every partial derivative only in x has at most poly-
nomial growth |07 f(t,x,y, z,u)| < K(1+ |x]?),1 <n < n? as well as all the other partial
derivatives are bounded by K, uniformly in (t,z,y, z,u) € [0,T] x R x R™ x R™*! x R™,
(i) |f(t,2,0,0,0)| < K(1+ |z|?) for every x € R? uniformly in t € [0, 7).

We define (9, X5, s € [t,T]) as the solution of the SDE (if exists) given by a formal
differentiation:

S S
8zX§’x’€ — / azb(T’ Xﬁ,x,e’ 6)335X7€’x’6d7° +/ aIU(T, Xﬁ,x&? E)azXﬁ’x’EdWT
t t
S
+ / /E Dury(r, X172 0y XET<Gi(dr, dz) | (3.3)
t

similarly for (9. X", s € [t,T]) and every higher order flow (9729 X5™, s € [t, T])m.n>0-

Proposition 3.1. Under Assumption 3.1, the SDE (3.1) has a unique solution Xb%¢
SE[t,T] Vp > 2. Furthermore, for 0 < n,m < n®, every (n,m)-time classical differentia-
tion of X" in (z,€) is well defined and given by Opo" X" e S8, [t,T] Vp > 2, which
1 a unique solution of the corresponding SDE defined by the formal differentiation of the
coefficients as (3.3).

Proof. The existence of a unique solution X% € Sh[t, T Vp > 2 is standard and can be
proved by Lemma A.3. Since every SDE is linear, it is not difficult to recursively show
that the same conclusion holds for every 979™X%%¢. The agreement with the classical
differentiation can be proved by following the arguments in Theorem 3.1 of Ma & Zhang
(2002) [39]. In particular, one can show

3 h Ly 2 —
%%EHVX _athxGH[t,T] =0

Xt,;z*+h,e _ Xt,;r,e
where VX! .= =2 > — (d = 1 for simplicity) and similar relations for every

higher order derivatives in (z,¢). O

Proposition 3.2. Under Assumptions 3.1 and 3.2, the BSDE (3.2) has a unique solution
(Yhwoe, ZbTe pbT€) which belongs to Sp[t, T] x HE _,[t,T] x Hi,,[¢, T] Vp > 2. Further-
more, it also satisfies

Hét,z,e

et < Cp(1+ |z|7) (3.4)
for every p > 2.

Proof. The existence of a unique solution follows from Lemma B.2. In addition, one has

~ x,€ g T,€ P
H@t,x,eu%p[tj] < CpE [|§(X§l ’ )’P + (/t ’f(S,XE’ ’ 7070,0)’d3> ]

and hence one obtains the desired result by Lemma A.3 and the assumption of polynomial

growth of {(x) and f(-,z,0,0,0). O



To lighten the notation, we use the following symbol to represent the collective argu-
ments:

@i,:c,e — (Xﬁ’w’e,ﬁ’x’e,Z?z’e,/ p(2) ﬁ,m,e(z)y(d2)>

Ro

O = (viee 2, [ pleute(wiaz) ).
Ro
We also use dg := (0z, 0y, 0, 04), Og := (0y,0z,0y) and similarly for their higher order

derivatives.

Remark 3.1. Let us remark on the practical implications of the Assumptions 3.1 and
8.2, since some readers may find that the smoothness assumptions are too restrictive.
In Appendix C, we prove a smooth approrimation theorem for FBSDEs which justifies
Assumptions 3.1 and 3.2 whenever the standard Lipschitz conditions are satisfied.

Since the financial problems relevant for BSDEs are inevitably non-linear, we are forced
to consider in a portfolio level. Thus, & and f are likely to be given by complicated piecewise
linear functions, which involve a large number of non-smooth points. The first step we can
do is to approximate these functions by smooth ones by introducing mollifiers or projecting
onto Chebyshev polynomials, for example. In the industry, this is quite common even for
linear products such as a digital option to make delta hedging feasible in practice. A small
additional fee arising from a mollifier is charged to a client as a hedging cost. It is also
used for CVA evaluation by Henry-Labordére (2012) [29].

3.2 Representation theorem for BSDEs

We define the Malliavin derivatives D; , according to the conventions used in Section 3
of Delong & Imkeller (2010) [13] and Section 2.6 of Delong (2013) [12] (with o = 1). See
also Di Nunno et al (2009) [14] for details and other applications.

According to their definition, if the random variable H(-,w,,) is differentiable in the
sense of classical Malliavin’s calculus for P,-a.e. w, € €1, then we have the relation

DyoH (ww,wu) = DeH (- wp) (ww)

where D. is the Malliavin’s derivative with respect to the Wiener direction. For the
definition D; . H with z # 0, the increment quotient operator is introduced

H(ww,wi”) — H(ww,w,)

I H(ww,wy) = .
where w!;* transforms a family wu = ((t1,21), (t2, 22), - - - ) € Q, into a new family Wi (L, 2), (t1, 21),
(t2,22),--+) € . This is defined for a one-dimensional Poisson random measure. In the
multi-dimensional case, Z; . H is extended to a k-dimensional vector in the obvious way. It
is known that when E[fOT Iz |Zt7ZH]2z21/(dz)dt} = E[Zle f(;f fRo Ty ., H|?220 (dz;)dt | <
00, one has Dy . H =7; ,H.

Proposition 3.3. Under Assumption 3.1, the process X“%¢ is Malliavin differentiable.
Moreover, it satisfies

sup E[ sup |Ds ,XE"e
IxRFk

p} < 00
(s,2)€[0,T T€[s,T]



for¥p > 2.

Proof. This is a modification of Theorem 4.1.2 in [12] for our setting. The existence of
Malliavin derivative follows from Theorem 3 in Petrou (2008) [45].

According to [45], for 2% # 0, one has
(5 Xt ,L,€ 7;

S— ’

t,.x,e __
Dsler -

/ D, ib(u, X, €)du
/ D, io(u, X5%¢, €)dW,, +/ / D, iv(u, Xy, 2, €)fi(du, dz)  (3.5)
for s <rand D, X, 7€ — 0 otherwise. Here, 7¢ denotes the i-th column vector and

1 .
Dy ib(u X7 €)= — [blu X7 4 2D

P Xtme ) - b(u’XfL@’E’E)]

5,2¢

and similarly for the terms (D, io(u, Xy, €), D, iv(u, X7, 2,€)). Due to the uni-

u—

formly bounded derivative of 0,b, 0, 9,7v/n, (3.5) has the unique solution by Lemma A.3.
In addition, applying the Burkholder-Davis-Gundy (BDG), Gronwall inequalities and
Lemma A.1, one obtains

V(50,2 €) P
EJ|D, o X', 3y < G (| 2222 + EIX s

Thus, by Assumption 3.1 (iii), we obtain the desired result. The arguments for the Wiener
direction (z = 0) are similar. O

Next theorem is an adaptation of Theorem 3.5.1 in [12] and Theorem C.1 in [25]. We
suppress the superscripts (¢, x, €) denoting the initial data for simplicity.

Theorem 3.1. Under Assumptions 8.1 and 3.2,
(a) There exists a unique solution (Y50, Z50 4)%0) belongs to KP ¥p > 2 to the BSDE

Vo0 = Dy of(X7) + /u ! FO0>rydr — /u Z30AW, — / / V02 p(dr, dz)

where

D, o&(X7) = 0:4(X7)DsoXr
o) = 0uf(r,0,)Dso Xy + 0y f(r,0,)Y 0 + 0, f(r,0,)Z5°

L 06, /R p(2)3° (2 (dz).

(b) For z* # 0, there exists a unique solution (Ys’zi,Zs’Zi,v,Z)“i) belongs to KP ¥p > 2 to

the BSDE
=D, ,i{(Xr) / fsz dr—/ Zsde / /1/) w(dz, dr)



where

& X7+ 2'D, i X7) — £(X7)
i

Ds,zif(XT) =

) = [f <r’ Xy +2'Dy i X0, Yy + 2' Dy iYe, Zp + 2' D, i Z,
,/ ple) [¥r(e) + ziDs,z”ﬁr(e)]V(de)) - f(?% XT’Y“Z“/ p(e)w’”(e)y(d@ﬂ/zi
Ro Ro

for every 1 <i < k.

(c)For u < s < T, set (Y%, Zi*,y®) = 0 for z € R¥ (i.e., including Wiener direction
z =0). Then, (Y,Z,1) is Malliavin differentiable and (Y%, Z%% 4>%) is a version of
(Ds,.Y, Ds . Z, Ds ,1).

(d)Set a deterministic function u(t,z,€) := Y;"" using the solution of the BSDE (3.2). If
u 18 continuous in t and one-time continuously differentiable with respect to x, then

Z5m¢ = Oyu(s, X0, €)o (s, X0 €) (3.6)
t,x,€ ‘ _ t,xr,€ i t,x,e _i o t,x,e
( . (Z))lgz‘gk = (u(s,Xs_ + 9 (s, X3 20 €) €) — u(s, X7 ,e)) Lcick (3.7)

fort<s<T and z = (zi)lgigk € R,

Proof. (a) and (b) can be proved by Lemma B.2, the boundedness of derivatives and the
fact that ©H%€ € SP x KP and D, .X €SP for Vp > 2.

