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Abstract

Consider the small area estimation when positive area-level data like income, rev-
enue, harvests or production are available. Although a conventional method is the log-
transformed Fay-Herriot model, the log-transformation is not necessarily appropriate.
Another popular method is the Box-Cox transformation, but it has drawbacks that the
maximum likelihood estimator (ML) of the transformation parameter is not consistent
and that the transformed data are truncated.

In this paper, we consider parametric transformed Fay-Herriot models, and clarify
conditions on transformations under which the ML estimator of the transformation is
consistent. It is shown that the dual power transformation satisfies the conditions. Based
on asymptotic properties for estimators of parameters, we derive a second-order approxi-
mation of the prediction error of the empirical best linear unbiased predictors (EBLUP)
and obtain a second-order unbiased estimator of the prediction error. Finally, perfor-
mances of the proposed procedures are investigated through simulation and empirical
studies.

Key words and phrases: Asymptotically unbiased estimator, Box-Cox transformation,
dual power transformation, Fay-Herriot model, linear mixed model, mean squared error,
parametric bootstrap, small area estimation, variable selection.

1 Introduction

The linear mixed models (LMM) with both random and fixed effects have been extensively
and actively studied from both theoretical and applied aspects in the literature. As specific
normal linear mixed models, the Fay-Herriot model and the nested error regression models have
been used in small-area estimation, where direct estimates like sample means for small areas
have unacceptable estimation errors because sample sizes of small areas are small. Then the
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model-based shrinkage methods such as the empirical best linear unbiased predictor (EBLUP)
have been utilized for providing reliable estimates for small-areas with higher precisions by

borrowing data in the surrounding areas. For a good survey on this topic, see Ghosh and Rao
(1994) and Rao (2003).

In this paper, we address the problem of transformation when positive area-level data like
income, revenue, harvests or production are available. To handle such positive data, one usually
makes the logarithmic transformation log(y) for positive y and applies log-transformed data
to the Fay-Herriot model (Slud and Maiti, 2006). Although this approach based on the log-
transformed Fay-Herriot model has been used as a standard method, the log-transformation is
not necessarily appropriate. An alternative method is the Box-Cox power transformation (Box
and Cox, 1964) given by

hBC(y )\) _ (y)\ - 1)/)‘7 A 7é 07
’ log vy, A=0,

and one can make a flexible transformation for the positive data through estimation of the trans-
formation parameter. However, we are faced with shortcomings that the maximum likelihood
(ML) estimator of the transformation parameter X is not consistent and that the transformed
data are truncated. It is not necessarily suitable that one applies the truncated data to normally
distributed models.

A feasible recipe for treating these issues is the dual power transformation suggested by
Yang (2006), which is given by

(y’\ — y_)‘)/2)\, A>0,
WPy, \) = { log y N0

This transformation possesses properties similar to the Box-Cox transformation, but does not
suffer from the truncation problem, since it is a monotone function from R, onto R, where R
and R, denote the sets of real numbers and positive real numbers, respectively.

In this paper, we consider a class of parametric transformations including the dual power
transformation and suggest a parametric transformed Fay-Herriot model. The model has three
unknown parameters 3, A and A = (A,..., ;) which are regression coefficients, variance of
a random effect and the transformation parameter, respectively. Given A, the inference on the
parameters 3 and A and the prediction can be reduced to the results given in the literature.
Given A, B is estimated by the generalized least squares estimator B(A(X),A) for estimator
E(A) of A. For estimation of A, we have several methods, and well-known estimators /Al()\) are
the maximum likelihood (ML) estimator, the restricted maximum likelihood (REML) estima-
tor, the Fay-Herriot estimator and the Prasad-Rao estimator. The transformation parameter
A can be estimated through the likelihood functions based on B(A(X), A) and A(X). Thus, the
consistency of estimators A of A depends on the transformation i (y, A) and the estimator A(X).
In this paper, we shall clarify conditions on h(y, A) and E()\) under which the estimator A is
consistent. Based on asymptotic properties of these estimators, we derive a second-order ap-
proximation of the mean squared error of the empirical best linear unbiased predictor (EBLUP)
and its second-order unbiased estimator using the parametric bootstrap method.



The paper is organized as follows: In Section 2, the parametric transformed Fay-Herriot
model is described and the assumptions on the transformation are provided. As a useful
transformation, the dual power transformation is discussed. In Section 3, the methods for
estimating the transformation parameter are given, and the consistency and some asymptotic
properties which will be used for evaluation of the prediction error are shown. In Section 4, we
provide EBLUP for the small-area estimation and derive a second-order approximation of the
mean squared error (MSE) of EBLUP. It is interesting to note that the approximation of MSE
consists of five terms: the first three terms are the known terms of the MSE approximation
given A and the last two terms come from randomness of estimation of A. We also derive a
second-order unbiased estimator of the MSE using the parametric bootstrap method.

In Section 5, we investigate finite-sample performances of estimators of the parameters,
MSE of EBLUP and estimators of MSE through simulation. The suggested procedures are
applied to the data in the Survey of Family Income and Expenditure (SFIE) in Japan. The
parametric transformation suggested in the paper has parameters for adjustment, which enables
us to flexibly analyze the small-area positive data. In fact, the survey data treated there show
that the estimate of the transformation parameter is far from the log-transformed model. The
concluding remarks are given in Section 6, and the technical proofs are given in Appendix.

2 Parametric Transformed Fay-Herriot Models

2.1 Transformed Fay-Herriot models

Let h(y,A) be a monotone transformation from R, to R for positive y. It is noted that the

transformation involves unknown parameter A = (A,...,\;)’, where A" denotes the transpose
of A. It is assumed that positive data y,...,y,, are available, where y; is an area-level data
like a sample mean for the i-th small area. For ¢ = 1,...,m, assume that the transformed

observation h(y;, A) has a linear mixed model suggested by Fay and Herriot (1979), given by
h(yi, X) = ;8 + v; + &, (1)

where x; is a p-dimensional known vector, 3 is a p-dimensional unknown vector of regression
coefficients, v; is a random effect associated with the area ¢ and e; is an error term. It is
assumed that v;, g;, ¢ = 1,...,m, are mutually independently distributed as v; ~ N(0, A) and
g; ~ N(0,D;), where A is an unknown common variance and Dy, ..., D,, are known variances
of the error terms. It is noted that this model is interpreted as a Bayesian model when the
distribution of v; is regarded as a prior distribution.

