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Heteroscedastic Nested Error Regression Models with Variance
Functions

Shonosuke Sugasawa* and Tatsuya Kubokawa'

Abstract

The article considers a nested error regression model with heteroscedastic variance functions
for analyzing clustered data, where the normality for the underlying distributions is not assumed.
Classical methods in normal nested error regression models with homogenous variances are extended
in the two directions: heterogeneous variance functions for error terms and non-normal distributions
for random effects and error terms. Consistent estimators for model parameters are suggested, and
second-order approximations of their biases and variances are derived. The mean squared errors of
the empirical best linear unbiased predictors are expressed explicitly to second-order. Second-order
unbiased estimators of the mean squared errors are provided analytically in closed forms. The
proposed model and the resulting procedures are numerically investigated through simulation and
empirical studies.

1 Introduction

Linear mixed models and the model-based estimators including empirical Bayes (EB) estimator or
empirical best linear unbiased predictor (EBLUP) have been studied quite extensively in the literature
from both theoretical and applied points of view. Of these, the small area estimation (SAE) is an
important application, and methods for SAE have received much attention in recent years due to
growing demand for reliable small area estimates. For a good review and account on this topic, see
Ghosh and Rao (1994), Rao (2003), Datta and Ghosh (2012) and Pfeffermann (2014). The linear
mixed models used for SAE are the Fay-Herriot model suggested by Fay and Herriot (1979) for area-
level data and the nested error regression (NER) models given in Battese, Harter and Fuller (1988)
for unit-level data. Especially, the NER model has been used in application of not only SAE but also
biological experiments and econometric analysis. Besides the noise, a source of variation is added to
explain the correlation among observations within clusters, or subjects, and to allow the analysis to
‘borrow strength’ from other clusters. The resulting estimators, such as EB or EBLUP, for small-
cluster means or subject-specific values provide reliable estimates with higher precisions than direct
estimates like sample means.

In the NER model with m small-clusters, let (yi1, ®i1), - - ., (Yin;, Tin;) be n; individual observations
from the i-th cluster for ¢ = 1,...,m, where x;; is a p-dimensional known vector of covariates. The
normal NER model is written as

! . .
Yij = xiB+vi+eiy, i=1,....m, j=1,...,n;

where v; and ¢;; denote the random effect and samping error, respectively, and they are mutually
independently distributed as v; ~ N(0,7%) and &;; ~ N(0,0?). The mean of y;; is :B;jﬁ for regression
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coefficients 3, and the variance of y;; is decomposed as
Var(yij) = El(yij — 28)*] = 7% + o°. (1)

which is the same for all the clusters. However, Jiang and Nguyen (2012) illustrated that the within-
cluster sample variances change dramatically from cluster to cluster for the data given in Battese, et al.
(1988). Also, the normality assumptions for random effects and error terms are not always appropriate
in practice. Thus, we want to address the issue of relieving these assumptions of normal NER models
in the two directions: heterogeneity of variances and non-normality of underlying distributions.

In real application, we often encounter the situation where the sampling variance Var(e;;) is affected
by the covariate x;;. In such case, the variance function is a useful tool for describing its relationship.
Variance function estimation has been studied in the literature in the framework of heteroscedastic
nonparametric regression. For example, see Cook and Weisberg (1983), Hall and Carroll (1989), Muller
and Stadtmuller (1987, 1993) and Ruppert, Wand, Holst and Hossjer (1997). Thus, in this paper,
we propose use of the technique to introduce the heteroscedastic variances into NER model without
assuming normality of underlying distributions.

The variance structure we consider is

Var(yi;) = 2+ O'izj, (2)
namely, the setup means that the sampling error €;; has heteroscedastic variance Var(e;;) = 02-2]-. Then
we suggest the variance function model given by U?j = 02(z§j’y), where the details are explained in
Section 2.

Related to this paper, Jiang and Nguyen (2012) proposed the heteroscedastic nested error regres-
sion model with the setup that variance Var(y;;) is proportional to 02-2, namely

Var(yij) = (A + 1o, (3)

This is equivalent to the assumption that Var(v;) = Ao? and Var(e;;) = o2. For setup (3), Jiang
and Nguyen (2012) assumed normality for v; and e;; and demonstrated the quite interesting result
that the maximum likelihood (ML) estimators of 3 and A are consistent for large m, which implies
that the resulting empirical Bayes estimator estimates the Bayes estimator consistently. In setup (3),
however, there is no consistent estimator for the heteroscedastic variance 012 , and the mean squared
error (MSE) of the EB cannot be estimated consistently, since it depends on ¢7. To fix the inconsistent
estimation of o?, Maiti, Ren and Sinha (2014) suggested the hierarchical model such that o?’s are
random variables and o, 2 has a gamma distribution. Maiti, et al. (2014) applied this setup to the
Fay-Herriot model with statistics for estimating 02-2. However, the resulting EB estimator and the
MSE can not be expressed in closed forms. The same setup of 0’3 was used recently by Kubokawa,
Sugasawa, Ghosh and Choudhuri (2014) who derived explicit expressions of the EB estimator and the
MSE to second-order. In their simulation study, however, the finite sample properties of estimators of
two hyper-parameters in the gamma prior distribution of U? are not so well. Although the hierarchical
models used in Maiti, et al. (2014) and Kubokawa, et al. (2014) provide consistent estimators for
model parameters and predictors, both models assume parametric hierarchical structures based on
normal distributions of v; and ¢;;. However, the normality assumption is not always appropriate and
another heteroscedastic models are useful for such a situation when the normality assumption does
not seem to be correct.

In contrast to the existing results, the proposed model with variance function does not assume
normality for either v; nor €;;. The advantage of this paper is that the MSE of the EB or EBLUP and
its unbiased estimator are derived analytically in closed forms up to second-order without assuming
normality for v; and €;;. Nonparametric approach to SAE has been studied by Jiang, Lahiri and Wan



(2002), Hall and Maiti (2006), Lohr and Rao (2009) and others. Most estimators of the MSE have
been given by numerical methods such as Jackknife and bootstrap methods except for Lahiri and Rao
(1995), who provided an analytical second-order unbiased estimator of the MSE in the Fay-Heriot
model. Hall and Maiti (2006) developed a moment matching bootstrap method for nonparametric
estimation of MSE in nested error regression models. The suggested method is actually convenient but
it requires bootstrap replication and has computational burden. In this paper, without assuming the
normality, we derive not only second-order biases and variances of estimators for the model parameters,
but also a closed expression for a second-order unbiased estimator of the MSE in a closed form. Thus
our MSE estimator does not require any resampling method and is useful in practical use. Also our
MSE estimator can be regarded as a generalization of the robust MSE estimator given in Lahiri and
Rao (1995).

The paper is organized as follows: A setup of the proposed HNER model and estimation strategy
with asymptotic properties are given in Section 2. In Section 3, we obtain the EBLUP and the second-
order approximation of the MSE. Further, we provide the second-order unbiased estimators of MSE
by the analytical calculation. In Section 4, we investigate the performance of the proposed procedures
through simulation and empirical studies. The technical proofs are given in the Appendix.