(c) can be proved as a simple modification of Theorem 3.5.1 in [12], which is an extension of
Proposition 5.3 in El Karoui et.al (1997) [18] to the jump case. The conditions written for
w-dependent driver (assumptions (vii) and (viii) of [12]) can be replaced by our assumption
on f, which is Lipschitz with respect to (y, z,u) and has a polynomial growth in z. Note
that we already know X»%€ Dy, X*¢ € SP Vp > 2. See also the arguments used in proof
of Theorem 6.1 in [25] for a Markovian setup. (d) follows from Theorem 4.1.4 of [12]. O

4 Asymptotic Expansion

As the asymptotic expansion scheme, we want to obtain the Taylor expansion of the
solution (Xh%€ Yhoe Ztoe 4)t2:€) of the FBSDEs (3.1) and (3.2) around € = 0. It is
well-known that this is possible for the forward process X“®¢. For the backward com-
ponents ét"”’e, we need to prove the existence of classical derivative Bfé)t"”’e for every
0 < n < npax + 1 and then to obtain its estimate in an appropriate norm. Since the
BSDE corresponding to the classical derivative ag(i)tv%e contains the terms proportional
to [[)_, d¥OH¢ with 37, k; = n in its driver, the estimates of (9% Z5<, gFiyptoe)]_|
with respect to the norm HP x HY, Vp > 2 are not enough to guarantee the well-posedness
of the relevant BSDE.

In the following, we shall solve this issue by showing (9% Z/®€ 9Fiq)t%€) actually be-
longs to SP x SP Vp > 2 instead of HP x HL Vp > 2. This is done by recursively applying the
representation theorem and the polynomial growth property of the solutions with respect
to . In order to use the result in Theorem 3.1 (d), we have to start from studying the
classical derivatives of the BSDE (3.2) with respect to x.



4.1 Classical derivatives of BSDEs

Lemma 4.1. Under Assumptions 3.1 and 3.2, Ohre g classically differentiable in x, and it
is given by 0,04%¢ defined as the unique solution of the BSDE with formal differentiation:

DLYEDE = 0,E(X)0, X5 + /a@fr@t“)a@t“dr

/azt“czw //awt“ fi(dr, dz) (4.1)

and 0,04%¢ € KP[t,T] satisfying
10205 o1y < Cp(1 + |2|)
for¥p > 2.

Proof. The existence and uniqueness can be easily shown by Lemma B.2. Note that the
BSDE (4.1) is linear with bounded Lipschitz constants and satisfies
)

P . { (E‘awg(X%:c,eﬂgp) 1/2 N (E(/tT D, f(r Xﬁ’x’e, O)‘dr) 2;0) 1/2

< Cp(1 + |2[)

T
ol T] , R %me R ;ze ., ,0!
110,082, 1 < Cy ||0,€(X57)|P|0p XET<|P + 101 05|

< Cpl|0:

+| ‘@t7w,5| ’;’%%[t’ﬂ }

for ¥p > 2. With a simple modification of Theorem 3.1 of [39], one can also show that

lim [|V"©""¢ — 8,073}, 7y = 0

h—0
. ét,erh,e - ét,x,e
where V'@ .= . with h # 0 (for each direction). This gives the agree-
ment with the classical differentiation. O

Corollary 4.1. Under Assumptions 3.1 and 3.2, there exists Oyu(t,x,€) which is contin-

uous in (t,x) and has at most a polynomial growth in x uniformly in (t,€) € [0,T] x [0, 1].

Furthermore, Z4%¢ and fR (2)b%<(2)v(dz) belong to SP[t,T] Vp > 2.

Proof. Note that d,u(t,z,€) = 8tht’$’E and there exists some constant C' > 0 such that
[Bzu(t, 2, €)| < (180" |kops,ry < O(L+ ]

for every 2 € R? uniformly in ¢ € [0, 7] by Lemma 4.1. The continuity of d,u(t,z,¢) in

(t,z) can be shown in the same way as [39] using the continuity of X**€ in (¢, ), which

can be seen in Lemma A.3. Then, from the representation given in (3.6), (3.7) and the
above result, one sees

251+ | [ ooyt @taa)] < o X

which gives the desired result ©4%¢ € SP [t, T]®3 for any p > 2. O
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Proposition 4.1. Under Assumptions 3.1 and 3.2, the classical derivative 8gétvm erists
for every 0 < n < n?® with OO € KP[t,T| Vp > 2 and is given by the solution of the
following BSDE:

T
Yin = ot [ {Hap+dos(r 0 I0r0k ar

/ oL ZLEE AW, — / / oML (2) a(dr, dz) (4.2)

where

k

n
p=aly Y ka’fg Xhwe H 8B]Xt“
k=1B1++Bp=ni>1 =
k k— ’L;ck' Ty — Zy

iy 00T F(r, 087
Hnr = n'z Z Z Z Z igliyli (k — iy — iy — 12)!

k=2 B1+-+Br=n,8;>11:=01y=0 i,=0

gy tis

iy 'La:+7/y 1 5 1
531 t,x,€ Jy v/ t,x,€ ﬁ]z t,x,€
x HFa X QL gaoevess A1 g0z
jo=1"77 Jy=ia+1 Y Je=iatiy+1 77

k

L p ﬁju t,x,ezu -
< 1 /Ropuaac G ()u(dz)

|
Ju=tztiy+iz+1 Byt
Moreover, for every 0 < n < npax + 1, 8;}(:)“90’6 € SP[t, T)®3 Vp > 2.

Proof. We can prove recursively by the arguments used in Proposition 3.2, Lemma 4.1
and Corollary 4.1. We already know that ©%*¢ ¢ SP[t, T|®® and 9,0%%¢ e KP[t,T] for
any p > 2. The BSDE for 8%@“‘“6 has bounded Lipschitz constants and Hs, is at most
quadratic in (9,08"°). From the fact that £(z), f(-, #,0) have at most a polynomial growth
in z and that (87" X"®€)g<menac, %€ € SP[t,T] ¥p > 2, one can prove the existence of
the unique solution 205 € KP[t, T] ¥p > 2 by Lemma B.2. Furthermore, one can show
as in Lemma 4.1 that ||9260%%<
the arguments of Theorem 3.1 of [39], one sees this agrees with the classical differentiation
in the sense of Lemma 4.1. This in turn shows the existence 02u(t,z,e€) = 8%1/?’“7’6 and
also the fact that 92u(t,z,€) has at most a polynomial growth in z. This implies that,
together with Assumption 3.1 and the representation theorem (3.6) (3.7), 9,Z%%* and
fRo Dyt (2)v(dz) are in SP[t, T] Vp > 2. Thus, we get 8,00%¢ € SP[t, T]®3 Vp > 2.
In the same manner, if we assume that (0;(;)’5’”’6> _ € SP[t, T)®3 and that & +10H*¢ ¢
N
KCP[t, T] for Vp > 2 with the KP-norm at most a polynomial growth in z , then one can
show that the existence of the unique solution 8;”’2@'5“75 € KP[t,T| with the norm at most
a polynomial growth in x by Lemma B.2. It then implies from the representation theorem
that 8§+1ét’x’e € SP[t, T]®3 ¥p > 2. By repeating the procedures, one obtains the desired
result. O

4.2 Asymptotic expansion

We are now going to prove 8?(:)'5’3”75 € SP[t, T)®3 ¥p > 2 for every 0 < n < Npax +
1. Although the strategy is similar to the previous section, we actually have to study

11



the properties of (8;“8?ét’z’€) since e affects u(s, X;fe,e) not only through its explicit
dependence but also through X% indirectly.

Lemma 4.2. Under Assumptions 3.1 and 3.2, Ot g classically differentiable in €, and it
is given by 0.04%¢ defined as the unique solution of the BSDE with formal differentiation:

DY = ,8(X7")0Xp™ + /6@fr®t“)8®t“dr

/8Zt“dW //awwﬁ (dr,dz) .

One has 8.04%¢ € KP[t, T] satisfying
1060 |icrpe.r7 < Cp(1+ ||?)
for any Vp > 2.
Proof. The proof can be done similarly as in Lemma 4.1. O
We now get the following result.

Proposition 4.2. Under Assumptions 3.1 and 3.2, the classical derivative 8?@"/"’”7" erists
for every 0 < n < n? with 9"OH¢ € KP[t,T] Vp > 2 and is given by the unique solution
of the following BSDE:

~ T ~
YL = €, + / {Hor + 001, 0:7) 0200 Lar

/8”Zt“dW //a"zpt“ (dr,dz) .

Here, §n and Hn r are given by the expressions of &, and Hy, , in Proposition 4.1 with Oy
replaced by O ]@. Moreover, for every 0 < n < nmax + 1, 86”9t e e SPIt, T)®3 vp > 2.

ﬁ]@

Proof. We start from the result of Lemma 4.2, which implies d.u(t,z,€) has at most
polynomial growth in x. Using the fact that 9.0%%¢ € SP[t,T] x KP[t,T] and 9,0 €
SP[t, T)®4, one can show that 0,0.06%< exists and satisfies 9,0,06%< ¢ KP [t,T] for Vp > 2
as in Lemma 4.1. The corresponding norm has at most polynomial growth in =z and
0 is Oy0cu(t,x,€). This implies, together with the representations (3.6) and (3.7), that
9.64m¢ e SP[t, T) for Vp > 2.