When h(y,A) = y, the model (1) is called the Fay-Herriot model suggested by Fay and
Herriot (1979). When y takes a value in real numbers R, the Fay-Herriot model may be
appropriate. Since y is positive, however, we need to transform y. A standard method is
the logarithmic transformation h(y,A) = log(y). Slud and Maiti (2006) studied the small-
area estimation problem in the log-transformed Fay-Heriot model. However, the logarithmic
transformation is not necessarily suitable.

Alternative method is parametric transformations, and the well known method is the Box-



Cox power transformation described by

W =1)/x  A#0,
hPC(y, ) = { log y =0

Although the Box-Cox transformation is very popular, it has drawbacks that the maximum
likelihood estimator of A is not consistent and that h%C(y, \) is truncated as hB%(y, \) > —1/X
for A > 0 and hP%(y,\) < —1/X for A < 0. This implies that the Box-Cox transformation is
incompatible with the normality assumption due to the truncation problem, unless the trans-
formation parameter A equals to zero.

Taking it into account that transformed observations in (1) satisfy the normality assumption,
in this paper, we consider a class of transformations satisfying Assumption 1 given below. For
notational convenience, we use the notations described as

_Oh(y,A) _ Oh(y,\) ~ 0*h(y, )
hy(yvk) - ay ) hx(y,A) - a)\ ) h)u\(yvA) - 8)\8A/ 3 (2>
_ Ph(y, ) _ Phly, N
hyr(y, A) = “OyoN hyrn(y, A) = DYONIN

Assumption 1. The following are assumed for the transformation h(y, A):
(A.1)  h(y,A) is an monotone function of y (y > 0) and its range is R.
(A.2) The partial derivatives given in (2) exist and they are continuous.

(A.3) Transformation function A(y, ) satisfies following integrability conditions.

Bl (] = o). B[ ()] - o),

where h(y, ) is normally distributed with mean p and variance o2, and the notation
O(1) means that each component in O(1) is of order O(1).

Assumption (A.1) means that the transformation is a one-to-one and onto function from R
to R. Clearly, (A.1) is not satisfied by the Box-Cox transformation, but by log(y). Assumptions
(A.2) and (A.3) will be used to show consistency of estimators of A and to evaluate asymptoti-
cally prediction errors of the empirical best linear unbiased predictors. A example of parametric
transformations with two parameters A; and ), is the sifted dual power transformation given
by

BSPP (. A M) = {(y+2)2 = (y+ M) /20, X >0,
T log(y + A1), Ay = 0.

Clearly, this transformation satisfies (A.1). In the case of A\; = 0, it is the dual power transfor-
mation which will be treated in the next subsection.



2.2 Dual power transformation

A parametric transformation treated as an example in this paper is the dual power transfor-
mation suggested by Yang (2006), which is described as

hDP(% )\) — { (yA - y_)\)/2>‘7 A> 07

3

Although the Box-Cox transformation does not satisfy assumption (A.1), the dual power trans-
formation satisfies (A.1). As shown later, the maximum likelihood estimator of X for hPF (y, \)
is consistent, while the MLE of the transformation parameter in the Box-Cox transformation
is not consistent. Thus, the dual power transformation is useful, and we provide some expla-
nations on it.

It is noted that for z = hP"(y, \), the inverse transformation is expressed as
1/A
Yy = ()\z—i- V222 4+ 1)

for A # 0, and y = e* for A = 0. Also note that some derivatives of h?F(y, \) related to (A.2)
are written as

PRI DP

+ PPy, \ |

WP (y, ) = %logy - # hy "y, ) = 5™

1 . a
hi'(y, ) = §1og’y(?f Loy, B (5. A) = PP (y, M) (log y)?,

d (hfxp(% /\)> ~ 4(logy)?
AA\RDP(y, X)) (P +y2)?

It is clear that AP (y,\) (A > 0) satisfies (A.1) and (A.2), since it is continuous and
differentiable. We here check whether the dual power transformation satisfies the integrability

conditions in (A.3). Let z(= hPF(y,\)) be a random variable normally distributed with mean
p and variance 0. Then,

Py,

B (M| = 55

E{V1+X22log(Az + V14 A222) + Xz
K (re 4+

< % |E[(1+ X2%) (A2 + X22%)]| + %\E[z” =0(1),

B [{h27 (5, A) = pk " (y, V]|

= E[(Z _ M)mlog()\z + m) + Az(z — ,u)”

< %|E[(Z — 1) (1 4+ X22%) (A2 + )\222)] ‘ + %‘E[z’(z — u)} ‘ =0(1),

[E{R (0, V| = B[P (g, \) (log y)°] |
= 55 |Bl{log (22 + VI 22)}
< E[|2P(1 + 12)%] = 0(1),




and

hg?)\P( »/\) Y 2
0<E[%<Wz,»ﬂ :E[%}

E [ﬁ{leg()\z +V1+ ,\222) }2]
< E[22°(1 4 X2)%] = 0(1).

These evaluations show that the dual power transformation satisfies (A.3).

3 Consistent Estimators of Parameters

In this section, we derive consistent estimators of the parameters 3, A and A in model (1).
Especially, it is important how to obtain consistent estimators for the transformation parameter
A under Assumption 1. It is noted that the maximum likelihood estimator of the transformation
parameter in the Box-Cox transformation is not consistent, since it has the truncation problem
as mentioned before.