2 HNER Models with Variance Functions

2.1 Model settings

Suppose that there are m small clusters, and let (yi1, €i1), - - -, (Yin,, Tin, ) be the pairs of n; observations
from the i-th cluster, where x;; is a p-dimensional known vector of covariates. We consider the
heteroscedastic nested error regression model

yij:w;jﬂ+vi+€ij, j=1....n4 1=1,....m, (4)

where 3 is a p-dimenstional unknown vector of regression coefficients, and v; and ¢;; are mutually
independent random variables with mean zero and variances Var(v;) = 72 and Var(e;;) = a?j, which
are denoted by

v; ~ (0,72) and gij ~ (O,U?j). (5)

It is noted that no specific distributions are assumed for v; and €;;. It is assumed that the heteroscedas-
tic variance aizj of g;; is given by

afj 202(z;j’y), i1=1,...,m, (6)

where z;; is a ¢g-dimensional known vector given for each cluster, and « is a g-dimensional unknown
vector. The variance function ¢2(-) is a known (user specified) function whose range is nonnegative.
Some examples of the variance function are given below. The model parameters are 3, 72 and =,
whereas the total number of the model parameters is p + g + 1.

Let y; = (Yity---»Yin;)'s Xi = (®i1,...,@in,)" and € = (gi1,...,€in,;). Then the model (4) is
expressed in a vector form as

yz:Xl/B+vllnl+ela z':l,...,m,
where 1,, is an n X 1 vector with all elements equal to one, and the covariance matrix of €; is

X, = Var(y,) = 720, + W,



for J,, = 1ni1§” and W,; = diag(a?l, R afm). It is noted that the inverse of XJ; is expressed as

2J .W'_I
22-_1 = Wz_l InZ - T e n; L —92 bl
L+72370, 5

where W; ! = diag(s;,%,...,0,2). Further, let y = (¥},...,y,), X = (X},..., X)), € =

» Ying
(€1,...,€,) andv = (011}, ,...,v,1; ). Then, the matricial form of (4) is written as y = X 8+v+e,
where Var(y) = X = block diag(X%1,...,%).
Now we give some examples of the variance function 02(z§jﬁy) in (6).

(a) In the case that the dispersion of the sampling error is proportional to the mean, it is reasonable

to put z;; = acl(]s) and JQ(m’(S)ij'y) = (ac’(s)ij’y)2 for the sub-vector a:’(s)ij of the covariate x;;. For
identifiability of ~, we restrict v; > 0.
(b) Consider the case that m clusters are decomposed into ¢ homogeneous groups S, ..., S, with

{1,...,m} =51 U...US,. Then, we put
!/
zij = (Lesyys -+ Liies,}) s
which implies that
U?j =42 for i€S,.

Note that Var(y;;) = 72 +~2 for i € S;. Thus, the models assumes that the m clusters are divided into
known ¢ groups with their variance are equal over the same groups. Jiang and Nguyen (2012) used
a similar setting and argued that the unbiased estimator of the heteroscedastic variance is consistent
when |Sk| — 0o,k =1,...,q as m — oo, where |Si| denotes the number of elements in Sk.

(c) Log linear functions of variance were treated in Cook and Weisberg (1983) and others. That
is, log agj is a linear function, and agj is written as 02(z§j’y) = exp(zj;v). Similarly to (a), we put
Zij = E(s)ij-

For the above two cases (a) and (b), we have o%(z) = 22, while the case (c) corresponds to
log{c?(z)} = z. In simulation and empirical studies in Section 4, we use the log-linear variance
model. As given in subsequent section, we show consistency and asymptotic expression of estimators
for ~ as well as 3 and 72.

2.2 Estimation

We here provide estimators of the model parameters 3, 72 and 4. When values of «v and 72 are given,
the vector B of regression coefficients is estimated by the generalized least squares (GLS) estimator

m -1 m
B=p(r%y) = (XS X)IX's Ty = (Z X;Ei1Xi> > Xz 'y, (7)
i=1 i=1
This is not a feasible form since « and 72 are unknown. When estimators 72 and 7 are for 72 and ~,
we get the feasible estimator 3 = B3(72,7) by replacing 72 and + in 3 with their estimators.
Concerning estimation of 72, we use the second moment of observations y;;’s. From model (4), it
is seen that

E [(yij — x;8)%] = 77 + 0% (i) (8)
Based on the ordinary least squares (OLS) estimator BOLS = (X'X)"1 X'y, a moment estimator of

72 is given by

22 _ %Z > {(yij — 2 Bors)? — UQ(ZQJ'Y)} ’ )

i=1 j=1



with substituting estimator 4 into v, where N =", n;.
For estimation of ~, we consider the within difference in each cluster. Let g; be the sample mean
in the i-th cluster, namely §; = n; " ZJ 1 Yij- It is noted that for &; = n; —1 Z] 1 Eijs

Yij — Ui = (Tij — ;) B+ (€5 — &),

which dose not include the term of v;. Then it is seen that
_ _ 2 _
E [{yzg — 7 — (wij — &) B} } = (1—2n ) (2i;7) + i ZJ Zin )y

which motivates us to estimate v by solving the following estimating equation given by

~ ZZ [{yzj Yi (5'31] - wz) IBOLS}2 - (1 - 277’1'_1) zfy - n; 2 ZU zh7 ] Zij = 0,

lel

which is equivalent to

m n;

~ Z > [{ym Yi — (w5 — @)’BOLs}Q zij — 02 (2iy) (=i — 20 2y + nilzi)] =0 (10)

Zl]l

where z; = n; ' Zj 1 Zij- 1t is noted that, In case of homoscedastic case, namely aQ(z;j'y) = 62, the
estimator §% and 72 reduces to the estimator identical to Prasad-Rao estimator (Prasad and Rao,
1990) up to the constant factor.

Note that the objective function (10) for estimation of v does not depend on 3 and 72 and that
the estimator of 72 depends on 4. These suggest the following algorithm for calculating the estimates
of the model parameters: We first obtain the estimate 4 of ~ by solving (10), and then we get the
estimate 72 from (9) with 4 = 7. Finally we have the GLS estimate B with substituting 4 and 72

(7).
2.3 Large sample properties

In this section, we provide large sample properties of the estimators given in the previous subsection
when the number of clusters m goes to infinity, but n;’s are still bounded. To establish asymptotic
results, we assume the following conditions under m — oo.

Assumption (A)

1. There exist n and 7 such that n < n; <mfori=1,...,m. The dimensions p and ¢ are bounded,
namely p,q = O(1). The number of clusters with one observaion, namely n; = 1, is bounded.

2. The variance function o2(-) is twice differentiable and its derivatives are denoted by (o2)(V)(.)
and (02)(?)(.), respectively.

3. The following matrices converge to non-singular matrices:

m  n;
-1 / -1 -1 ~1y/ya
m g g ZijZij, X'X, m E E (zi;7)zijz, mX'E2X
i=1 j=1 i=1 j=1

for a1 = 1,2 and ay = %1.



4. The forth moments of v; and €;; exist, namely E[v] < co and E[e} L] < o0

The conditions 1 and 3 are the standard assumptions in small area estimation. The condition 2
is also non-restrictive, and the simple variance function o?(x) = 2? and o?(x) = exp(z) obviously
satisfies the assumption. The moment condition 4 is necessary for existence of MSE of the EBLUP,
and it is satisfied by many continuous distributions, including normal, shifted gamma, Laplace and
t-distribution with degrees of freedom larger than 5.