As in Proposition 4.1, one can recursively prove that the classical derivative 8;}06(:)'579”’6
exists and belongs to KP[t, T] Vp > 2 for every 0 < n < n*® and moreover that it belongs
to SP[t, T]®3 Vp > 2 for every 0 < n < npax + 1 by induction. Then, by Lemma B.2, it is
straightforward to check 07920%¢ exists and belongs to KP[t, T] Vp > 2 for 0 < n < n?®
By the representation theorem, it then implies 8;}862@'579”75 in fact belongs to € SP[t, T] Vp >
2 for 0 < n < nmax + 1. By repeating the same procedures, one can show that, for every
0 <n,m < Npax + 1, I2OOH exists and belongs to SP[t, T]®3 ¥p > 2. Thus the claims
of the proposition are proved. ]

We have shown that ©%%€ is n?*-time classically differentiable with respect to (z,€)
and, in particular for n < npyay+1, 0704 € SP[t, T|®* ¥p > 2. Let us define for s € [t, T]

12



and 0 <n < nyax that

@[n} — lan@lf,x,e
s nless

620'

Using the differentiability and the Taylor formula, one has for any 1 < N < nyay

t [0] al [n] Nt N (aN+1gt
("‘)815376 = 65 + ; Gn@Sn + ]\”/0 (]. — u) (8()( @S’x’a) a:uedu . (43)
As we shall see later, each O m e {1,2,--+ ,nmax} can be evaluated by solving the

system of linear ODEs. Although ©!9 requires to solve a non-linear ODE as an exception,
the existence of the bounded solution is guaranteed under the Assumptions 3.1 and 3.2.

The next theorem is the main result of the paper which gives the error estimate for
the approximation of ©4%¢ by the series of O, m € {0,1,--- , npax }-

Theorem 4.1. Under Assumptions 3.1 and 3.2, the asymptotic expansion of the forward-
backward SDEs (3.1) and (3.2) is given by (4.3) for every 1 < N < npax and satisfies,
with some positive constant Cp, that

<N, . (4.4)

N
otwe _ <@[0] + Z en@[n])
n=1 SP(t,T]

Proof. This immediately follows from the fact that 9N +t1@%%¢ is in SP[t,T] Vp > 2 and
continuous with respect to € by Propositions 3.1 and 4.2. ]

4.3 State-dependent jump intensity

When v is a finite measure v(E) < oo, all the previous results hold true with slightly
weaker assumptions with 7, p = 1 in Assumptions 3.1 and 3.2. In practical applications,
however, there are many cases where we want to make the jump intensity state dependent.
In this section, we solve this problem when the intensity is bounded.

In particular, we consider the forward-backward SDEs (3.1) and (3.2) but with the
compensated random measure i(dr, dz) given by, for 1 <i <k,

it (dr,dz) = p(dr,dz) — Xo(r, X% v (dz)dr

where 1! is normalized as v*(Rg) = 1 and X’ : [0, 7] xR? — R. One can see that the random
measure is not Poissonian any more and depends implicitly on € through its intensity.

Assumption 4.1. For every 1 <i < k, v'(Ro) = 1 and there exist some positive constants
K, c1,co such that

(i) Ne(t,x) is continuous in (t,z), n®-time differentiable in x with continuous derivatives
satisfying 0PN (t, )| < K for every 1 < n < n® uniformly in (t,z) € [0,T] x R?,

(i3) 0 < c1 < Ni(t,z) < co uniformly in (t,x) € [0,T] x RZ,

(ii) |07.i(t, z, 2,€)| < K for every 1 < m < n® uniformly in (t,x,z,¢) € [0,T] x R? x
RO X [0, 1]

Lemma 4.3. Under Assumption 4.1, one can define an equivalent probability measure Q
by, for s € [t, T,

Q) _
dPlr, 7
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where M is a strictly positive P-martingale given by

k s
M,=1+ Z;/t M, (A(7~C)2(“) - 1)ﬁi(dr,R0) .
Under the new measure Q, the compensated random measure becomes
1Q(dr, dz) = p(dr, dz) — cov(dz)dt
and hence p is Poissonian. Moreover, for Vs € [t, T,
Mg > exp(—(co — c1)k(T —t)) .

Proof. By Kazamaki (1979) [32], it is known that if X is a BMO martingale satisfying
AXy > —1+§ as. for all t € [0,7] with some strictly positive constant 6 > 0, then
Doléans-Dade exponential £(X) is uniformly integrable. One can easily confirm that this
condition is satisfied for a martingale

/ | (C2 IA\(s, XLy — 1) fi(ds,Ro) .

Thus the given measure change is well-defined and the first claim follows from Theorem 41
in Chapter 3 of [47]. The second claim directly follows from the explicit expression

k

M = H H (M>Aui(nﬂ¥o) exp(— /ts(CQ — \¥(r, Xﬁf’e))dr)

=1 | O<r<s

> exp(— /ts k(co — cl)dr> .

Under the measure QQ, we have

s
Xg,a:,e _ l‘—|—/ b,rXtJ:e )dr+/t O.(nXﬁ,x,E?e)dWr

// (r, X7, 2, )i (dr, dz) (4.5)

T

Y;t’x’e _ g(X;—:Z,ﬁ)_{_/ ]?< Xt;ve Yt,xe Zt,ze/ @bﬁ’x’e(z)y(dz))dr
Ro

_/S ZETEqW, — / /W“ Qdr, dz) (4.6)

where
_ k
b(s,x,€) =b(s,x,€) + Z(cz — )\i(s,x))/ vi(s,z, 2, €)v(dz?)
i=1 Ro
k
f(sv €, Y, z, U) = f(sv xr,Y, =z, u) - Z(CQ - Ai(s7 x))ul
=1



Theorem 4.2. Under Assumptions 3.1, 3.2 with p and n replaced by 1, and Assumption
4.1, the solution ©4%¢ of the forward-backward SDEs (3.1) and (3.2) allows the asymptotic
expansion with respect to € and satisfies the same error estimate (4.4) in the original
measure P.

Proof. Assumption 4.1 makes (b, f) once again satisfy Assumptions 3.1 and 3.2 with p,n
replaced by 1. Therefore, all the results in the previous sections hold true under the
measure Q to the equivalent FBSDEs (4.5) and (4.6). In particular this implies from
Lemma 4.3 that, with some positive constant C),

ep(N‘H)Cp > EQ

s.up}’@';””’E — (@LO] + nzN:l e”@gn]) )p

seft,T
= E|Mp sil[i,pT}‘@?w — (Q[SO] + ﬁ 6"9[5”]> ’p]

> exp(—k(cs — c1)(T — 1)K

e (o + 3 et |

This proves the claim. ]

5 Implementation of the asymptotic expansion

5.1 Evaluation scheme

In this section, we explain how to calculate O n e {0,1, -+ ,nmax} (semi)-analytically.
As we shall see, if we introduce € in a specific way to the forward SDE (3.1), then the
grading structure introduced by the asymptotic expansion yields a very simple scheme
requiring only a system of linear ODEs to be solved with only one exception at the zero-th
order. It is also remarkable that one can directly approximate not only (V%% Z4%) but
also the L2(E;v)-valued process 1"*(-). This looks almost infeasible for the standard
regression-based simulation scheme.

Let us put the initial time as ¢t = 0, and take (m = d = [ = 1) for notational simplicity.
The extension to higher dimensional setups is straightforward for which one only needs
proper indexing of each variable. Let us adopt a following parametrization of X with e
which obviously leads to small-variance expansion;

Xsezac—i—/ b(r,Xﬁ,e)dr—i—/ ea(r,Xﬁ)dWT—i—/ / ey(r, Xy_, z)p(dr,dz) ,
0 0 0 JRo

where we omit the superscript denoting the initial data (0,z). One can see that the pro-
cess X € becomes deterministic when e — 0. Similar to the standard applications [50], this
parameterization is crucial to obtain semi-analytic approximations. We make Assump-
tions 3.1 and 3.2 (or those replaced by p = n = 1 and Assumption 4.1) the standing
assumptions for this section.
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Lemma 5.1. The zero-th order solution (@LO], 5 € [O,T]) is given by

X0 =g+ / b(r, X% 0)dr
0

r

T
vl =g(xp) + / fFr, X190, Y9, 0,0)dr (5.1)

which is continuous, deterministic and bounded.

Proof. Thanks to the Lipschitz continuity of b, f with respect to x,y respectively, the
claim can be proved by the standard results for the ODEs. O

Let us introduce some notations. We denote, for s € [0, 7],

b (s) := (s, X19,0),  o(s) 1= o (s, XIU),  410(s, 2) := (s, X%, 2)
o= e(xI, fO(s) = f(s, X ¥, 0,0),

D) i= [ p(e) (s, ()
Ro
As for derivatives, we denote for example

8,0 (5) := A,b(s, , 0)‘ 8 (5) = A.b(s, X1, €)

_xLo"

8xr[0](5) ::/ p(2)0:(s, x, Z)‘ [O]V(dz)
Ro v=X

and the other terms in the obvious way.
For the first order of the expansion, we have to solve

X[ = / (859 (r) + 8,6 (r) X ] dr + / o0 () dw, + / / A0 (1, 2)7i(dr, dz),
0 0 0 JRg
(5.2)
T T T
1 _ g,e0lx[l 4 / 96 fO (r O dr — / ZMaw, — / o (2)fi(dr, d2) .
s s s Ro
(5.3)

Lemma 5.2. There exists a unique solution ol to (5.2) and (5.3) which belongs to
SP[0, T]®* ¥p > 2. O is given by, for s € [0,T] and z € Ry,

”—y ()X + yil(s)
=y (5)01%(s) (5.4)
¢L1<> i (s)y(s, 2) .
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Here, (ygll(s),y[[)l](s), s € [O,T]> are the solutions to the following linear ODEs:

1]
S 0,05) 1 0, £ ) ol ) + 0.1 (5),
(1]
dyds( 5) _ = 0, 9 (s)yy () + (851;[0] (s) + 8, f9(s)ol (5) + 9, f10 ()T (8)>y£1] (s)

(5.5)

with the terminal conditions y[11] (T) = 9,£1° and y([)” (T) =0.