3.1 Estimation of 8 and A given A

We begin by estimating 3 and A when A is given. In this case, the conventional procedures
given in the literature for the Fay-Herriot model can be inherited to the transformed model.
Thus, for given A and A, the maximum likelihood (ML) or generalized least square (GLS)
estimator of f is

BAN) = {34+ Dyt ) ST (A+ D) bl N, (1)

Concerning estimation of A given A, we consider a class of estimators A\()\) satisfying the
following assumption:

Assumption 2. The following are assumed for the estimator A\()\) of A:

(A4) AN) = A+ O,(m™/2), where the notation O,(m~/2) means that each component in
O,(m~1/%) is of order O(m~/?).

(A5) DAN)/OA = 0,(1),
(A.6) DA(N)/OX — E[DA(N)/ON] = O,(m~/?).

Assumption (A.1) implies that the estimator 121\()\) is consistent. Assumptions (A.2) and
(A.3) will be used for approximating prediction errors of EBLUP. Let us define () by

BN = BIAN), N),

which is provided by substituting A(X) into B(A, A) in (4). Asymptotic properties of B()\) can
be investigated under conditions on D; and x;.
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Assumption 3. The following are assumed for D; and x;:

(A7) m~' Y70, ;2] converges to a positive definite matrix.

(A.8) There exist constants D and D such that D < D; < D fori =1,...,m, and D and D
are positive constants independent of m.

Since B(A,A) ~ No(B, {271 (A + Dj)taja} 1), it is clear that B(A, ) is consistent
and B(A, A) — B = O,(m™/?) under Assumption 3. Some asymptotic properties on ,/8\()\) =
B(A\(A), A) are given in the following lemma which will be proved in Appendix. This lemma
will be used in Lemma 2 for showing the condition (A.6) for each estimator of A.

Lemma 1. Assume the conditions (A.4) and (A.5) in Assumption 2 and Assumption 3. Then
it holds that B(X) — B = O,(m~Y?) and

OBN) /oA — E [aB(ﬁ(A) /8)\] = 0,(m™?).

We here demonstrate that several estimators g()\) suggested in the literature satisfy As-
sumption 2. A simple moment estimator of A due to Prasad and Rao (1990) is given by

~ - AOLS -
Apr(\) = (m_p)fl{z(h(%, N -8 -3 b, {1 —w;(X/X)fle}}, (5)

=1 j=1
where X = (x1,...,x,), and B9 is the ordinary least squares (OLS) estimator ELS =

(OO ga) =t 3 xih(y;, A). Another moment estimator due to Fay and Herriot (1979),
denoted by A rr(A), is given as the solution of the equation

m

S A+ D)7 {hly; )~ 2{BA N} =m—p ()

j=1

The maximum likelihood estimator (ML) of A, denoted by Anr (), is obtained as the solution
of the equation

>4+ D)) {hlys. N — 2 BAN ] =D (A+ D) (7)

j=1

Also the restricted maximum likelihood estimator (REML) of A, denoted by EREML(A), is
given as the solution of the equation

N -eBAN) o 1 mgern s D)) z;
Z:: (A+D))? “2 i, ey ®

Jj=1

Then, it can be verified that the above four estimators satisfy Assumption 2. The proof will
be given in Appendix.

Lemma 2. Under Assumption 3, the estimators Apr(XN), Apg(N), Ayp(A) and Agpar(A)
satisfy Assumption 2.



3.2 Estimation of transformation parameter A

We provide a consistent estimator of the transformation parameter A. For estimating A, we
use the log-likelihood function, which is expressed as

1 & 1 & —x/8)° &
L()\,A,B)oc—§jz_;log A+ D;) —52_: A+D +;10ghy(yj,>\). (9)
The derivative with respect to X is written as
OL(A, A, B)
F(X\ A = ——""
( ) 75) aA
:iM i (A+ D)~ {h(y;, A) — z;8} ~a(y;, M)
= hy(y],A) py e J 7

Then, we get an estimator X as the solution of the equation:
F(AAR), BA) = 0, (10)
where ﬁ()\) is an estimator of A satisfying Assumption 2.

When A(A) is the ML estimator of A, the resulting estimator from (10) is the ML estimator
of A, which implies that it has consistency and asymptotic normality under suitable conditions.
For the variance component A, however, the Prasad-Rao, Fay-Herriot and REML estimators
have been used in the literature instead of the ML of A. In this case, it is not necessarily
guaranteed that the estimator derived from (10) is consistent. The following lemma shows that
the estimator derived from (10) is consistent provided A(X) satisfies Assumption 2. The proof
will be given in Appendix.

Lemma 3. Let X be the solution of (10). Then, A—A= O,(m~'%) and E[X — Al =0(m™)

under Assumptions 1 and 2.

4 EBLUP and Evaluation of the Prediction Error

We now provide the empirical best linear unbiased predictor (EBLUP) for small-area estima-
tion and evaluate asymptotically the prediction error of EBLUP. Since EBLUP includes the
estimator of the transformation parameter in the transformed Fay-Herriot model, it is harder
to evaluate the prediction error than in the non-transformed Fay-Herriot model. To this end,
the asymptotic results derived in the previous sections are heavily used.

4.1 EBLUP

We here consider the problem of predicting n; = @8 + v;, which is the conditional mean of the
transformed data given v;, namely, E[h(y;, A)|v;]. The best predictor of n; corresponds to the
Bayes estimator given by

P8 AN = 2B+ o (bl N) — 21} (1)



Since B, A and A are unknown, we need to use the estimators suggested in Section 3. Substi-
tuting B(A4, A), given in (4), into 72 (3, A, X) yields the estimator

AEBY(A,N) = 2|B(A, A) + A(A + D) h(y N) — 2B(A M)},

which is the best linear unbiased predictor (BLUP) as a function of h(y;, A), i =1,...,m.

For the parameters A and X, we can use the estimators fT(X) and A suggested in Section 3.
Substituting their estimators into the BLUP, we get the empirical best linear unbiased predictor
(EBLUP)

AEB _ ' 3(N E(SQ ) — 2/ B3(X\
" =B + N +Di{h<yz,>\) B} (12)

In the Bayesian context, it corresponds to the empirical Bayes estimator of n;.