In what follows, we use the notations

0i2j = 0-2(z§j7)7 U?J(k) = (U )(k)( 7,]7) k= 1’2

for simplicity. To derive asymptotic approximations of the estimators, we define the following statistics
in the i-th cluster:

U1, = Z{ Yij — z] - 0'1‘2]‘ - 7—2} , (11)

;4

m _ _ 2 - —1=
U = N Z [{ylj —Yi — (wij - .’L'Z)/ﬁ} Zij — U?j(zij - 2nl 1zij + n; 122')} . (12)
Jj=1

Moreover, we define

-1

m Nk m Nk
=3 omwzn Ta() = [ DD ot (zen — 20, 2k + 0 20)2h, | . (13)
k=1 h=1 k=1 j=1

noting that T'1(v) = O(m) and T2(y) = O(m™!) under Assumption (A). Then we obtain the asymp-
totically linear expression of the estimators.

Theorem 1. Let 0 = (B/,'Ayl,?z)’ be the estimator of @ = (3,4',7%). Under Assumption (A), it
follows that @ — 0 = Op(m_l/Q) with the asymptotically linear expression

0 = o D )4 + oyl ),
where

i o1 _
YT = NTo(y)ugi, 7 =upi — Ti(7)Ta()uz, ¥° =m (X' X)X, = (y; — XiB).

From Theorem 1, it follows that m!/ 2(5 — 0) have an asymptotically normal distribution with
mean vector 0 and covariance matrix m§2, where Q is a (p+ ¢+ 1) X (p+ ¢+ 1) matrix partitioned as

mQgg milg, mg, 1 EW?T/)Zﬁ:} EW?U’?;] EW’%M]
m= | mQpy mlyy mQy | = lm S | ERTGC ] B B[]
My MYy My SUN BWTe?) Bl EWv]]

It is noticed that Elu;(yij — :ng )] =0 and Elug;(yj — acgj )] = 0 when y;; are normally distributed.
In such a case, it follows 23, = 0 and Q3. = 0, namely 8 and ¢ = (v ,72) are asymptotically



orthogonal. However, since we do not assume that normality for observations ygjs, B and ¢ are not
necessarily orthogonal.

The asymptotic covariance matrix m$2 or €2 can be easily estimated from samples. For example,
mQgg = limyseom™ 1Y, E[w;ﬁw?l] can be estimated by

mQep = Z w%

=1

where zpf is obtained by replacing unknown parameters 8 in wiﬁ with estimates 6. It is noted that the
accuracy of estimation is given by

Qg = Qg + 0p(m ™),
from Theorem 1 and @ = O(m™!). The estimator Q will be used to get the estimators of mean
squared errors of predictors in Section 3.

We next provide the asymptotic properties of conditional covariance matrix given in the following
corollary where the proof is given in the Appendix.

Corollary 1. Under Assumption (A), fori=1,...,m, it follows that
E((6-6)0-0)|y;) =2+ o0,(m™). (14)

This property is used for estimation and evaluating the mean squared errors of EBLUP discussed
in the subsequent section. Moreover, in the evaluation of the mean squared errors of EBLUP and
derivation of its estimators, we need to obtain the conditional and unconditional asymptotic bias of
estimators 6.

Let b0 )(yl) bl )(yz) and bY' (yl) be the second-order conditional asymptotic bias defined as

E[B — Bly;] =b3 (y;) +op(m™), E[F —~ly;] = b5 (y,) + 0p(m™1),
E[F? — r2ly;] = b (y;) + op(m ™).

In the following theorem, we provide the analytical expressions of bl )(yl) b(l)(yz) and b(z)( ;)- Define
bg, by and b, by

q m
bs = (X'T71X) 1{ZZX’ S Wi S0 X (e, — Q)
s=1 k=1

+ D X3 0 B Xk (R — QﬁT)}

m
by = T2(7) [2 > col{tr (BxZiy Ex Xy, [Vors X, — (X'X) ' X[ %]) },
k=1
m. ng (15)
- Z Z ZkjOkj(2)(Zkj — 2n  zky + nglzk)lﬂwzkj] ;
k=1 j=1
and
m ng m
ZZ%@)%” Ztr {(X' X)X 2 X }
k 1j=1 _
m  ng
Z > i Ori(2)#hi Yy 2k + 1 Ztr (X:X1Vors),
k: 175=1 k 1



where B, = I, — n,;lJnk, Vors = (X' X)) X'EX(X'X)™Y, Zy, = diag(2k1rs - - -, Zknyr) for r-th
element 2, of zpj, Qg+, for a € {1,71,...,7,} and W, are defined in the proof of Theorem 2, and
col{a, }, denotes a g-dimensional vector (a1,...,a,). It is noted that bg, b, b, are of order O(m™1).
Now we provide the second-order approximation to the conditional asymptotic bias.

Theorem 2. Under Assumption (A), we have
7 _ —1 _ i
by (y;) = (X'S7'X) " XI5 (y; — XiB) +bp,  b5(y,) = Ta(y)uai + by

4 (16)
b(TZ) (y;) = m ™ tuy; — m ™ Ty () Ta(y)ug; + bry

where b(ﬂi) (v:), b,(;) (y;) and b (y;) are of order Op(m™1), and u1; and us; are given in (11) and (12),
respectively.

From the above theorem, we immediately obtain the unconditional asymptotic bias of the estima-
tors @ by taking expectation with respect to y, given in the following Corollary.

Corollary 2. Under Assumption (A), it follows that
E[0 — 6] = (bj3, bl,,b:) +o(m™"),

where bg, by and by are given in (15).

3 Prediction with Risk Evaluation
3.1 EBLUP

We now consider the prediction of
pi = ;B + v,

where ¢; is a known (user specified) vector and v; is the random effect in model (4). The typical choice
of ¢; is ¢; = &; which corresponds to the prediction of mean of the i-th cluster. A predictor 1i(y;) of u;
is evaluated in terms of the MSE E[(fi(y;) — u:)?]. In the general forms of ji(y;), the minimizer (best
predictor) of the MSE cannot be obtain without a distributional assumption for v; and €;;. Thus we
focus on the class of linear and unbiased predictors, and the best linear unbiased predictor (BLUP)
of p; in terms of the MSE is given by

fi = B+ 1,5 (y; — XiB).
This can be simplified to
n;
fii = ;3 + Z Aij (vis — ;) ,

j=1
where \;; = 7'201-;217;1 for n; = 14 72 >oniy o*;hQ. In case of homogeneous variances, namely O'Z-Qj =52,
it is confirmed that the BLP reduces to 1; = ¢,8 + \; (§; — ;3) with \; = ni72(6%2 +n;t2) "t as given
in Hall and Maiti (2006). The BLUP is not feasible since it depends on unknown parameters 3, v and
72. Plugging the estimators into ji;, we get the empirical best linear unbiased predictor (EBLUP)

ng
m SR (1 -elB), = m
j=1

for ;' = 1+7237" , 5;,;>. In the subsequent section, we consider the mean squared errors (MSE) of
EBLUP (17) without any distributional assumptions for v; and ¢;;.