Proof. The existence of the unique solution for ! is obvious from Lemmas A.3 and B.2.
Since the ODEs are linear with bounded coefficients as well the terminal conditions, they
obviously have bounded solutions (y([) ],ygl]) The form of Y is naturally expected from
the linear structure of the BSDE and the order of e. It automatically fixes the form of
zW and ¢!Y. By applying Ité-formula to the hypothesized YU in (5.4) and using (5.5),
one can directly confirm (5.4) gives the solution to the BSDE (5.3). This also proves
ol € sr[0,7]®* ¥p > 2. Since the solution of the BSDE is unique, we are done. O

In the second order of €, we need to solve

s 1 1
x2 = /0 (amb[ol ()X 4+ S0P ) (X[)? + 2,05 () X[ + S92 (r))dr

+ / AoV xMaw, + [ 0,4 (r, 2) XM fi(dr, dz) (5.6)
0 Ro

and

T
V2 = 0,0 + S22 4 [ (90s 90 + S8 OO )ar

S

_/8 ZBaw, — /W i(dr, dz) . (5.7)

You can see that the dynamics of X2 is linear in X2 and contains {(X!1)7, j < 2}. The
BSDE for ©[2) is linear in itself and contams {(®l1)7,j < 2}. Since we have seen O i
linear in X!, the driver contains {(X!)7, j < 2}. Suppose that O is linear in X and
quadratic in X (. Then, one can check that this is also the case for the driver of Y2
and hence consistent with the initial assumption. In fact, although it becomes a bit more
tedious, one can prove the next lemma exactly in the same way as Lemma 5.2 by directly
comparing the result of Ito-formula with the driver of the BSDE.

Lemma 5.3. There exists a unique solution ©2 to (5.6) and (5.7) which belongs to
SP[0, T)%* Vp > 2. O is given by, for s € [0,T] and z € Ry,

[2]_y[2]( )X [2]+y[2]( )(X] ) (S)X[1]+y (s)
Z2P = XU (45(5)0,0"(s) + 24 U[O] () + ()01 (s)

0B (2) = XU (45 (5)0:7 (5. 2) +2y[2] <s>v[°]<s,z>) + P91, 2)? + o (5715, 2)

Here, (45)(),y3 (), 9 (), w8 (). 5 € [0,

N——

are the solutions to the following linear
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ODEs:

a2
—deS(S) = (2:b(s) + 0,1 (5) ) 5 (5) + 0 £ (5)

d 2]

yds() = (20u0(5) + 0,790 )9k ) + 5327

450800 (51 (5) + 0,0, s)y [”< )+ 52 ) 6 5))?

dy[d]“ = (9:6(s) + 0, 7(5) )yl () + 0,06 () (5) + 2061 ()3} ()
+0.£(5) (45 (5) 0.0 (s) + 2y ()0 (5))
+0, ﬂ%)( (0.1 (5) + 203 (5)T )
+62f[0( i (s)y [”< >+a 9, () (s)
() (0011 (5)0 ) (5) + 0,0, £ ()T 5) )
(w1 ()2 (9,0 f[01< )o(s) + 0,0, 0 (5) 01 (5))

2
I, ) + o (e +

Ro

(1) (s, 2)) 2w (d2) )
45080 (5)y2(5) + Db ()52 5) + %)(a 1()01%(5) + 0, SO ()1 s)
P 00.00) [ p)(0 s, 2)Puld2) + 55 05) 6 (5)

Ro
+<y£”<s>>2(laﬁf[m(s)(o“(s))?+ ST (5)? + 8.0, 9 ()0 (5)T1(s))
w1 ()8 () (8,0:1° ()01 (5) + 0,0, (5)T ) (s)

with terminal conditions y£ ]( T) = 9,€9 y 2] 1(T) = 102¢l0], y1 (T) = y([)2] (T) =0.

One can repeat the procedures to an any order n < mpyax. This can be checked in the
following way. By a simple modification of (4.2) gives

T T T
Y =a, + / { P + 00 1 ()0l Jar — / zIaw, - / o (2)fi(dr, dz2)
s s s Ro

where

k
1 0 |
Gy = >, o] Xl
h=1 Bt Brmn Bi21 =1

ey Y Y kfk A T 0
n,r «— : : ;
igliyli Nk — iy — iy — 12)!

k=2 [31+ JF/BI@ n,B;>14:=014y=0 .=0

[ y Zx+2y+1z
P Jy=ipt1 Je=iptiy+1 gu—zz+zy+zz+1 RO
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[n]

From the shapes of Gy, F}, -, one can confirm that oM is given by the polynomials

k
[Tx™ B+t fe=m (B2 1), k<m m<n

by induction. Since ©" appears only linearly both in the forward and backward SDEs
the relevant ODEs become always linear.

5.2 A polynomial scheme

We have just seen that the grading structure both for { X" tn>0 and {@[”} tn>0 played an

important role. In particular, even if {é)["} }n>0 has a grading structure, one cannot obtain

the system of linear ODEs unless {X [n]}nZO shares the same features. Suppose that the

dynamics of X% is linear in itself. Then, one need not expand the forward SDE and thus

one may obtain the expansion of Oh%:€ in terms of polynomials of X %%, If this is the case,

the ODEs for the associated coefficients required in each order will be greatly simplified.
Let us consider the following forward-backward SDEs for s € [t, T:

X =g ’ bO(r) + b (r) X1 dr + ’ o (r) + o (r) X% ) aw,
Al Jar+ | ( )

// (r,2) + 71 (r, 2) ﬁf)ﬁ(dr,dz) (5.8)

v =ty + [ p(rextn ez, [ pue o )i

Ro

_/s ZLTEqW, — / /1/;’“” fi(dr,dz) . (5.9)

where 8 : [0,T] — R%, b! : [0,7] — R4 oY : [0,T] — R ol 1 [0,T] — RIXIXL
0:00,T] x E — Rk ~1.[0,T] x E — R4k are measurable functions and ¢, f are
defined as before.

Assumption 5.1. The functions {b(t), o' (t),~'(t, 2)},i € {0,1} are continuous. Further-
more, there exists some positive constant K such that (\bi(t)\-f—\ai(t)\—}—hi(t, 2)|/n(z) < K)
for i € {0,1} uniformly in (t,z) € [0,T] x E.

With slight abuse of notation, let us use O := ( XPT T Zhe s Jp, P(2 (2)h™ (2 )u(dz))
in this subsection.

Theorem 5.1. Under Assumptions 3.2 and 5.1, there exists a unique solution OL%¢ {0 the
BSDE (5.9), its classical derivative 970" € KP[0,T] Vp > 2 exists for every 0 < n < n®®
and is given by the solution of the following BSDE:

T
OV = gu (X7 + [ (s + 02, O (XL + 0 (1, 0470200 L

[zesan,— [ [ oo
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where gy, := OE(eX5") and

n k=1 k—iy k—tz—iy 7 k—iz—iy—1 t,x,e
8“8 yaz a z "y Zf(T’ @Tv s ) .
o ) t,x\lx
hn,T.—n.ZZZ Z Z igliyVil(k —dg — iy —iy)! (X:)
k=2iz=01iy=0 i.=0 f; 41+ +Bp=n—iz, fi>1 T Y2 S
S| BT EE | S | B R e
Ro

.|
Jy=tz+1 Ty Jz=tz+iy+1 ﬁjz Ju=tz+iy+iz+1 ﬁ]u

Moreover, for every 0 < n < npax + 1, 8?(:)t’m’€ e Sp[t,T]®3 Vp > 2. The asymptotic
expansion of O with respect to € satisfies, with some positive constant Cy, that

e (604 S-em)
n=1

for every 1 < N < npax-

Proof. One can follow the same arguments in Proposition 4.2 and Theorem 4.1 by replacing
(X57€) by (eX'*). Since there is no e dependence through X** in the expressions Y¢™*¢ =
u(s, X%, €) and Z0™ = dpu(z, X1, €)o(s, X", €), one-time differentiability with respect
to z and its polynomial growth property are enough to show recursively that 62(;)"/"”’6 €
SP[t,T] for Vp > 2. O

Remark 5.1. The above result also justifies the method proposed in Fugjii (2015) [20] for
the underlying X with linear dynamics. As for a general Affine-like process X (such as
o(x) = /x), it is difficult to prove within the current technique due to its non-Lipschitz
nature.

It is not difficult to see that ((:)Ln],s € [t,T]) is given by the unique solution to the
following BSDE:

v — Lareo)(xteyn + / T{h +— an nFOL () (XY O f[OJ(r)éinl}dr
s | T n,r r [€) T

_ / Zinlaw, — / / WP () fi(dr, d2) (5.10)

n k=1 k—iy k—iz—1 oy g, ak—ie—iy—i
YV YOS 3 Opr 0y 00" fO(r)

k=2i3=0iy=0 i,=0 B¢z+1+---+5k=n7iz,,ﬂi21
Zz“l’ly iz+iy+iz

H Y[Bﬂy H Z’,[,/sz} / [ﬁju (dz)
Ro

]y_1r+1 ]z:iz“l‘iy“l‘l ,]1L_7/T+7/y+712+1

where

Xt,w T
i ligli ) (k — g — iy — i) (%)

and f[O} (7") = f(’ra 0? th[O]a 07 0) Since (227 + ij ﬁjy + ij 6]2 + EJU /Bju) = N, one can
n]

recursively show that (;)L is given by the polynomials {(Xﬁx)] ,0< 5 < n} and every

coefficient is determined by the system of linear ODEs as in Section 5.1, which we leave
as a simple exercise.
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An exponential Lévy case

In the reminder of this section, let us deal with a special example of an exponential (time-
inhomogeneous) Lévy dynamics for X. Let us put m =d =1 =k =1 and ¢t = 0 for
simplicity and consider ° = 0¥ =~% =0

Xs=uo+ /ts X, (b(r)dr + a(r)dWr> + /St . Xyr—y(r, 2)p(dr, dz) (5.11)

with b := b!,0 := o',y := 4! in (5.8). We omit the superscript denoting the initial data
(0, l‘) Let us introduce the notations: ¢(s,7) fRo Ju(dz) for j > 2, T'(s,j) =
fRo 2)[(1+ (s, 2))? — 1]v(dz) for j > 1 and Cnd = n'/( ( Y for j <m,n>2.