4.2 Second-order approximation of the prediction error

As prediction error of EBLUP, we employ the mean squared error (MSE) of 7”? defined as
(12), which is defined as
MSE;(A, X) = E[(777 —m)*],

fort=1,...,m. It is seen that the MSE can be decomposed as

B[ —m)?] = E[(077 —07)"] + E[(37 —m)*]
= E[(07 — 077"+ 2B[(077 — a7 (0 — 0]

+ B[ =0 )] + B[ —m)?], (13)
where A(
AEBL _ 403 A(A) , _ 23
n; = x;8(\) A\()\) © D, {h<yw A) 15()‘)}

It is noted that the first two terms in the r.h.s. of (13) are affected by estimation error of A, but
the last two terms are not affected, namely, E[(7FP! —7P)?] and E[(HP —n;)?] do not depend on

randomness of . Thus, it follows from the well-known result in small area estimation (Datta,
Rao and Smith (2005)) that under Assumption 3,

B0 =07 )]+ Bl(07 —0)*) = 91(A) + g2i(A) + g3i(A) + O(m /), (14)

where g1;(A) = AD; /(A + D;), g2i(A) = Di(A + D)2z} (37 @i (A + Dj)_l)_lwi and

J
g3i(A) = 27'D;(A + D;)*Var(A). Thus, we need to evaluate the first two terms.

Note that A — A = O,(m~Y/?) given in Lemma 3. Then, the first term can be approximated
as

B(E” — ) = B[R - ) (k) (ki) B = 2] + 0m2)

To estimate this term, the following lemma is helpful.



EB1

Lemma 4. Under Assumptions 1, 2 and 3, the derivative of 7); 1s approximated as

0 . _
aA lEBl R1i+0p(m 1/2)7

where

A D, "
R *A+Di’”(yi’)‘> + A+Diw"<j_1 A+D ) g Elha(y; Al

D;
Tyt

and r(A) is a leading term ofE[aﬁ()\)/@)\].
It follows from Lemma 4 that E[(7F8 — HFP)?] = gu(A, A) + O(m~3/2), where

h(yi, A) — B} r(A),

9ii(A,N) = E[(A = AR Ry, (A — N)]. (15)

For some specific cases, we can calculate values of 7(A). For Apg(X), Ayr(A) and Aggarr(A),
the values of r(A) are given by

(ifHD 1) (S D) B [{a 3 ~ 248} i V],

i=1

where k = 1 corresponds to AFH(/\), and k = 2 corresponds to EML()\) and A\REML()\). For
Apgr(X), the value of r(A) is given by
2 m
r(A) = p— > E[{hly;, A) — 28} haly;, N)] -
j=1
For the second term, note that XA — A = O,(m~/2), A(A)— A = O,(m~/2) and B(A) — 8 =
O,(m~1/%). Then it follows from Lemma 4 that

2B((7°7 — a7 (077 = i) A (16)
2 (gt 8- NGB 3+ (5w} oo
—2F [(X ARy, (%’76 ) B - @)] 128 [R’M<%7f)(>\ A)(A - A)] +O(m=3/?)
=g5i(A, ) + O(m™?), (17)
where
g5i(A, A) = 2E[(X = AY RuR},(B — B)] + 2E[RuRis(A — A)(A — A)]
for

onp D, |, onB D;
L = . RZ —_= L == h Z’,A - / .
08 ~ A1 b 1= 5x T tay pye e ) — @b
It is noted that g4 (A, A) and gs;(A4, A) are of order O(m™"') and that g4 (A, A) and gs;(A4, X)
generally cannot be expressed explicitly. Combining the above calculations gives the following
theorem.

R =
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Theorem 1. Under Assumptions 1, 2 and 3, the prediction error of EBLUP given in (12) is
approximated as

MSE; = g1i(A) + gai(A) + gsi(A) + g4 (A, X) + gsi(A, A) + O(m ™),

where gg;, k=1,...5 are defined in (14), (15) and (17).

4.3 Second-order unbiased estimator of the prediction error

For practical applications, we need to estimate the mean squared error of EBLUP. Although
g1i(A,; A) and g5;(A, X) are not expressed explicitly, we can provide their estimators using the
parametric bootstrap method..

Corresponding to model (1), random variable z can be generated as z; = m;B + 07 + €
for B = B(A(A), A), where v}’s and £}’s are mutually independently distributed random errors

-~

such that vf|y ~ N (0, A) and € ~ N (0, D;). Let us define y; as the solution of the equation

~

zi=h(y;,A), i=1,...,m.

The estimators 3\*, B* and A* can be obtained from yr, 1 =1,...,m, by using the same manners
as used in A, 3 and A.

Since go;(A) + g3i(A) = O(m™1), it is seen that gg;(A) + ggi(A\) is a second order unbiased

estimator of gsi(A) + gs:(A), namely E[gsi(A) + gsi(A)] = g2i(A) + gai(A) + O(m=3/?).

For estimation of ¢1;(A), g1;(A) has a second-order bias, since g1;(A) = O(1). Thus, we
need to correct the bias up to second order. By the Taylor series expansion of g;;(A(X)), it is
observed that

Elow(AR)] = E[g1(4) + {AR) ~ A} gu(4)] +0(m™)
= 9u(4) + BIAX) - A 75 z D) +0(m™),
and that
AN — A= AN — A+ (A — A)%E(A) + 0, (m)
_ - A){%E(A) _E [%A\(Aﬂ LR e [%X(,\)} + 0, (m).

A~ o~

Then it follows from Assumption 2 and Lemma 3 that E [A()\) — A} = O(m™"), which implies
that
E[gli(A()‘))} = g1i(A) + bi(A, ) + O(m_3/2),

where b;(A, A) is a bias with order O(m™!). Hence, based on the parametric bootstrap, we get

~

a second-order unbiased estimator of gli(g()\)) given by
g4, 2) = 20u(AN) = B [90(A) |y (18)

11



In fact, it can be verified that E[gi;(A, X)] = g1:(A)+O0(m~%/2), since E*[g1;(A*)|y] = gr:(A(X))+
bi(A(X), A) + Op(m~3/2).