3.2 Second-order approximation to MSE

To evaluate uncertainty of EBLUP given by (17), we evaluate the MSE defined as MSE;(¢) =
E [(i; — pi)?] for ¢ = (v',7%)". The MSE is decomposed as

MSEi(¢) = E [(fis — fis + fis — pi)°]
= B (1 — pa)?] + B [(fs — 12)*] + 2B (1 — ) (i — )] -

From the expression of 1;, we have

g n;
d Xij = 1| vi+ ) Nijei,
= =1

which leads to
2

Ri(¢) = E (i —pa)?] = [ D _Xj—1] 7+ Z Ajog =T (18)
j=1 j=1

For the second term, however, we cannot obtain an exact expression, so that we obtain the ap-
proximation up to O(m~1!). Using the Taylor series expansion and Theorem 1, we have

{(%)@-0)
_ tr{E K‘Z%) (%%)lE (@ 0)@ 0y y)] } +o(m™)

(B[ () ]} oo = oo,

where we used Corollary 1 and the fact that dp;/06 does not depend on yy,...,y,, except for y,.
The straightforward calculation shows that

oL o _ Ol o
M Z AU:BU’ lu 2 Z O-zj 61] yl] ;jﬁ)’ aﬁQ = 771 2 Z Uzjz(ylj - m;jﬁ)’ (19)
j=1

E (i — )] =E +o(m™)

where
ni
4 42 2. 22
0ij =T E :Jih Oih(1)%ih — T Ni0;5 045(1)%ijs

so that we have

!/

n; n;
—92 —4 -2
RQZ - Z Jz] 674] Q'Y’Y Z Uij 57‘] + nl Z O-ij 5;-7 Q’Y’Y(sij
=1 =1
/
o S (e S | s - She ).
j=1 i=1 J=1 =1
(20)

which is of order O(m™"). We next evaluate the cross term E [(fi; — fi;)(jt; — t;)]. This term vanishes
under the normality assumptions for v; and €;;, but in general, it cannot be neglected. As in the



case of Ry;, we obtain an approximation of E [(fi; — fis)(fi — ;)] up to O(m™1). In the evaluation, we
assume that E(v3) = E(eg’j) = 0. To this end, we expand fi; — [1; as

B s = (%fg‘)'@—w ‘ (%f;’)/(@—e)(é—e)/ (%) +ontm™,

It follows that

n; n;
g Aij =1 v + E Aij€ij = wi,
=1 j=1

and then,

B (i — i) i — o)) = B [(‘Z@)(é— O] + 55 [(Z@)(é— 00— 0) () ws| + ot )

Using the expression of (19) and Corollary 1, the straightforward calculation (whose details are given
in the Appendix) shows that

roa() = 2| () 8- 0)@ -0y (%) ] = om0

under the assumption E(v}) = E (z—:g’j) = 0. Moreover, from Theorem 2, we obtain

E K%%)l 6 — B)wi] = Ra1i(¢, k) +o(m™"),

for
m  ng -1
Rayi(¢, k) = 1; Z 0,76 (Z > O'kh(l)zkhzkh> M y;j(b, k)
k=1 h=1 (1)
by 73 Wi 900~ DL Ta() M (0100
=
where

() =m0 {3 = ) + o =)
M2ij(¢, K,) =mN~ ’7' T]Z Z (nz — ]_) ( 3)o-i2jz’i]"

and kK, ke is defined as E(v}) = k,7* and E(eij) = /fgafj, respectively, and k = (ky,ke)’. The
derivation of the expression of R31;(¢, k) is also given in the Appendix. From the expression (21), it
holds that R31;(¢p, k) = O(m™1).

Under the normality assumption of v; and €;;, we immediately obtain My;; = 0 and M9;; = 0
since Kk = (3,3)’. This leads to R3; = 0, which means that the cross term does not appear in the
second-order approximated MSE, that is our result is consistent to the well-known result.

Now, we summarize the result for the second-order approximation of the MSE.

Theorem 3. Under Assumption (A) and E[v}] = E[sf’j] = 0, the second-order approzimation of the
MSE is given by
MSE;(¢) = Rii(¢) + Rai(9) + 2Rz1:(¢, ) + o(m™ 1),
where R1;(¢), Rai(¢p) and R31,(¢, k) are given in (18), (20) and (21), respectively, and R1;(¢) = O(1),
Rgl(qb) = O(m_l) and Rgli(qf), Iﬁ:) = O(m_l).
The approximated MSE given in Theorem 3 depends on unknown parameters. Thus, in the

subsequent section, we derive the second-order unbiased estimator of the MSE by the analytical and
the matching bootstrap methods.

10



3.3 Analytical estimator of the MSE

We first derive the analytical second-order unbiased estimator of the MSE. From Theorem 3, Ra;(¢)
is O(m™!), so that it can be estimated by the plug-in estimator Ry;(¢) with second-order accuracy,
namely E[Rzz(a)] = Roi(¢p) + o(m™1). For R31;(¢, k) with order O(m™1), if a consistent estimator &
is available for &, this term can be estimated by the plug-in estimator with second-order unbiasedness.
To this end, we construct a consistent estimator of k using the expression of fourth moment of
observations. The straightforward calculation shows that

Z {ym Yi mz] i>/B}4

= ken; (g — 1)(ni = 2)(nf —ng — 1) [ Y ok | +3n72@ni =3)< (D ol | =D ol b,
7j=1 7=1 7j=1
whereby we can estimate k. by
2
R 1 m n; ) o 4 L n; ) n; .
Re = = 2 ; {yij —¥i — (Tij — Jii)/ﬁ} —3n; " (2n; — 3) ;Uzj - ;Uij . (22)

where N* = n;*(n; — 1)(n; — 2)(n? —n; — 1) >ty a” and B is feasible GLS estimator of 8 given in
Section 2. For Ky, it is observed that

E [(ym —xy; )4] =116, + 67%0 + KeO U,

which leads to the estimator of k, given by

m  n;

Ry = N?4 > { (yw ngﬁOLs) — 67°5;; — .0, } : (23)

i=1 j=1

From Theorem 1, it is immediately follows that the estimators given in (22) and (23) are consistent.
Using these estimators, we can estimate R31; by Rs1i(¢, K) with second-order accuracy.

Finally, we consider the second-order unbiased estimation of Ry;. Tlle situation is different than
before since Rj; = O(1), which means that the plug-in estimator Rlig(,b) has the second-order bias
with O(m~1). Thus we need to obtain the second-order bias of Ry;(¢) and correct them. By the
Taylor series expansion, we have

OR1; (o)

Rii(¢) = Rui(¢) + ( 2%

>($¢)+;(¢¢)'<323u(¢)) _

-1

from Theorem 1. Then, the second-order bias of Rli(a)) is expressed as
E[Rii(¢)] — Rii(@)

— () El6 - 1+ 5| (W) B[@- ) - 9]} + o0

<8R@1;5(¢)> by + %tr { <8;§;5$)> Q¢} +o(m™Y),
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where €24 is the sub-matrix of €2 with respect to ¢, and by is the second-order bias of a) given in
Corollary 2. The straightforward calculation shows that

ORyi(¢) 5 ORu(9) 9 o 9’Ryi(9) 9, 3 9
87—2 771 ) aﬁy T ”77, nl(l) ? 87_287_2 T (771, 771, ) )
0*Ryi(9) —3 0°R1i (@) 2 _3
787872 = —2n, Mi1)> 78787’ =T, (2771'(1)77;(1) - 771'?71'(2))7
where
_ On;i 2 - —4 2 _ 3277@' 2 - -2 4 2 —4
=%y =77 D05 T E M) = yory )3 (2% Tij(1) f’z‘j(?)) 0ij ZiiZij-
j=1 j=1

Therefore, we obtain the expression of the second-order bias given by

Bi() = — 7°0; 211y by + 15 2br — 20,00 ) Qr + 72 (0% — ;%) Q0

_ 1 (24)
+ 7'2772' 5 {"7;(1)97v"7i(1) - imtr (771'(2)977>} )

with B; = O(m~1). Noting that B; can be estimated by B;(¢) with E[Bl($)] = B; + o(m™!) from
Theorem 1, we propose the bias corrected estimator of Ry; given by
R1i(9)" = Ru($) — Bi(9).
which is second-order unbiased estimator of Rj;, namely
E[R1i()™] = Ru(¢) +o(m ™).
Now, we summarize the result for the second-order unbiased estimator of MSE in the following theorem.