Theorem 5.2. Under Assumptions 8.1, 5.1, m=d=1=k =1 andt = 0, the asymptotic
expansion of the forward-backward SDEs (5.11) and (5.9) is given by, for s € [0,T],
T
Y =€)+ [ 0,0.,%,0.00dr (5.12)
ZI0 =yl =9

and7 fO’f’ 1 S n S Nmax,

= (X)" [”]()
Z["Z( )"yt (s)na(s)

P(z) = ()" () [(1 (s, 2))" — 1]

where the functions {yll(s),s € [0,T|}1<j<n are determined recursively by the following
system of linear ODEs:

dyl(s)
ds

= (nb<s> + %n(n —1)o%(s) + > Cnjalsi ) + 9y f(s)

Jj=2

+0. fO(s)no(s) + 0, fl ()T (s n))y[n](s) + %a;; F00(s)

n k=1 k—iz—iy i iy o, ak—io—iy—i
Oir 0y 010" f0(s)
) oA S S
k=2ip=0 iy=0 B, 1+t Br=n—in,fi>1 Y v
igtiy igtiy+iz
< I <y[ﬁjy](5)) I1 <5j20(5)y[6jz}(3)>
Jy=te+1 Jz=te+iy+1
k

S | B (N CYRPERB)

ju =iy +iy +iz+1

with a terminal condition y™(T) = 92E(0)/n! for every n. Here, flOr) is defined by
f(r,O,YT[O],O,O) using YO determined by (5.12).

Proof. If one supposes the form of the solution as Ys[n] = (X,)"y!™(s), then Z[" and
" must have the form as given. Comparing the result of It6 formula applied to X"y
and the form of the BSDE (5.10) substituted by the hypothesized form of {@w]}ggn, one
obtains the system of ODEs given above. Since every ODE is linear, there exists a solution
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for every y[”], 1 < n < npax. Since the solution of the BSDE is unique, this must be the
desired solution. ]

Remark

It is interesting to observe the difference from the linearization scheme proposed in [22]
for a Brownian setup. There, the BSDE is expanded around a linear driver in the first
step. Then in the second step the resultant set of linear BSDEs are evaluated by the
small-variance asymptotic expansion of the forward SDE, or by the interacting particle
simulation method proposed in Fujii & Takahashi (2015) [23]. Hence, in order for the
scheme of [22] works well, it requires the smallness of the non-linear terms in the driver
f, although it naturally arises in many applications. Furthermore, due to the presence of
large number of conditional expectations, calculating them analytically without invoking
the particle simulation technique [23] is unrealistic in most of the practical situations.
On the other hand, in the current scheme, the expansion of the driver is not directly
performed and the significant part of non-linearity is taken into account at the zero-th
order around the mean dynamics of the forward SDE as observed in (5.1). The effects of
the stochasticity from the forward SDE are then taken into account perturbatively around
this “mean” solution. Therefore, the current scheme is expected to be more advantageous
when there exists significant non-linearity in the driver. Furthermore, the special grading
structure of approximating FBSDEs makes them explicitly solvable by ODEs without using
any Monte-Carlo simulation. Since the approximate solution of (Y, Z,9(-)) is explicitly
given as a polynomial in the stochastic flows of X, one can obtain not only the current
value (Y, Zo, 1o(+)) but also its evolution by simply simulating the flows of X (or X itself
for the polynomial case). Some numerical examples and empirical error estimates are
available in Fujii (2015) [20] based on this property for a certain class of models.

A Useful a priori estimates: forward SDEs

Let us summarize the useful a priori estimates for FSDEs with jumps. The following
result taken from Lemma 5-1 of Bichteler, Gravereaux and Jacod (1987) [4] is essential for
analysis of a o-finite random measure.

Lemma A.1. Let n: R — R be defined by n(z) = 1 A |z|. Then, for ¥p > 2, there exists
a constant 0, depending on p,T,m,k such that

E
te[0,7

sup ’/Ot/EU(s,z)ﬁ(ds,dz)’p] < 5p/OTE|LS|Pds (A.1)

if U is an R™*-valued P ® E-measurable function on Q x [0,T] x E and L is a predictable
process satisfying |U. ;(w, s, z)| < Lg(w)n(z) for each column 1 <i < k.

Since [ 1(2)Pr(dz) < oo for Vp > 2, the above lemma tells that one can use a BDG-like
inequality with a compensator v whenever the integrand of the random measure divided
by 7 is dominated by some integrable random variable. The following result from Chapter
1 Section 9 Lemma 6 of Liptser & Shiryayev (1989) [37] or Lemma 2.1 of Dzhaparidze &
Valkeila (1990) [15] is also important.
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Lemma A.2. Let v belong to H2[0,T). Then, for p > 2, there ewists some constant
Cp > 0 depending only on p such that

5[ [ wervias)” ([ [ weusa)”

For t; < to < T and R%valued Fi,-measurable random variable 2', let us consider
{X},t € [ti;, T)}1<i<2 as a solution of the following SDE:

. . t~A . t . . t . .
Xi— a2+ [ F(s, X')ds + / Fi(s, XP)dW, + / / Si(s, X1, 2)ii(ds,dz)  (A.2)
ti ti ti JE

where b : Qx [0, T] x R? — R, 5 : @ x [0,T] x RY — R and ¢ : Qx [0, T] x R x E —
Rdxk.

Assumption A.1. Fori € {1,2}, the map (w,t) — gi(w,t, -) is F-progressively measur-
able, (w,t) — o"(w,t,-), 7" (w,t,-) are F-predictable, and there exists some constant K > 0
such that, for every x,2' € R and z € E,

b (w, b, 2) — b (w, t,2")| + | (w, t,2) — 5 (w, t,2")| < K|z — 2|
~q ~q / / .
|'y?7j(w,t,x,z) _7?,j(w7t7x ,Z)| S Kn(z)|x - |7 1 S] S k

dP @ dt-a.e. in Q x [0,T]. Furthermore, for some p > 2,

T

. T _ r /2 .
E [|x2|p—|— (/t B(s,0)|ds)” + (/t |0’(s,0)|2ds>p +/t ]L;]pds} < 0

where L' is some F-predictable process satisfying Wij(w,t,o,z)] < Liw)n(z) for every
column vector {WJ, 1<j<k}.

The following lemma is an extension of Lemma A.1 given in [6] to a o-finite measure
by using (A.1).

Lemma A.3. Under Assumption A.1, the SDE (A.2) has a unique solution and there
exists some constant C, > 0 such that,

. . T __ P
”X’H%[tm < C,E [|xz’p + (/t \bz(s,O)\ds)
T . /2 T
+(/ \01(3,0)\2613)1” +/ |L§|pds] (A.3)
ti t;
and, for allt; <s <t <T,
E [ sup |X! — X;‘\p} < CpALlt — s| (A.4)

s<u<t

where ' ' _ ' '
Ay =E [l + BN, 1+ 150l 1+ IE, 1
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Moreover, fortys <t <T,

16X 118y, 7y < Cp(Ela =22 + A}tz — 1]

[t2 7T]

T T /2 T
+O,E (/ |5bt|dt>p+(/ |55t]2dt)p +/ 6L |Pdt (A.5)
to to to

where §X = X' — X2, 6b. := (b' — b?)(-, X1), 05. = (1 — 32)(-, X)) and 6L is a
predictable process satisfying |07|(w,t,2) < dLi(w) n(z), dP ® dt-a.e. in  x [0,T], where
0w, t,2) == (7' = 7) (w, £, X (w), 2).

Proof. The existence of a unique solution is given in pp.237 of Gikhman & Skorohod

(1972) [26] or Section 6.2 of Applebaum (2009) [1], for example. For the sake of complete-
ness, let us give a sketch of proof for the other estimates.

Set a sequence of stopping times (Tn =inf{t > t;; | X! > n}AT, n € N). Then, using
the fact that |¥(s, X! _, 2)| < (L% + K|X!_|)n(2), Lemma A.1 and the Burkholder-Davis-
Gundy (BDG) inequality, one obtains

Tn )
EX:P < / E|Xi[ds
t;

. ™ P ™. p/2 n .
+ GE [|x2|1’+(/t b'(s,0)1ds) +(/t (5,0 Pds ) +/t |L;|pds].