For g4 (A, X) and g5;(A, A), their estimators based on the parametric bootstrap are given
by

Fa(A,X) =B [0 = iF2)|yl,
A,

F(A,X) =2E. (77 — fszl*)(ﬁfBl* )y,
where
e L A S5
P =TBA) + == hy;, A) — BN},
(A) A(A)+Dz{ (4 A) (A)}
. * AN
EB1x _wl - h Z*,A CB; A ’
; iB () A*(A)+Dz{ (7, A) — B (A)}
S AT :

WP =BT\ + {h(y;, X)) — 28 (\)}.

A*(X") + D;
Combining the above estimators yields the estimator of MSE; given by
MSE; = (A X) + ga(A) + gai(A) +7u(A,A) + (A, ). (19)

Theorem 2. Under Assumptions 1, 2 and 3, MSE* s a second order unbiased estimator of
MSFE;, that is
E[MSE; | = MSE; + O (m™/?) .

5 Simulation and Empirical Studies

In this section, we investigate finite-sample performances of estimators of the parameters, MSE
of EBLUP and estimators of MSE through simulation. We also applied the suggested procedures
to the data in the Survey of Family Income and Expenditure (SFIE) in Japan.

5.1 Finite sample behaviors of estimators

We first investigate finite sample performances of the estimators of A\, A through simulation in
the model (1) without covariates, namely @’3 = p, where the transformation function is a dual
power transformation given in (3). In the simulation implemented here, we set p = 0.

In the simulation experiments, we generate 100,000 data sets of y; = A7 (v; + &;, M), i =
1,...,m, where m = 30 and A = 0.2, 0.6 and 1.0 to investigate performances of estimators. The
random effect v; is generated from N(0,1) with A = 1, and the sampling error ¢; is generated
from N(0, D;). For D;’s, we treat the three patterns:

(a) 0.1,0.2,0.3,0.4,0.5; (b) 0.1,0.3,0.5,0.8,1.0; (c) 0.1,0.4,0.7,1.1, 1.5.
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There are five groups Gy, ...,G5 and six small areas in each group. The error variance D; is
common in the same group.

For estimation of A and A, we use four methods of the maximum likelihood estimator
(ML), restricted maximum likelihood estimator (REML), Prasad-Rao estimator (PR) and Fay—
Herriot estimator (FH). We also apply the log-transformed model for the simulated data, which
corresponds to the case of A = 0 in the dual power transformation. For estimation A and pu of
this model, we use the maximum likelihood method.

The average values of estimates of A\, A and u are reported in Table 1. For small A such
as A = 0.2, the logarithmic transformation gives slightly better estimates for A. For relatively
large A such as A = 0.6 and A\ = 1.0, the estimates of A in the logarithmic transformed case
tends to underestimate and their performances are not as good as the performances in the
parametric transformed case. Comparing the four methods for estimating A, we can see that
the REML method gives the closest estimates for the true value of A. Concerning estimation of
A, the suggested estimator gives good estimates for A = 1. Although it overestimates A slightly
for A = 0.2, it seems to work as a whole.

5.2 Numerical properties of MSE and its estimators

We next investigate MSE of EBLUP /8 and performances of estimators of MSE, where REML
estimator is used for A. The smmlatlon experiments are implemented in the same framework
as used in the previous subsection. Let {Y 2' = 1,...,m} be simulated data in the s-th

replication for s = 1,...,.S = 100, 000. Let ﬁZEB be EBLUP and let 7); B) 1o the best predictor

for the s-th replication. Also let h(yi ,)\ ) be the direct predictor for the s-th replication.
Then the true values of MSE of EBLUP and the direct predictor hA(y;, A) can be numerically
obtained by

S
2
MSE(AEB) g1 Z (TA];EB(S) _ ﬁf(S)) + AD;/(A+ D;),

s=1

Mca

MSE(M(y X)) ~ 573 (h 3~ ) 4 AD, /(A + D),

s=1

and their averages over six small areas within group G; are denoted by M SEgpryp(G;) and
MSEpp(G;) for i = 1,...,5. The true values of MSEgpryp(G;) and the percentage relative
gain in MSE defined by 100 x {MSEDP(GZ-) — MSEEBLUP(Gi)}/MSEDP(Gi) are reported in
Table 2, where values of percentage relative gain in MSE are given in parentheses. It is noted
that EBLUP is a shrinkage predictor and h(y;, A) is the non-shrinkage direct predictor. Thus,
large values of the relative gain in MSE mean that the improvements of EBLUP over the direct
predictor are large. Table 2 reveals that for all groups, the prediction error of EBLUP is smaller
than that of the direct predictor. Especially, the improvement of EBLUP seems significant in
G3, G4 and G5. This implies that EBLUP works well still in the transformed Fay-Herriot
model.

The averages of estimates of MSE are obtained based on 5,000 simulated datasets with 1,000
replication for bootstrap, where the estimator of MSE is given in (19). Then the bias and the
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Table 1: Average values of the estimators of u, A and X for m = 30, up =0, A =1, D;-patterns
(a), (b) and (c). We used four types of estimators of A and log-transformed mode (the value
of /i is multiplied by 100)

Pattern (a) Pattern (b) Pattern (c)

~ ~ ~ -~ ~ -~

NOA a4 N A a4 X A 4

ML 040 1.25 -0.12 037 126 -0.22 0.35 124 0.23
REML 0.36 1.14 -0.12 0.34 1.14 -0.21 0.32 1.14 0.23
PR 0.41 132 -0.39 038 133 0.17 0.36 138 -0.18
FH 0.41 1.25 0.21 037 126 0.05 0.35 1.24 -0.26
log — 090 -004 — 088 -0.10 — 086 0.04

A=0.6

ML 0.72 126 -0.13 0.71 126 -0.21 0.70 1.26 0.24
REML 0.67 1.11 -0.13 0.67 1.12 -0.19 0.67 1.11 0.24
PR 0.72 131 -0.39 0.71 1.32 0.15 0.70 1.37 -0.20
FH 0.72 1.26 020 0.71 126 0.05 0.70 1.25 -0.20
log — 066 -004 — 061 -0.06 — 0.58 0.08

A=1.0

ML 1.12 130 -0.14 1.12 1.31 -0.20 1.11 1.31 0.24
REML 1.06 1.12 -0.15 1.07 1.13 -0.19 1.07 1.13 0.24
PR 1.10 1.24 -0.41 1.15 136 0.14 1.11 1.41 -0.20
FH 1.12 130 0.20 1.12 1.30 0.05 1.11 1.30 -0.30
log — 046 -003 — 041 -0.03 — 038 0.11

relative bias of the MSE estimator are reported in Table 3. From this table, it seems that the
MSE estimator gives good estimates for MSE of EBLUP although it tends to overestimate.