Theorem 4. Under Assumption (A) and E[v}] = E[ag’j] = 0, the second-order unbiased estimator of
MSE; is given by -
MSE; = Ri;(¢)" + Rai(¢) + 2Rs1:(, K),
that is, £ {I\TSTEZ} = MSE; + o(m™1).
It is remarked that the proposed estimator of MSE does not require any resampling methods
such as bootstrap. This means that the analytical estimator can be easily implemented and has less
computational burden compared to bootstrap. Moreover, we do not assume normality of v; and €;; in

the derivation of the MSE estimator as in Lahiri and Rao (1995). Thus the proposed MSE estimator
is expected to have a robustness property, which will be investigated in the simulation studies.

4 Simulation and Empirical Studies

4.1 Model based simulation

We first compare the performances of EBLUP obtained from the proposed HNER with variance
functions (HNERVF) with the conventional NER and the HNER with random dispersions (HNERRD)
proposed in Kubokawa, et al. (2014) in terms of simulated MSE. To this end, we consider the following
data generating process:

yl]:ﬁo+/81xlj+vl+52j7 j:17"'7ni7 izl)"'7m7

2 (25)
v; ~ (0,77), g5 ~ (0,exp(y0 + 712:5))-

12



We take m = 20, n; = 8, 6o = 1,51 = 0.8, 7 = 1.2. For the values of 79 and =1, we consider two
patterns: (y9,71) = (1,—0.4),(1,0). Note that 73 = —0.4 indicates that the true model holds the
heteroscedasticity in sampling variances while v; = 0 indicates the true model has homoscedastic
variance in which both HNER models are overfitted. We generate x;; and z;; from the uniform
distribution on (0,2) and (0, 5), respectively, which are fixed through the simulation runs. Following
Hall and Maiti (2006), we consider five patterns of distributions of v; and ¢;;, that is , M1: v; and ;5
are both normally distributed, M2: v; and ¢;; are both scaled ¢-distribution with degrees of freedom
6, M3: v; and ¢;; are both scaled and located x5 distribution, M4: v; are ¢;; are scaled and located
x5 and —x5 distribution, respectively, and M5: v; are €;; are both logistic distribution. Based on
R = 10,000 simulation runs, we calculate the MSE of each area defined as

R
1 ~\T T
MSE; = 2 Y (3" — m”), (26)
r=1

where ZZY) and ugr) are obtained values of the EBLUP and the true values of u; = By + 517 + v;
in the r-th iteration, respectively. For estimation of the variance component in the NER model, we
use the Prasad and Rao estimator (Prasad and Rao, 1990). The resulting simulated MSE values for
five distribution and two values of v are given in Figure 1 (in case of 73 = —0.4) and Figure 2 (in
case of v1 = 0). From Figure 1, it is observed that the HNERVF provides least values of MSE in
all areas. It is a natural result that the HNERRD provides second best prediction in terms of MSE
values, but the MSE values are not so different from the NER model. Thus the model specification is
appropriate, the EBLUP obtained from HNERVF performs so well compared to the existing models.
On the other hand, in Figure 2, the HNERVF provides little larger MSE values than the HNERRD
and NER in normal case (M1). It is not surprising result since the parameter 7, in the HNERVF is
0 in the true model and the estimation error of v; inflates the MSE values. However, in other cases
(M2~M5), the HNERVF provides the close MSE values to the NER and HNERRD although the true
model has homoscedastic variances. Thus we may conclude that the HNERVF has little disadvantages
of over-specification in terms of MSE values of the EBLUP.

4.2 Finite sample performances of the MSE estimator

We next investigate the finite sample performances of the MSE estimators given in Theorem 4. We
use the same data generating process given in (25) and we take fp = 1,51 = 0.8, 7 = 1.2, 790 = 1 and
v1 = —0.4. Moreover, we equally divided m = 20 areas into four groups (G = 1,...,5), so that each
group has five areas and the areas in the same group has the same sample size ng = G + 3. Following
the simulation study in the previous subsection, we again consider the five patterns of distributions for
v; and €;;. The simulated values of the MSE are obtained from (26) based on R = 10,000 simulation
runs. Then, based on R = 5,000 simulation runs, we calculate the relative bias (RB) and coefficient
of variation (CV) of MSE estimators given by

r 2
" _ MSE;

MSE;

R /\(r) R _—
1 MSE; = — MSE; 1 MSE
B, = — L t 2= =
=7 ; MSE, 0 VTR 2

r=1

where RTS\EET) is the MSE estimator in the r-th iteration. In Table 1, we report mean and median
values of RB; and CV; in each group. For comparison, results for the naive MSE estimator, without
any bias correction, are reported in Table 1 as well. The naive MSE estimator is the plug-in estimator
of the asymptotic MSE (18), namely it is obtained by replacing 72 and ~ in formula (18) by 72 and 7,
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Figure 1: The Simulated Values of MSE in HNERVF (real line), NER (dashed line) and HNERRD
(dotted line) in Case of y; = —0.4 (Heteroscedasticity).

respectively. In Table 1, the relative bias is small, less than 10% in many cases. When the underlying
distributions leave from normality, the MSE estimator still provides small relative bias although it
has higher coefficient of variation. The naive MSE estimator is more biased than the analytical MSE
estimator in all groups and models, so that the bias correction in MSE estimator is successful.

4.3 Illustrative example

We now investigate empirical performances of the suggested model, the empirical Bayes estimator
and the second-order unbiased estimator of MSE through analysis of real data. The data used here
originates from the posted land price data along the Keikyu train line in 2001. This train line connects
the suburbs in the Kanagawa prefecture to the Tokyo metropolitan area. Those who live in the suburbs
in the Kanagawa prefecture take this line to work or study in Tokyo everyday. Thus, it is expected
that the land price depends on the distance from Tokyo. The posted land price data are available for
52 stations on the Keikyu train line, and we consider each station as a small area, namely, m = 52.
For the i-th station, data of n; land spots are available, where n; varies around 4 and some areas have
only one observation.

For j = 1,...,n;, y;; denotes the value of the posted land price (Yen/10,000) for the unit meter

14
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Figure 2: The Simulated Values of MSE in HNERVF (real line), NER (dashed line) and HNERRD
(dotted line) in Case of y; = 0 (Homoscedasticity).

squares of the j-th spot, T; is the time to take from the nearby station i to the Tokyo station around
8:30 in the morning, D;; is the value of geographical distance from the spot j to the station 7 and
FAR;; denotes the floor-area ratio, or ratio of building volume to lot area of the spot j. This data
set is treated in Kubokawa, et al. (2014), where they pointed out that the heteroscedasticity seem
to be appropriate from boxplots of some areas and Bartlet test for testing homoscedastic variance.
Figure 3 is the plot of the pairs (D;;, e;5), where e;; is OLS residuals given by e;; = vi; — (Bo,orns +
FARUBLOLS + Tiﬁg,om + DijB&OLS). It indicates that the residuals are more variable for small D;;
than for large D;;, namely the variances seem functions of D;;. Thus we apply the following HNER
model with a variance function given by

Yij = Bo + FAR;;j 1 + TifB2 + DijBs + vi + €5, (27)

where v; ~ (0,7%) and €;; ~ (0, 5%(70+71D;;)). For the variance function o2(-), we use 02(z) = exp(x)
motivated from Figure 3. As a submodel of (27), we also consider the homoscedastic variance model
with 1 = 0. Then the estimated values of parameters in these two models are given in the following:

estimates By [ Ba B3 Yo M 72
HNERVF 4231 281 -3.56 —-0.66 491 —-1.82 6.60
NER 33.35 6.58 —3.18 —-0.83 3.90 0 8.82
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Table 1: The Mean Values of Percentage Relative Bias (RB) and Coefficient of Variation (CV) of MSE
Estimator and Relative Bias of Naive MSE Estimator (RBN) in Each Group.