Using the Gronwall inequality and passing to the limit n — oo, one obtains the estimate
for (supte[thT] E\X§|p) . Using the BDG inequality and Lemma A.1 once again, one obtains
the first estimate (A.3). A similar analysis yields

. , p/2 Lo
E sup | X, — X;|? <C,E [(/ 16 (r, 0) |dr / |5 (r,0)]? dr / |L;|pdr]
u€ls,t] s
+Cy(t = SYEIXIP, 1

which gives second estimate (A.4).
As for the last estimate (A.5), notice first that

7 = 321(s, Xooy 2) < (L + L+ 2K]X;_|)n(z) -

Since X' € SP, there exists a predictable process JL satisfying [3' — 72|(s, X! ,2) <
d0Lsn(z), dP®ds-a.e. and LZIE|5LT|pdT < 00 as desired. Separating the integration range,
applying the BDG inequality and Lemma A.1, one obtains

to to /2
E|[0X|[},, < GFE [w—x%u(/t |bl<s,o>|ds)”+(/t 7 (5,0)ds)"
1 1
to t
+/ (LYPds + (t2 — t1)[| X7, tﬂ] +C,E [/ 16X, [Pds
t1 ’ to
t » t /2 t
+( [ 1obslds)”+ (| 165,[2as)" + 6Ls\pds] .
to to to

Using the first two results and the Gronwall inequality, one obtains (A.5). O
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Remark

Note that when p = 2, one canreplace [ |L%|?ds (vesp. ["|0Ls|*ds) by [~ [, [7'(s,0,2)[*v(dz)ds
(resp. [ [ 107(s, z)[*v(dz)ds) by simply applying the BDG inequality. Furthermore,
when the compensator is finite v(F) < oo, the above replacement is possible for any

Vp > 2 thanks to Lemma B.3 (see below).

B Useful a priori estimates: BSDEs

Consider the following BSDE:

Y = £—|—/ f s YS,ZS,@ZJS)ds—/ ZsdWs — / /@ZJS u(ds,dz) (B.1)
t
where £ : Q = R™, f : Q@ x [0,T] x R™ x R™<! x L2(E,&,v;R™) — R™. In this section,
we use (-, -) to denote an inner product of m-dimensional vectors for clarity.

Assumption B.1. (i) gis Fr-measurable and the map (w,t) — f(w, t,-) is F-progressively
measurable. There exists a solution (Y, Z,1) to the BSDE (B.1).

(ii) For YA € (0,1), there exist an F-progressively measurable continuous process with
bounded variation (V),s € [0,T]) with V' = 0 and an F-progressively measurable increas-
ing process (N2, s € [0,T]) with Ng = 0 such that, as a signed measure on R,

(Ye, (5, Ye, Zays))ds < [ViPdV) + |YaldND + M| Za|* + [[9sl [ ) )l

(iv) There ezists some p > 2 such that E [HGVXYHZ} + ( OT eVsAdN3>p} < oo is satisfied
for every VA € (0,1).

Lemma B.1. Suppose Assumption B.1 hold true. Then, there exists some I\ € (0,1)
such that the following inequality is satisfied;

Elle Wynpﬂh:(/ 4 rz|ds) +IE</ |l u(dsdz))p
Y Y ) < e+ ([ )]

where C) x 15 a positive constant depending only on p, \.

Proof. The following proof is an improvement of Proposition 2 of Kruse & Popier (2015) [33]
by following the idea of Proposition 6.80 of Pardoux & Rascanu (2014) [44], which yields
a slightly sharper a priori estimate for p > 2.

First step: Introduce a sequence of stopping times with n € N,

T = inf{tZO/ v |Zs 2ds+// v s (2)* (u(ds, dz) + v(dz)ds)

e Y| + / SAND > n} AT.
0
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One obtains by applying It6 formula
\Yo|2+/ eQVSA!ZSPdst/ /emws(z)m(ds,dz)
0 o JE
= 2VT>;IYT,12+/ 62V5>\2<<}/87f(‘s?Yv&Zvas»ds_ |Y:9|2dVS>\>
0
- [T eamzawy - [T EPav v )i a2
0 0
<RV [T (VAN + A Z0 P + 14y s )
- ez = [ [ @i )
0

The BDG (or Davis when p = 2) inequality yields, with some positive constant C),
depending only on p,

Tn A ) D
E [(/ V7|2, ds)” / / 2V o, (2) [2pa(ds, dz))Q]
0
< C,E [Hewwgn (/ YAan) ]
0
Tn b D
+AEC,E [( / eQV?\zsPds)z ( / 2 [l >ds)2]
0
™ »
+0 | ([ e mizas) e ([T ] Pl oRus,a2) |
With an arbitrary constant € > 0, one has
Tn P P
cr|([" e mpizia)’| < |l ik (
0 0
< %E[II€VAY||p } + ¢E (/Tn Az \st)%
~ 4e n 0 s

B ([ [P Rats.a)’|
< S| yvip) + 8 ([ [ wtiuas.az)’].
Thus, one obtains
(1-e-xiGa( [ 1z pas) 4 - gr( [T [ P oPu(ds.az)
—AzCIE/ /QVW()P (dz)ds) <CIE [He Y|P + (/0 dNA)].

Firstly, choose some € € (0,1). Then, by Lemma A.2, there exists a A € (0,1) depending
only on p so that the 3rd term is absolutely smaller than the 2nd term. Redefining the

Tn

Tn

p
62V3A|Z3|2d8) 4]

and similarly

ya
2
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coefficients and passing to the limit 7,, — T yields

E[(/(]Tewfwzﬁds : / [P Putas. )]
\E {(/OT/Eewﬁws(z)y?y(dz)ds)g] < CpaE [IIGWYI%+ (/0

Second step: Put 0(y) := |y/P. Then, It formula yields

T
eVs*stA)p] .(B.2)

AV 1Y) = V2 (Y, PV + plYs P2 (Y, dYs) + ST(O20(Y;)2,2] s
[ (e I = ol = YY) s )
Using the same sequence of stopping times (7, )nen,
PN = Y [P (i Fls Y Zes))ds — VPV
- / e ;Tr((?ZH(Y 12,27 )ds
[ e (e P = e = pIYi PRV ()l )
- [ zaw - [ e v s, ds)

t

Let us mention the fact that

Te(950(Ys)ZsZ, ) 2 plYs|P 2| Zs?,
Yoo + 9 (2)IF — |[You [P — pl Yoo [P7H(Yom 05(2)) 2 pp — 1)317P Yoo P29 (),

for every i € {1,---,k}. The latter is obtained by evaluating the residual of Taylor
formula [33]. Setting k), := min(%,p(p - 1)31_p>, one obtains

Tn Tn
VRGP + / V2|V P3| Z P ds + iy / / PV Y|P 2 by (2) 2 pe(ds, dz)
t
.
< AY, P+ / eV PSP (VAN + M1 Zsf + [l B i) ds )
= [T el zaw) / / VI [PHY, p(2))ilds, dz). (B.3)
t
Putting ¢t = 0 and taking expectation give
Tn 2 Tn 2
E [np | etz pas e, [ f o m\p—%ws(z)m(ds,dz)}
0 0 E

A n A _ n A _
<E |y [T e oyt s | [T e (R el )ds]
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By Lemma A.2, one obtains

EU PV V|2 2, s + / / epvfmp—2|¢s<z>|2u<ds,dz>}
0 0 E

T

< Gt [ 1 P [Tty (B.4)
0

by choosing a small A € (0, 1).
Now, applying the Davis inequality (See Chap.I, Sec. 9, Theorem 6 in [37]) to (B.3),

B[l 1] + 2 |y [ ez s [ ] P, a2

<E [eprn Y5, [P + /OT" epvs*p‘ys’p—ldj\@} + AE [/OTH epVSAp]YSW_Q(\Zs\Q + stH]?}(E))dS]

vor( [T e zpas) - cr( [T [ v e Puds.az)
where C' is some positive constant. By Lemma A.2, one can choose A € (0, 1) small enough
(depending only on p) so that

B[l i) < [+ [ e vt

Tn 1 T 1
+CE</{; 62stf\|}/S|2p—2’ZS’2dS)2 +C]E</0 /E€2pVS>‘|}/S|2p—2|¢8(2)|2u(d5,dz)>2 .

By retaking a smaller \ in the first step if necessary, one can use a common A € (0,1)
both in the first and second steps.
Note that

Tn 1 P Tn 1
C]E(/ erVS)‘D/S’QPfQ’ZS’ZdS) 2 < CE |:H6V)\Y|7%n (/ ePVS)\’YHP*Q’ZSPdS) 2:|
0 0
2 Tn
<l vie)+ Cu | [T e p2izpa)
€ 0

and similarly
Tn N 1
CE( [ [ Y P2t o) Putds. d2)
0 E
VA c? ™ VA -2 2
< B[l Y, | + E VYo P2 (=) [Puu(ds, dz) |
n 46 0 E
Thus, taking € = 1/4, one obtains
B[l vIR,] < GE @i+ [ e vptan)
0

o8 | [T ez [0 [ vt oPuts. )|
0 0 E
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Then the inequality (B.4) implies

T

Bl Y12, < Gk [@¥aivp+ [ e vpan|
0

Passing to the limit 7,, — 7', the monotone convergence in the left and the dominated
convergence in the right-hand side give

~ T
B[l Y15] < Gkt | #F1EP + [ 2 pviptan]
0
By Young’s inequality, for an arbitrary € > 0, one has that
g V3 L yarA VA 7 V2 aarA
n«:[/ V2 |y, P st] gE[He Y / e sts]
0 0

<P ; 1eﬁE[|\eV*Yy|ﬂ + pipE [(/OT eVs*ng)p} .

Hence, by taking e small, one obtains
V>\ V>‘ = T V>‘ A p
[l 1tp] < Gt [0 @+ ([ ean2)’]

Combining with the result (B.2) in First step, one obtains the desired result. O

Now, let us introduce the maps 57 : Q= R™ and ]71 :Q x [0,T] x R™ x R™*! x
L2(E, &, v;R™) — R™ with i € {1,2}.
Assumption B.2. (i) Fori € {1,2}, & is Fp-measurable and the map (w,t) — fi(w,t,-)
1s F-progressively measurable.