5.3 Application to the survey data

We now apply the suggested procedures to the data in the Survey of Family Income and Expen-
diture (SFIE) in Japan. In this study, we use the data of the disbursement item "Education’
in the survey in November 2011. The average disbursement (scaled by 10,000 Yen) at each
capital city of 47 prefectures in Japan is obtained by y; for ¢ = 1,...,47, and each variance
of D; is appropriately calculated based on the data of the disbursement 'Education’ at the
same city every November in the past ten years. Although the average disbursements in SFIE
are reported every month, the sample size are around 100 for most prefectures, and data of
the item "Education’ have high variability. On the other hand, we have data in the National
Survey of Family Income and Expenditure (NSFIE) for 47 prefectures. Since NSFIE is based
on much larger sample than SFIE, the average disbursements in NSFIE are more reliable, but

14



Table 2: True values of MSE of EBLUP multiplied by 100 and percentage relative gain in MSE
for m =30, p =0, A =1 and D;-patterns (a), (b) and (c) (values of percentage relative gain
in MSE are given in parentheses).

Pattern (a)

Pattern (b)

Pattern (c)

A 02 06 10 02 06 10 02 06 1.0
Gy 129 143 161 128 143 156 127 141 155
(13.8)  (9.5) (6.0) (12.9) (7.6) (10.1) (127) (8.3) (6.9)
Gy 212 230 250 286 312 329 352 377 400
(20.8) (16.3) (13.5) (25.5) (19.5) (19.2) (28.7) (24.5) (22.9)
Gs 284 306 327 403 434 457 500 530 558
(26.4) (20.5) (17.8) (34.5) (29.1) (27.4) (40.2) (36.7) (33.3)
G, 346 369 393 532 565 59.0 629 663 689
(31.1) (26.0) (22.9) (44.8) (39.6) (37.8) (51.4) (48.2) (45.8)
Gs 399 424 450 595 633 654 714 74T 772
(35.4) (29.4) (27.5) (50.1) (44.8) (435) (59.0) (55.7) (54.0)

Table 3: Average of estimates of MSE multiplied by 100 and their relative biases for m = 30,
uw =0, A=1and D;-patterns (a), (b) and (c) (percentage relative biases of MSE estimators
are given in parentheses).

Pattern (a)

Pattern (b)

Pattern (c)

A 02 06 1.0 02 06 10 02 06 L0
G, 151 165 187 151 166 188 145 163 189
(17.2) (16.0) (16.4) (182) (16.1) (20.4) (15.8) (15.5) (22.0)
G, 238 254 278 314 333 359 375 308 431
(11.9) (10.1) (11.8) (9.9) (7.2) (8.9) (6.7) (5.6) (7.8)
Gs 312 329 356 438 457 483 526 551 587
(9.9) (7.4) (88) (85) (54) (57) (5.4) (3.9) (5.3)
G, 377 393 421 572 591 615 661 685 723
(8.8)  (6.7) (6.9) (74) (45) (43) (5.1) (34) (4.9)
Gs 432 449 477 639 657 678 751 774 812
82) (58 (5.8) (74) (3.8) (36) (5.2) (35 (5.2)

this survey has been implemented every five years. In this study, we use the data of the item
"Education’ of NSFIE in 2009, which is denoted by X; for ¢« = 1,...,47. Thus, we apply the
dual power transformed Fay-Herriot model (1) described in Section 2, that is

g — oy

3\ =x;B +v; + i,

i=1,...,47,
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where x} = (1, X;), 8 = (61, 52)".

We used the REML estimators for estimation of A and A, and their estimates are A =1.44
and A = 0.11. The GLS estimates of 5, and By are B, = —1.09 and B, = 0.75, so that the
regression coefficient on X; is positive, namely there is a positive correlation between y; and
X;. The values of EBLUP in seven prefectures around Tokyo are reported in Table 4 with
the estimates of their MSEs based on (19). Note that the estimate of A is 1.44, which is far
away from 0. This means that the logarithmic transformation does not seem appropriate for
analyzing the data treated here.

It is interesting to investigate what happen when one uses the log-transformed model for
the same data. The log-transformed model is

log(y;,) = x,B+vi +e&, i=1,... 4T

When the REML estimator is used for estimation of A and (3, their estimates are given by
A = 0.06, ﬂl = —0.90 and 52 = 0.61. Note that the estimate of A in the log-transformed
model is smaller than that in the dual power transformed model. Remember that A determines
the rate of shrinkage of y; toward x/ ,3, namely, the rate is larger as the value of Ais larger. Thus,
y; in the log-transformed model are not shrunken as much as in the dual power transformed
model.

Table 4: Values of second EBLUP and their estimated MSE.

prefecture  D;  h(y;, \) m;,@ el MSE;

Ibaraki 0.112 -0.215 -0.161 -0.188 0.075
Tochigi 0.444 0.002 -0.158 -0.125 0.111
Gunma 0.110 -0.752 -0.092 -0.429 0.073
Saitama  0.056 0.213  0.461 0.294 0.058
Chiba 0.536  1.681 0.187 0.451 0.120
Tokyo 0.026 0.464 0.315 0.437 0.030
Kanagawa 0.188  1.068 0.235 0.551 0.097

6 Concluding Remarks

In this paper, we have suggested the parametric transformed Fay-Herriot model motivated
from analysis of data with positive values like income, revenue, harvests or production. We
have provided the estimation procedures for unknown parameters including the transformation
parameter as well as the regression coefficients and the variance component. Their consistency
and some other asymptotic properties have been shown and used to evaluate the prediction
error of EBLUP asymptotically. It has been illustrated through simulation that the proposed
procedures work in the estimation of the parameters, the performance of MSE of EBLUP and
the estimation of MSE.
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Although the well-known transformation is the Box-Cox transformation, it has drawbacks
that the ML estimator of the transformation parameter is not consistent and that the trans-
formed data are truncated. As an alternative method, the dual power transformation has been
suggested, and it has been shown that all the results including consistency derived in this paper
can be applied.