G Ga Gs Gy
Model RB CV  RBN RB CV  RBN RB CV  RBN RB CV  RBN
M1 -8.72 1748 -10.67 -7.61 17.52 -9.16 -7.89 19.85 -9.31 -6.52 22.02 -7.83
M2  -12.50 23.60 -13.74 -9.72  23.24 -10.66 -8.39 26.05 -9.43 -4.74 2837 -5.68

M3  -10.86 2247 -12.10 -10.58 22.70 -11.48 -7.65 24.66 -8.70 -4.96 26.93 -5.91
M4  -12.51 2340 -13.57 -10.57  23.03 -11.33 -8.92 2537 -9.86 -5.65 27.68 -6.52
M5  -11.81 21.24 -13.39 -7.27 2031 -8.54 -6.34 22,94 -7.58 -4.27 2498 -5.42

The estimated values of 32 and 33, coefficients of T; and D;;, in both models are negative values
which leads to the natural result that the 7; and D;; have negative influence on y;;. The sign of 7 is
negative. This corresponds to the variability illustrated in Figure 3. The obtained values of EBLUP
given in (17) are given in Table 2 for selected 15 areas. To see the difference of predicted values in
terms of the degree of shrinkage, we compute dif; = |g; — [i;| for each two model and the results are
given in Figure 4. It is observed that dif; in NER model decreases as the area sample size n; gets large.
This is because the sample mean provides better estimates of the true mean as n; gets larger, so that
the sample mean does not need to be shrunk. On the other hand, dif; in HNERVF is influenced by the
estimated heteroscedastic variance o2(7g + 71 D;;) as well as n;. Thus the plot in Figure 4 shows that
the shrinkage degrees in HNERVF has more variability than that in NER. In Table 2 and Figure 3,
we also provide the estimates of squared root of MSE (SMSE) given in Theorem 4. It is revealed from
Table 2 that the estimates of the SMSE in NER get smaller as n; gets larger. On the other hands,
the SMSE in HNERVF do not have a similar property, because the SMSE in HNERVF is affected by
not only n; but also the heteroscedastic variance as indicated in the MSE formula given in Theorem
3. From Figure 3, we observe that the estimated SMSEs of HNERVF are smaller than that of NER
in many areas. Especially, in area 47, 49, 50 and 51, the SMSE values of HNERVF are dramatically
small compared to NER. In some other areas, the SMESs of HNERVF is larger than that of NER,
but the differences are not so large. These observations and the residual plot in Figure 3 motivate us
to utilize the HNERVF in case of heteroscedastic variance explained by some covariates.

5 Concluding Remarks

In the context of small-area estimation, homogeneous nested error regression models have been studied
so far in the literature. However, some real data sets show heteroscedasticity in variances as pointed out
in Jiang and Nguyen (2012) and Kubokawa, et al. (2014). In such a case, the residuals often indicate
that the heteroscedasticity can be explained by some covariates, which motivated us to propose and
investigate the heteroscedastic nested error regression model with variance functions (HNERVF). We
have proposed the estimating method for the model parameters and the asymptotic properties of
these estimators have been established without any distributional assumptions for error terms. For
measuring uncertainty of the empirical Bayes estimator, the mean squared errors (MSE) have been
approximated up to second-order, and their second-order unbiased estimators have been provided in
the closed form.

For estimation of MSE in HNERVF without distributional assumptions, we can utilize the moment
matching bootstrap method proposed in Hall and Maiti (2006). To derive the bootstrap estimator,
we use the following representation of MSE:

MSE; = 72n; ' + E [(fi — fs)?] + 2B (7 — fi) (7 — )]
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Table 2: The Estimated Results of PLP Data for Selected 15 Areas

sample HNERVF NER
areca n; mean EBLUP SMSE EBLUP SMSE

1 1 60.70 42.92 3.84 41.49 4.18
10 1 38.20 38.36 3.66 37.92 3.92
7 2 40.10 39.57 3.73 39.12 3.78
19 3 32.30 33.81 3.20 34.23 3.55
15 4 38.50 39.26 3.49 40.78 3.41
41 4 18.20 19.84 2.86 20.73 3.37
12 5  41.46 38.90 3.53 41.15 3.20
o1 ) 16.54 16.55 1.36 15.55 3.21
46 6  20.57 20.00 1.84 19.96 3.05
52 6 15.00 17.33 1.00 16.83 3.13
25 7 29.74 29.92 2.66 30.99 2.89
50 7 20.30 18.63 1.81 17.25 2.93
33 8  22.86 23.53 2.59 22.15 2.80
49 10 16.64 15.60 1.38 16.36 2.55
34 11 2494 23.90 2.33 23.41 2.44

noting that the second and third terms are O(m~!). Then we can establish the second-order unbiased
MSE estimator via three-point distribution or ¢-distribution for approximation of distribution of error
terms. However, the bootstrap method has computational burden, so that we did not treat in this
paper.
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Appendix

A.1. Proof of Theorem 1. Since y,...,y,, are mutually independent, the consistency of 72 and 7 follows

from the standard argument of M-estimators, so that 3 is also consistent. In what follows, we derive the
asymptotic expressions of the estimators.
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First we consider the asymptotic approximation of 72 — 72. From (9), we obtain

m  n;

ZZ{ le wzg/@OLS) _8123} _7—2
=1 j=1
m  n; 1 m  n;
sz{ylj 7] )270112]'}77—27NZZ 137 '7)
1=1 j=1 i=1 j=1
- Z Z Yij — T ij(ﬁOLs —B) + 0p(F =) + 0p(Bors — B)
=1 j=1
1 m m  n;
=Ezuu ZZ%@ 27 =)+ op(m™?) + 0p(F =), (28)
i=1 =1 j=1

where uy; = mN~' 3" {(yi; — ®j;8)* — 07;} — 7% and we used the fact that Bors — B = 0,(m™1/2) and

T 2 (i — ®B)xiy = Op(/r\n’l/Q) from the central limit theorem. ~
For the asymptotic expansion of 4 defined as the minimizer of (10). Remember that the estimator 4 is
given as the solution of the estimating equation

~ 2
N ZZ [{yn — i — (®ij — i)’ﬁom} zij —oy(zi5 — 207 'z + 07 2) | =0
i=1 j=1
Using Taylor expansions, we have

m  ng

Z Ug; — N Z Z {yij — G — (2ij — )" B} 2 (235 — i)/(BOLS -B)

=1 5=1
1 / _ L R R _
N Zzgfj(l)(zm —2n; "z + 0 2) 2 (F — ) + 0p(F =) + op(m ),
i=1 j=1
where

Mg
_ _ _ 2 — —1—
Uy = mN ! Z [{yij — i — (mi; — ) B} zi5 — U?j(zij — 2n, 1zij +n, 121‘)} :

From the central limit theorem, it follows that

m  n;
N Z Z {yis — i — (®ij — ) B} zij (2 — 2:) = Op(m_1/2)7
=1 j=1
so that the second terms in the expansion formula is 0,(m~'/2). Then we get

—1
m  n;

Z Zgu(l zij — 207 zij g 2 Zu% +0p(Y =) + 0p(m™1/?).