(ii) For every (y,z,v), (v/,2',¢') € R™ x R™¥ x L2(E, £, v;R™), there exists a positive
constant K > 0 such that

Pty 2,0) = Pt/ 2 ) < K (ly = o/l + 12 = 21+ 1 = ¥ o))

dP @ dt-a.e. in 2 x [0,T].
(i1i) For both i € {1,2}, there exists some p > 2 such that

E \Eyu( T\f(s,o,o,o)yds>p <.
0

Lemma B.2. (a)Under Assumption B.2, the BSDE

Yi=8 / Fi(s, Y7, 20, gt )ds - / ZidW, - / /E Vi()ilds,dz)  (B.S)

t

has a unique solution (Y, Z', ") which belongs to Sh,[0,T] x HE [0, T] x HE, [0, T] sat-
1sfying the inequality

. . . ~ T _ P
10,20 oy < G |7+ ([ 17.0.0,0)a5)’] (B
where C), is some positive constant depending only on (p, K,T). Moreover, if Aé =
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E[|5NZ|2 + H]?Z(,O)HZT} < 00, then

E[sup \Yj—lﬁﬂ [Aqt—sy? /]Z’]du //I% )20 dz)du]. (B.7)
s<u<t

(b) Fix §~1,§~2 € LP(Q, Fr,P;R™) and let (Y, Z%, ) be the solution of (B.5) fori € {1,2}.
Then, for all t € [0,T],

E[||5Y||I[;T]+(/ 52.2ds )" / /|5¢s )Pu(ds, d2))" ]
E[(/f [ oo utazias) ”}scpE [raf\u(/t ofas)’| )

where 3¢ 1= ' — €2, 6Y = Y — Y2, 67 == Z' — 2%, & = @' — ¢* and 6f =
(fl _f2)(.7Y-1)Z-17¢-1)'

Remark

Note that in [33], the estimates (B.6) and (B.8) are slightly weaker, where the right hand
side is given by (fOT |f(s,0,0,0)\pds) instead of (fOT \f(s,0,0,0)\ds)p. This stems from
Lemma B.1 and can be crucial if one needs to apply a fized-point theorem for a short
maturity T'.

Proof. Firstly, assume the existence of a solution to (B.5) such that (Y?, Z¢ %) € KP[0, T
for both i € {1,2}. One has

(i, Fits, ¥, 2 w))ds < VI (1F (5,00 + K (V3] + 1230+ 1 luagey) ) ds
2

< VPR + 5y s+ VPG, 0)lds + AN ZE + (1] B s

for YA > 0. One can easily check that Assumption B.1 is satisfied by choosing

KZ t
VA= (K4 o0 )t N = / 1F(s,0)ds,
2\ .
for t € [0, 7). Thus Lemma B.1 proves the inequality (B.6).
The BDG inequality yields

E | sup |Y; Y/

u€|[s,t]

<ok ([P ziopiar) + [ (1207 + 1600 o

which, together with the estimate (B.6), proves (B.7). For (b), it is easy to check
P,V 2 w0h) = s Y2 22,00 < 18] + K (10Y:] + 162 + 11004 lee) ) -

Thus, Assumption B.1 is satisfied once again for (§Y,dZ, 0¢) by choosing

2

7 (K+[2{—)\)t N{\::/Ot\éf(sﬂds.
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Therefore, the estimate (B.8) immediately follows from Lemma B.1.

Now, let us prove the existence in (a). The uniqueness is already proved by (b). The
following is a simple modification of Theorem 5.17 [44] given for a diffusion setup. Consider
a sequence of BSDEs (the superscript 7 € {1,2} is omitted), for n € N,

Y = g4 /tTf(s,YS”,Z” 1/}”)ds—/t zZMaw, — / /w“ fi(ds, dz) .

Suppose that (Y, Z™,¢™) € KP[0,T]. Then, from the linear growth property, it is obvious
that

o~ T o~
£y / Fls. Y2, 20, gy ds € LP(Q, Fr,B;R™) .
t

Thus the martingale representation theorem (see, for example, Theorem 5.3.6 in [1]) im-
plies that there exists a unique solution (Y"+1 Zntl yn+ly € KP[0,T]. Let us define
this map as (Y™l zntl yntly = &Y™, 2" ™). Denote (§Y™,52Z",6¢") = (Y™ —
yn-t zn — zn=1 g — 1), Then (B.8) (with a zero Lipschitz constant) implies

H((Syn-i-l (5Zn+1 &pn-i-l) ’ ‘ICP 017

T
=G [(/o [F(s, Y3, 25 0m) = Fls, Y77, Z;‘—l,w—l)\dS)p]

/ T p
< |( [ ov21+ 19221+ 15w luaceas)'|
< Cmax(T7, T)[|(6Y ", 62", 0™ 2.1 - (B.9)

Note in particular that C’I’, is independent of the terminal condition. Thus, if the terminal

time 7' is small enough so that a := Czl> max(Tp,T%) < 1, then the map & is strictly
contracting. In this case, by the fixed point theorem in the Banach space, there exists a
solution (Y, Z,4¢) € KP[0,T] to the BSDE (B.5). For general T, one can consider a time
partition 0 =Ty < T1 < --- < Ty = T. By taking [Tn_1,7T] small enough, the above ar-
guments guarantee that there exists a solution (Y, Z,v¢) € KP[Tn_1,T]. By the uniqueness
of the solution, one can repeat the same procedures for the interval [Tn_o, Tn—1] with the
new terminal value Y7, ,. Repeating IV times, one proves the desired result. ]

The following lemma is useful when one deals with the jumps of finite measure.

Lemma B.3. Suppose 1 (Rg) < oo for every 1 < i < k. Given ¢ € H2[0,T], let M
be defined by M; = fg [ s(2)ii(ds, dz) on [0,T]. Then, for Vp > 2, kawH%g[o,T] <

||M||SP[0 7 <K ||¢]|Hp 071’ where ky, K, are positive constant depend only on p,v(E) and

Proof. See pp.125 of [16], for example. O

C Smooth approximation theorem

In the reminder of the paper, we provide a justification to use smooth coefficients in the
forward-backward SDEs for any numerical approximation purpose. Since € is a pertur-
bation parameter, we can always introduce it so that all the functions depend smoothly

31



on e. This is actually the case for the examples used in Sections 5.1 and 5.2. Thus we
concentrate on the other parameters and omit ¢ dependence from the functions in the
following. Let us first consider the forward component:

XS::U—l—/ Z(r,)?r)dr—l—/ 5(r,)“(’r)dw7.+/ /ﬁ(r,)?r,z)ﬁ(dr,dz), (1)
t t t E

where 2 € R? and b: [0,T] x RY — R, 5 : [0,T] x RY — R¥¥! 5 :[0,T] x R? x E — RI**
are measurable functions. We omit the superscripts denoting the initial data (¢, x).

Assumption C.1. E, o,7 are continuous in (t,z,z). There exists some positive constant
K such that, for every x,2’ € RY,

(i) [b(t,x) — b(t,2")| + |o(t,z) — o(t,2")| < K|z — 2’| uniformly in t € [0,T],

(it) |7 (t, x, 2) —7;(t, 2, 2)| < Kn(z)|x—2| for 1 < j <k uniformly in (t,z) € [0,T] x Ry,

(iid) |16, )]z + [, )l + 7 (-, 0, 2)||r/n(=) < K uniformly in = € E.

The regularization technique by the convolution with appropriate mollifiers gives us
the following approximating functions.

Lemma C.1. Under Assumption C.1, one can choose a sequence of functions by, : [0,T] x
RY — R, g, : [0,7] x R — R~ 2 [0,T] x R x B — R>F with n € N, which are
continuous in all their arguments, infinitely differentiable in x with continuous derivatives,
and also satisfy, for eachn > 1 ;

(1) for everym > 1, |00by(t, x)| + |0T 0 (t, )| + 0T Vn (t, x, 2)| /1(2) is uniformly bounded
in (t,z,2) € [0,T] x R¢ x E,

(i) for every (t,, z) € [0,T] X RY X E, by(t,x), 0n(t, ) and v, (t,z, 2) converge pointwise
to b(t,xz), o(t,x) and ¥(t,x, z), respectively,

(1) (by, 0n,Vn) satisfy the properties in Assumption C.1 with some positive constant K’
independent of n.

Proof. We consider a sequence of (symmetric) mollifiers o, € C§° : R? — R, with compact
support satisfying [ on(2)dz =1 and g,(x) — 6(x) as n — oo in the space of Schwartz
distributions, where (-) is a Dirac delta function. Let us define intermediate mollified
functions as

bu(t, ) := op xb(t, ), Fp(t,x):=0n*5(t,x), Ault,z,2) := 0n *(t,x,2)
where * denotes a convolution with respect to x, such as

butta) = [ onlo = bty = | Bt~ n)en(wdy

Since Z,&ﬁ are continuous, every point z € R? is a Lebesgue point. Thus, the approx-
imated functions by, 7,7, are known to converge pointwise to b, 7,7 from the Lebesgue
differentiation theorem (see, for example, Theorem 8.7 in Igari (1996) [31] or Theorem C.19
in Leoni (2009) [35]). The Lipschitz property can be shown as, for every z, 2’ € R?,

’:Yn,j(ta €z, Z) - 7n,j(t7x/> z)‘ < /Rd Wj(tam - Y, Z) - ﬁ%’(t,.f/ - Y, Z)‘Qn(y>dy

<Kol o/| [ onlu)dy = Ko = /ln(2)
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and similarly for the others. It is easy to see that there exists some positive constant C’
satisfying B
16w (-, )|z + (170 (-, )|z + [[Fn (-, 0, 2) ||z /n(2) < C’

uniformly in z € E as well as n € N since g, has a compact support shrinking to the
origin as n — co. We prepare another (symmetric) mollifiers ¢, € C§° : R x E — R, in
the following way:

1 for|z|+|2|<n
0 for |x|+|z] > 2n

We then define the mollified functions as
bn(tu .’E) = §n<l’,0)5n(t,$), Jn(t,l') = §n($,0)&n(t,$), ")/n(t,.f,Z) = Cn(.’E,Z)’_)’n<t,.%',Z) .