A conventional model for analyzing positive data is the log-transformed Fay-Herriot model.
However, the logarithmic transformation is not necessarily appropriate. The parametric trans-
formation suggested here has parameters for adjustment, which enables us to flexibly analyze
the small-area positive data. In fact, the survey data treated in this paper show that the
estimate of the transformation parameter is far from the log-transformed model.

Although the uncertainty of the predictor is measured in this paper based on the predic-
tion error E{(7EB —n;)2}, it may be natural to measure the uncertainty with E[{h1(7FB,\) —
h=(n;, 5\)}2], which is not tractable, however. Concerning this respect, it seems to us that MSE
behaviors due to E{(7F8 — n;)2} are associated with performances due to E[{h~*(7FB \) —
h1 (m,S\)]ﬁ]. Thus, we can guess a feature of basic performances of EBLUP in terms of

E{h 2 (7FB,X) — h~1(n;, A)}?] from the behavior based on E{(7FE — 1;)?}.
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Appendix

A.1 Proof of Lemma 1. Since it can be easily seen that B(g()\),)\) -0 = Op(m*1/2), we here
give the proof of the second part. Straightforward calculation shows that

o~ o~ ~

e VO >‘1Z@(;§f‘” A7)

+ (Z:: E:BJCI?] ) Z:: i hA(y],)\), (20)
where ) .
~k l'].’L'j -1 T,
B ={; (A+Dj)2} > ot (21)

Since 8 — 8 = O,(m~1/?), it is seen that

B-B =B-8-(8 —-8)=0,m 2.

Thus from Assumption 2, the expectation of the first term in (20) is O(m~/2). For the second term
n (20), we have

J=1 j=1
_ ~ TT NIy 1/2
= () X By, )+ Om ™)
]:1 J j:1 J



where the order of the leading term of the last formula is O,(1). Then,

3

E[OB(A(N), \)/OA] = ( ) > D, Pl A+ 0(m ™) (22)

Therefore we obtain

vin{op <<A>,A>/8A E[0B(A(N), A)/0A]}
i) G G v (%5

<§1JZT::1 Am—:j/‘ ) zm: A+ D; {h/\(ij’\) - E[h,\(yj,)\)]} + O0,(1). (23)

Since DA(N)/OX = O,(1) from (A.5) in Assumption 2, the first term in (23) has O,(1). For the second
term in (23), from the central limit theorem, we have

\/:lm Z A _T_ij {h)\(yj7)‘> - E[h)\(yj7)‘)]} = Op(l)a

which, together with Assumption 3, implies that the second term in (23) is of order Op(1). Therefore
we can conclude that 98(A(X),X)/OX — E[0B(A(X),N)/OA] = Op(mfl/Q). ]

A.2 Proof of Lemma 2. It is clear that the condition (A.4) is satisfied for the estimators of A from
the results given in the literature, so that we shall verify the conditions (A.5) and (A.6) of Assumption
2.

For App defined in (5), it is seen that

DAnn(A 5 m / 2 <~ , ~OLS
gi( ) _ m_p;{h(yj,/\) — 2B} ha(yj, A) — T_Z,Z%'(ﬂ ~ A5, A)

j=1
m ~OLS m ~0OLS
2 . 196} 2 , ~OLS 196}
m_p;{h(yy, - a8}l (“ 55 )+m_p;wj<ﬁ B (“o5—):
and that OLS
8[3 1 — 11 &
= (= ij 1) D @shaly A = 0,(1)
j=1
by the law of large numbers. Since ﬂ — B = 0,(m™'/?), we have OApRr(N)/OX = O,(1), which
shows (A.5). For (A.6), note that
dApr(A 2 « _
B[22 2 S (. A) — a8y, N)] + O(m ), (24)
j=1

Then, it is observed that

(R B[R} < 208 oy
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where

Zj = {h(y;, N) — ;B}hA(ys, A) — E[{h(y;, A) — B8} ha(y;, N)]. (25)
Since it is clear that E[Z;] =0,j =1,...,m, and Z1,..., Z; are independent, by central limit theorem,
we have R R
0Apr(A) 0AprR(A)1
Vi{ =S - B[] = o),

which shows (A.6), and Assumption 2 is satisfied for App.

We next show Lemma 2 for XFH, EML and XREML. For the proofs, we first demonstrate that
the condition (A.5) is satisfied. Then we can use Lemma 1, which is guaranteed under (A.4), (A.5)
and Assumption 3. Using Lemma 1, we next show the condition (A.6) for the estimators.