=1 j=1 i=1

Under Assumption (A), we have

m  n;
2 —1 —1g
Z Zaij(l)(zij —2n; zij+n; 2z = O(m).
i=1 j=1
From the independence of y,,...,y,, and the fact E(us;) = 0, we can use the central limit theorem to show

that the leading term in the expansion of 5 — « is O,(m~'/2). Thus,

- ZZ%@) Zij —2n; zUJr” z7)z” Zu21+0p(m71/2).
i—1

=1 j=1
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Using the approximation of 4 —~ and 4 — v = Op(m_l/Q), we get the asymptotic expression of 72 — 72
from (28), which established the result for 72 and 7.

Finally we consider the asymptotic expansion of B — B. From the expression in (7), it follows that

~ ~ Kl 9 ~
B-B=B-B+ ( 8
2%\

) G-+ (5mB) 5 =)+ 0@ =)+ 07 =,

Since 9 9
ﬁzlz‘jnu T%EZ:W,L(S), Szla"'aQ7

for W) = diag(o 7,1(1)2:7‘157 . 1277,1(1)22" s), we have

0 5-(x's 'X)" X', 571X, 3

2B = iy . (8:-B).

i=1 (29)
9 ~ 1 1 * 2
mﬂ (X's'X)” (ZXE WS, X)(ﬂ%ﬂ), s=1...,q,
S =1

where

m -1 m
:<ng2i1Jm2i1Xi> > X372y,

i=1 i=1

i=1 =1

m -1 m
B, = (ngzilwi(s)zil?ﬁ) SN XZIW 0By, s=1....q

Under Assumption (A), we have BZ — B = 0,(m™Y2) for a € {7,71,...,7,}, whereby - O, (m~1/2).
Since ¥ — v = O,(m~'/2) and 72 — 72 = O, (m~1/?) as shown above, we get

B-B=(X'2"'X)" ZXE — X,8) + 0,(m~1/?),

which completes the proof.

A2. Proof of Corollary 1. Let 6 = (01,...,0,1411) = (8,7, 7%)". Note that 1/}?’“,]{: =1,...,p+q+1 does
not depend on yy,...,Y; 1,Y;11,---» Y, and that y,,...,y,, are mutually independent. Then,

1« 0 1.0 1 6. .0
Y; =2 Z E{wjki/}jl}‘Fﬁ%k%L

=15

1 m m
e | DOLEAR B DI
j=1 j=1

=Qpu + % {wfkiﬁfl - F {wfk%el} } = Qu + op(m ™),

where Qy; is the (k,[)-element of € and we used the fact that E[w?’“ ly;,] = E[wjek] = 0 for j # i. Hence, we get

the result from the asymptotic approximation of 0 given in Theorem 1.

A3. Proof of Theorem 2. We begin by deriving the conditional asymptotic bias of 4. Let 4 be the solution
of the equation

2 — —1—
=W ZZ [{yu — G — (xij — &) BY 245 — 0j(2i5 — 207 "2y + 07 ' 2i)| = 0

=1 j=1
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with Ufj =2 (27;7). For notational simplicity, we use F' instead of F(v;3) without any confusion and F,.,r =
1,...,q denotes the r-th component of F', namely F' = (F1,..., F,)". Define the derivatives F' 4y and Fjqp) by

oF 0°F,

Fla)=gg Frian) = gom

It is noted that Fj(g) = 0. Expanding F(7; Bors) = 0, we obtain

~ ~ 1 1 _
0= F+F(.,)(*y—'y) +F(ﬁ)(ﬁOLS -B)+ §t1 + 5152 +0p(m 1),

where t; = (ts1,...,tsq),s = 1,2 for

tir = (=) Fram) (3 =), tor = (Bors — B) Frp)(BoLs — B)-

It is also noted that

1 m ng B L
Fy) = T Z Zgﬁju)(% —2n; 2k + 0y 1zk)z;<j
b=1j=1
9 m ng
Fe=-5 D> ks — Ur — (i — ®)' B} 25 (ke — 1)
k=1 j=1

so that F(.,) is non-stochastic. Thus we have

ER —Aly] = —(F)~} {E[F(va Byl + E [Fw) (Bovs — B)

v] + 5Bl + 5Bl +oy(m)

In what follows, we shall evaluate the each term in the parenthesis in the above expression. For the first term,
since Yy, ..., Y,, are mutually independent and E(us;) = 0, we have

BIF(: B)ly] = .

For evaluation of the second term, we define Zy, = diag(2x1r,. .., Zkn,r), Where zg;, denotes the r-th element
of zj;. Then it follows that

9 .
’!Jz} - N(yz - X.8)E;Z;,E;XE {BOLS -8

E [Fr(,B) Bovs — B)

2 & -
yl} =N ;E {(yk — XiB)ErZEp X (Bors — B)

2 m o~
== Z E {(yk - X1B)EZ1Er X (BorLs — B)
k=1 keti

Noting that it holds for £ =1,...,m and k # i

E |y~ XuB) (.~ X1B)

y2:| - 1{€:k}2k7 E[BOLS - Ig‘yz] = (X/X)71 X;(yz _ X,Lﬁ)’

we have

yi:| = Ztr {EkaTEka(X/X)_lX;cE [(yz - XB)(y, — X1B)
—

=tr {(X'X) ' XS Ev Zi Bn Xy}

E [(yk — X18)'ExZiEx X (Bors — B)

2

which is O(m~!) and
1

N(yi - X.8)EvZiErXLE [BOLS -8

yi] = Op(mil)-
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Thus, we get

m  ng

N ——— tr {(X'X) ' X 2w EvZ E X -, 30
yzi| m;;T )~ I YA 3 k}+0p ) (30)

E |:Fr(ﬁ) (Bors — B)

where the leading term is O(m™!). For the third and forth terms, note that

m ng m
_ - 2
Friyny = % ZZ%] 2 (Zrj = 20 2y + 0y E) 2z g Friss) = ~ Y X.EvZy, E Xy,
k 175=1 k=1
which are non-stochastic. Then for h=1,...,q,
m Nk
Eltily;] = —— Z Z ijro'kj(z zk:g inzlzkj + nlzlzk)/nwvzkj + Op(m_1>7

k 1j=1

Eltorly;] = ~ Ztr (X4EvZiwEy X, VoLs) + op(m™),

k=1
for Vors = (X'X) 1 X'EX(X’'X) ™!, where we used Corollary 1 and

E [(Bovs — B)Bovs — B)'|u;] = Vous + op(m ™), (31)
which follows from the similar argument in the proof of Corollary 1. Thus we obtain

IRt 2 -1 —15 \/ —1

Eltily,) = —+ DO zkjor )2k — 205 2k + 0y 2) Qo zag + 0p(mT),
k=1j=1
-1
Elts|y,] = Z {tr X EkarEkaVoLs)} +0p ),

N=

where {a,}, denotes the ¢g-dimensional vector (as,...,a,). Therefore, we establish the result for 4 in (16).