Since they are smooth in z and have compact supports, they have bounded derivatives of
all orders with respect to x uniformly in (¢,x, z) for each n. The pointwise convergence
is clearly preserved. Lastly, one has to check that there exists a Lipschitz constant K’
independent of n. By the construction in (C.2), one can arrange the mollifier in the
following way: there exists a positive constant C' such that

sup
(z,2)ERIXE

8m§n($v Z)‘ < C/n

for every n € N. Then, for Vn € N, one sees

$n (2, 2)|02n (8, @, 2)| + [Osn (2, 2)[[Vn(t, 2, 2))
Kn(z) +n(2)C/n(C" + K(2n)) < K'n(z)

|0xn(t, 2, 2)| <
<

uniformly in (¢, z, z). Here, we have used the fact that 0,¢,(x, 2) vanishes when |z| > 2n
and the linear growth property of %,,. One can similarly check |0,b,(t, x)|, |0zon(t, )| < K’
for Yn € N. The property (iii) of Assumption C.1 is obviously preserved in the second
mollification. O

This yields the following result.

Theorem C.1. Under Assumption C.1, consider the process X of (C.1) and the sequence
of processes (X7, s € [t,T])n>1 defined by

X;"‘—a:—&—/ bn(r,Xf)dr+/ Un(r,X,’?)dWT—i—/ /’yn(r,Xf,z)ﬁ(dr,dz) (C.3)
t t t JE

with by, o, and v, given in Lemma C.1. Then, there exist unique solutions X,X” n
SP[t,T| ¥p > 2. Moreover, the following relation holds

: Y _ Y|P _
Jim B[|IX = X" ] =0
for¥p > 2.

Proof. The existence of the unique solution for (C.1) as well as (C.3) in SP for Vp > 2 is
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clear from Lemma A.3. We also have, for Vp > 2,
T T T
- - - /2
IX — X"E, < GE [(/ |0by, (T, Xr)|dr)p 4 (/ |05, (7, Xr)‘2dr>p +/ ]5L:}’Pd7“]
¢ t ¢

where (5571 =b— bn, 60, := 0 — 0,. Furthermore JL" is a predictable process satisfying
16%|(t, Xi—, z) < 6LPn(2), dP @ dt-a.e. in Q x [0,T], where 63, := 7 — 7,. We can take
dL™ such that LTE|6Lﬁ|pdr < 00, since we have [69,|(s, X,_,z) < 2K(1 + | X,_|)n(z) in
the current setup. See also the related discussion in Lemma, A.3.

Note that C, is independent of n thanks to Lemma C.1 (iii). Due to the linear growth

property, the inside of the expectation is dominated by C'(1+ H)? ] \ﬁ T]) with some positive

constant C' independent of n. From Lemma C.1 (ii), (557“ 00, 09y) converge pointwise to
zero. Thus, one can also take a sequence of (0L",n € N) converging pointwise to zero.
Since X € SP for Vp > 2, the dominated convergence theorem give the desired result in
the limit n — oo. ® O

The above result implies that by choosing a large enough n one can work on X™
that is an arbitrary accurate approximation in the SP sense of the original process X,
and involves only smooth coefficients (bn, on,¥n). This conclusion can be extended to the
forward-backward system. Consider the BSDE driven by X;

o &+ [T X [ aterievta i
[ 2w~ [ [ Gtz (C.1)

for s € [t,T] where £ : RY — R™, f : [0, T] x R? x R™ x R™*! x R™** _5 R™ are measurable
functions and p is defined as before.

Assumption C.2. The functions E and f are continuous in all their arguments. There
exist some positive constants K,q > 0 such that

(i)IE(z)| + | f(t,2,0,0,0)] < K(1+ |z|?) for every x € RY uniformly in t € [0,T].

(M') |f(t> L, Y, z, U)—f(t, €L, y/7 Zla ul)’ < K(|y_y/|+|z_zl|+|u_u/|) fO?“ every (yv 2, u)? (y/7 Zla ul) €
R™ x R™<! x R™** yniformly in (t,x) € [0,T] x R,

Lemma C.2. Under Assumption C.2, one can choose a sequence of functions &, : R* —
R™, f, : [0,T] x R x R™ x R™*L x R™** 5 R™ with n € N, which are continuous in
all their arguments, infinitely differentiable in (x,y, z,u) with continuous derivatives, and
also satisfy, for eachn > 1;

(i) for every i > 1, all the ith order partial derivatives of (&n, fn) are uniformly bounded
in (t,,y,z,u) € [0,T] x RY x R™ x RM*! x R™*k,

(i) for every (t,x,y, z,u) € [0,T] x RT x R™ x R™*! x R™*F ¢ and f,, converge pointwise
to E and f, respectively,

(111) (&, fr) satisfy Assumption C.2 with some positive constant K" independent of n.

Proof. The first step of the mollification can be done exactly the same way as in Lemma C.1,
which gives us &,(x) and f,(t,x,0) := fu(t,z,y,2,u). In order to achieve the property

5In p = 2, one can see more directly ||)~( — X"||32 — 0 since the integral of §L™ can be replaced by that
of 67, (See a remark below Lemma A.3.). Taking an appropriate subsequence if necessary, one can also
show that (X7, s € [t,T])n>1 is almost surely uniformly convergent to (Xs,s € [t,T]) by the Borel-Cantelli
lemma.
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(iii), one has to take care of the polynomial growth property of the driver with respect to
. One can take the second sequence of mollifiers as

. 1 for |z]7+]0|<n
5.6 = 2]t +16)
0 for |z|74 0| > 2n
and then control their first derivatives, with some positive constant C', by

sup 0gsn(z,©)] < C/n

(z,0)eRd x RM(1+1+k)

for Vn € N. Then, one can check that

~ — ~

én(aj) = §n($, O)gn(ﬂi), fn(tv z, é) = §n(CC, @)fn(tu z, @)
satisfy the desired property similarly as in Lemma C.1. O
Finally, we obtain the main approximation theorem.

Theorem C.2. Under Assumptions C.1 and C.2, consider the process (}7, Z,IZ) of (C.4)
and the sequence of processes (Y, Z??m,zﬁ?’m)se[m, (n,m) € {1,2,---} defined as the
solution to following BSDE

T
Ve () + [ g (rxprm e, [ e ) Jar
s Ro

[ zeaw— [ [ s (C5)

where X™ is the solution of (C.3), (§m, fm) are the mollified functions given in Lemma C.2.
Then, there exist unique solutions (Y, Z,v), (Y™™, Z™™ ™), n>1 € KPIt, T Vp > 2.
Moreover, the following relation holds

lim lim ‘ ’(6Y”’m, sz, 5zp”7m)(

m—00 Nn—00

Vp > 2

KriT]

where Y™™ — Y — ynm §znm = 7 — gnm and Sy = {/;_ P,

Proof. The existence of the unique solution (Y, Z,v) and (Y™™ Z™™ ¢p™™) in KP for
Vp > 2 is clear from Lemma B.2. We have, for Vp > 2,

’ ’(5yn7m’ 0Z™™, (wn,m)‘ 2? [t,T)]

< ooy + ([ osnjar)’]

by the stability result, where §&™"™ := g()Z'T) —&m(X}) and

5 = F(n T2 [ o) (a:)

~h(r X2 T 2 | o)D)
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Firstly, let us fix m. Since 0,&,, and 9, f,, are bounded, the result of Theorem C.1 yields

lim ‘ (Y™™, 52 §oprm) ‘ !

n—o0 Kp [t T]

<G [l + ([ Sl 6,)1ar)’|

with 0§™ = g(XT)_‘gm(XT) and 5fm('ra @T‘) = (f_fm) (T, X, Yo, Zy, fRo p(z)d}r(z)y(dz)) :
Since © € SP x KP for Vp > 2 and (f, f,n) have the linear growth in (y,z,u) and the
polynomial growth in x with proportional coefficients independent of m, passing to the
limit m — oo yields the desired result from the pointwise convergence of the mollified
functions and the dominated convergence theorem. Notice also that one can achieve the
same convergence with the flipped order of limits lim,,_,~ lim,, ,~ by using the fact that
(X", s € [t,T])nen is almost surely uniformly convergent to (X, s € [t,T]) by taking an
appropriate subsequence if necessary. O

Theorems C.1 and C.2 imply that one can work on the process ©" defined by the
smooth coefficients (b, o, Yn, §n, fn) as an arbitrary accurate approximation in the S? x KCP
sense of the original one 9 which only satisfies Assumptions C.1 and C.2. In fact, we can
weaken the assumptions further. There is no difficulty to add discontinuities to § and f
with respect to = as long as they are all Lebesgue points. If we only assume, in addition to
the polynomial growth condition, that (§ f ) is Borel measurable, then (&, fi,) converges
to (§ f) only dz-a.e. (and hence (5 f) does not have Lebesgue points everywhere) in
general. As long as the forward process X has no mass on this null set in dz, the same
conclusion will hold.
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