We next derive the result for 72. Let

T :%Z (yk_Xkﬂ)/(yk_Xkﬂ)_ZUI%j
=1

k=1

Using the Taylor series expansion, we have

o7 1 0272
~o o~ 0T o T~ v 97\ 5
=T+ 37( )+ 50 -7) (8757,)(7 v)
o7 - 1 P72\ .
+ %(ﬂOLS -B)+ §(ﬁ0Ls -B) (W) (Bovs — B) + op(m™1),
where we used the fact that 9°72/9~v93" = 0. The straight calculation shows that
m Nk o~ m Nk o~ m
0%*7? 0%7? 2 ,
o =R Lt g =y Lok g = LXK

which are non-stochastic. Thus we obtain
~2

Bl = B~ + (5 ) BF -l + g () B 16 - @ -}

<88ﬁ> (Bovs = B)|y: | + %tr { (%) E [(BOLS - B)(Bows — ﬂ)/’yi]} +o0p(m™1)

= Bri(y;) + Br2(y;) + Bra(y;) + Bra(y;) + Brs(y;) + Op(m_l)'

+E Y;
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From the expression of 72, it holds that

1 & 1
BTl(yi) = N Z nsz + N (y; — Xzﬂ)/(yi - Xzﬂ) - Zoz'zj —7°

for uy; defined in (11). Also, we immediately have

m  ng

By yz N Zzak‘j(l zkj 'y yz)

k=1 j=1

For evaluation of B;4(y,), note that

Similarly to (30), we get

{ ~ X1.8) X1 (Bors — B)

:

tr {(X' X)X e X1} +op(mh).

Moreover, Corollary 1 and (31) enable us to obtain the expression of B,3(y;) and B;5(y,), whereby we get

m  ng

b‘(rl)(yz) m- ull N Zzo—k‘](l)zk‘j { ( 2) b } + b,

k=1j5=1

which completes the proof for 72 in (16).

We finally derive the result for [Ai By the Taylor series expansion,

~ ~ i 9 ~ 9 ~
B-p=B-0+3 (;B) G-+ (5B (2= )+ on(m ™),
; s or?

o8\ 0B B
<5¢> CRROICE) <a¢>=op<m )

from 0B8/8¢ = O,(m~'/2) as shown in the proof of Theorem 1. From (29), we have
a
Z ( > —s)

(xsx) Y (fﬁXézi 1Wi<s>2in> {(B).-8) Go =) - B-B)E — )},

s=1 \k=1

since

(58) 7 =7 = (x5 x)” (Z linkEkl)fk){(ff:ﬂ)(?zT) B-B)F ).
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Let Qg-,, = E[(B: —B)As —s)] and Qg+ = E[(Z‘i’j — B)(T — 7)]. Then it can be shown that

E[(B; = B)F = T)lyi]l = Ry, +0p(m™), BlB,, = B)Fs = 7)lwi] = yer + 0, (m ™),

which can be proved by the same arguments as in Corollary 1. Thus from Corollary 1 and the fact that
~ _ -1 _
D) |:/8_ﬁ|yi:| = (X/E 1X) ngi 1(yi_Xiﬁ)a

we obtain the result for 3 in (16).

A4. Derivation of Rs1;(¢, k).

(Z‘Zi)/@—om

E =F|E

=I

=K

(%%)l (5 - O)w;
o-onr ()

b ()] = s () ] 5 () o]

Since y, given v;, €; is non-stochastic, we have

]

= R311(¢) + O(mil).

It is noted that E(w;) = 0 and

n; ng
E [(yij — i ;B)wi] = E[(vi +eij)wi] = | D Xij = 1| 72+ > Aijog; = 0. (32)
Jj=1 Jj=1
Using the expression (16) and (19), it follows that
!/
; O o _ —1 _
E [b(ﬂ)( ) (8ﬂ) w; | = (Ci - Z)\ijwij) (X/E 1X) X3 lE[(yl — Xlﬁ)wl} =0
j=1
a~ Mg m  ng -1
i - -
E [bﬂf)( i) (87 ) Wy | =T} ’ Zgijzégj (Z Zazh(l)zkhz2h> Mi;(¢, k)
j=1 k=1h=1
i o L1 Cax -
B[00 (G2 ) | =m0 Y 0 W00 - Ta) Ta) My (0.5 .
- _7:1
where
Myij(¢, k) = E [ugi(ys; — xi;B8)wi| . Muj (¢, k) = E [ug;(yij — x;8)w;] -
To evaluate Mi,;; and My;;, we first prove the following result for fixed j,k,¢ € {1,...,n;}.
E[(’Uz + Eij)(vi + 57216)(7)1' + Eig)wi] = T2n;1 |:T2(3 - /iv) + Haagjl{j:kzé} + J?j(l{j:k?gg} — l{j:k})
(33)
+ 05 (Lg=ezry = Ly=y) + Oi(Lp=es) = Ln=r})|-
To show (33), we note that the left side can be rewritten as
=0, E [(vi + €35) (i + i) (03 + €ao)vi] + > Ain B [(vi + 5) (3 + €ar) (vi + €ie)ein] (34)

h=1
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from the definition of w;. Using the fact that €;1,...,€;,, and v; are independent, the first term in (34) is
calculated as

E [’U;l + (5ij5ik + €€ + 51'16511)%‘2] = KZUT4 + 72 (U?jl{j:k} + O'Z»Zjl{j:g} + U?kl{sz}) .
Moreover, we have
E[(v; + €ij)(v; + €ir) (v; + €ie)ein] = E [ein(eij + €10 + gik)vi + EijEikEilEin]
= 7200, (Linzjy + Lineky + Lneey) + 60 jmnmimny + 0o (071 jmktomny + 051 jmtthany + Ol {jmhphert}) »
whereby the second term in (34) can be calculated as
377+ R0l mkmty + O L=k + 0G L=eky + Ol Lkt ]

where we used the expression \;, = 72; !
have

0,2 Then we established the result (33). From (33), we immediately

%

ZE[(% +&ij) (vi + €ir) (Vi + gie)wi| = 7207 [T (3 — k) + 07 (ke — 3)1j—ry]
=1

=F [(1)1 -+ 51’]’)(”1’ -+ 5ik)2wi] .
Now, we return to the evaluation of Mi;; and My;;. It follows that
Mllj b,k N Z E yzh ghﬂ)Q(y’ij - w;gla)wl]
=mN~! 771‘_ T {ni7—2(3 — Ky) + Ufj(ms — 3)}

and

My;j(b, k) = % 2 zinE [{vi +&in — (vi + &)} (vi + €i5)wi]

h=1
m N4 _ ng
= N Z zih{E [(Uz + €¢h)2(’vi + Eij)wi] — 2’1’Li 1 Z E [(’Ui + Eij)(vi + Eik)(vi + Eih)wi]
h=1 k=1

n;* Z Z E(vi +&45)(vi + €r) (vi + €30)w;] }

k=1 ¢=1

Using the identity given in (33), we have

ni
M;j(¢, k) =mN " tr2p! Z zih{a?j(/ig = 3)(1gj=py — Qn;ll{j:h} + n;Z)}

=mN~ 1n72( ni —1)%(ke — 3)02-2jzij,

3

which completes the result in (21).

A5. Evaluation of R3s;(¢p). Since y,; given v;, €; is non-stochastic, we have
1w\ 4 am
(a’””) @ ( ) |
8 0 1 (3] 3
_1p (a“’> ( ) 1 1tr{nE
2
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where we used Corollary 1 in the last equation. Note that

E [(yi; — 2i;8)wi] = —n; 'E [(vi + £5)%vi] + ZE [(vi +€ij)%ein] =0
h=1

since E[v3] = 0 and E[e?j] = 0. Using the expression (19) of dp;/00 with the above moment results, we obtain

E

o\ (o, | _
(ao)(ae)“”]_o’

which leads to Rsz;(¢) = op(m™1).
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