Since App, Ay and Aggyp are defined as the solutions of the equations (6), (7) and (8), it
follows from the implicit function theorem that

-~

~ A
2 3oy = - A, (26)
O GA()‘7A)
where G(X, A) = 0 is the equation defining the estimator of A, and
GA(A, A) = iG(A A) Ga(A, A) = iG(A A)
A ) - aA ’ A:AJ A i - 814 ) A:A\
For ﬁFH, A\ML and A\REML, the function G (A, A\) has the following form:
G/\()‘vA\)
0 (&, ~ _ ~12
= = {D-(A+ D) Hhly N - 2B)
j=1
=2 (A + Dy {h(y;. ) — @By haly; X) 2D _(A+ D)~ (B — B)ha (. M)
7j=1 7j=1
7 —k ’ / 0 ~ 7 k. /(A / 0 ~
—2) (A+ D)) F{hy;, A) - @iB}a; (558) + 23 (A+ D) Fai(B- B (55B). (@)
j=1 j=1

where the case of k = 1 corresponds to EFH, and the case of k = 2 corresponds to EMLA and XREML.
Note that 03/0A is expressed as (20), which contains 0A/IA. Then solving (26) on 0A/IA, we have

OAN) _ L(y)

™ Dy (28)
where
Ii(y) =2 (A+ D) {h(y;, N) — 2B} haly;, A) — 2> (A+ Dy) 7% (B — B)haly;, \)
j=1 J=1
— 2> (A+Dj){h(y;, A) — B} - Ji(y) +2 (A + Dj)~"x(B - B)x) - Ji(y),
j=1 J=1
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and

L(y) = —Ga(A A) +2) (A+Dy) ™ {h(y;,\) — zB}z; - Ja(y)

Jj=1
m

— 23 (A+ Dy)~*al(B - B - L (y),
j=1

for Ji(y) and Ja(y) defined as

IBAN. N/ = () (250) + 1),

which is obtained from (20). Using the expression of (28), we show that OA(X)/OA = O,(1), which is
sufficient to verify that I (y)/m = O,(1) and I2(y)/m = Op(1). For this purpose, the following facts
are useful:

;f;m D) {hy5,N) — @8} (55, A) = Oy(1). (29)

;i(A\—I—Dj)k‘B;‘(B = B)ha(y;, A) = Op(m™'7?), (30)
£

LS D) b A) 248} = O &
j=1

;i@ + D)) (B~ By = Oy(m'12), (32
£

where k = 0,1,2. These facts can be verified by noting that A — A = O, (m~1/2), B-B= 0,(m~1/?)
and using the law of large numbers and the central limit theorem. Now we consider the order of
I (y)/m and Iy(y)/m. From the proof of Lemma 1, we have Ji(y) = O,(1) and Jo(y) = O,(m~1/2).

If we assume that m 1G4 (X, A) = Op(1) (this is actually proved for each estimators in the end of the
proof), it is immediate from (31) and (32) that

Iy(y)/m = Op(1).
Similarly from (29)~(32), we have
Li(y)/m = Op(1),

and we obtain dA(X)/OA = O,(1). Hence, it has been shown that the condition (A.5) is satisfied by
Arn, Aur and Arpmr.

We next show that the condition (A.6) is satisfied by A\FH, Ayp and EREML. Since (A.4) and
(A.5) are satisfied, we can use Lemma 1. Then,

OB(AN),N)/OX — E[OB(A(N), X)/OA] = O, (m™/?).

To show HA(X)/OX — E{OA(N)/OA} = O,(m~1/2), we use the expression (27) (we can also use the
expression (28), but using the expression (27) is more simple since we can use Lemma 1 such that we
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know the order of 8,?3/8)\). From (29)~(32) and Lemma 1, we can evaluate (27) as

1 N
—GA(AA) =

m

(A+Dj) ™ {h(y;, A) — =B}ha(y;. A) + Oy(m~1/?)

SRS

1

<
Il

(A+Dj) ™ {h(y;, X) — @B} ha(y;, A) + Op(m™/?)

I
3w

<
Il
—

since A — A = O,(m~1/2). Here we assume that
—m 7 Ga(X, A) = c(A) + Opy(m ™), (33)

where ¢(A) is a constant depending on A. This will be proved for each estimator in the end of this
proof. Then we have

[aA( )} _E[_m_lGA( ,2)]

X (34)

+Dj) "E[{h(y;, N) — @B} ha(y;, )] + O(m™/?).

Therefore we have

DAN) JAN TGN A)//m GA(A, A) /ym
o T = Gy Lo Ay

= C(A)l\/% i(z‘l +D;)7"Z; + 0y(1),
=1

where Z; is defined in (25), and by the central limit theorem, we have
Vm[DAN)/OX — E{dA(N)/OA}] = O,(1).
Consequently, we have proved for ;{F H, A M and A REML-

It remains to show that —mflGA()\,g) =c(A4) + Op(mfl/Q) for EFH,KML and EREML.

For Apy, from (6), we have

where

j=1 j= 1

where B* is defined in (21). Note that [3 — [3 = Oy(m _1/2) and from the low of large numbers, we
have

%A (niij: ) [;i +D )2 }(E —B) = 0p(m™'1).

le
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Thus we have

LGaA) = S (A D) by, A) - 28Y
7j=1
—2 [% (A+ D)~ {h(y;, A) - @8} <%B(A)) +0,(m™?)
= —% i(fl + D;)*{h(y;, ) — w}ﬁ}Q +0,(m™1/?2).
j=1

Since E[{h(yj, A) — m;B}Z] = A+ Dj, by the low of large numbers, we have

1 im —1/2
—Ga(xA) = m];pr L4 0,(m™Y?), (35)

where the order of the leading term is O(1), corresponding with ¢(A).

Similarly, for Aprp and Agpyrr defined in (7) and (8), straight calculation (almost the same as
the case of App) shows that

1 1 m
— 72 (A+ D;) -1/2
mG m 2 + D)2+ 0,(m™1?), (36)

where the order of the leading term is O(1), corresponding with c¢(A). O

A.3 Proof of Lemma 3. We begin by showing that A=A = Op(m_l/Q). By Taylor series expansion
of equation (10), we have

A AR A BN )

where
OF (A, A(X), B(N))/ON
_ N @A) N haa(ys, AR 2 yw Oy ) — BAN)A)
_j; hy (Y5, A) ; (hy(yj, A) ng (/\)+D hoa(yj, A)
v~ I <w’A>—w9<8ﬁ<ﬁ<k>,A>/8A’> L y], ~2BAN.N AN,
= A(X) + D; A, A 2 A)+D 2 o aws N)

=K1+ Ko+ K3+ Ky, (say)

where A* is a vector satisfying A < A* < A. It is here noted that for a = (a1,...,ap) and b =
(b1,...,bp), @ < b denotes a; < bj for j =1,...,p. For Ky, from Assumption 1, we have

|:hy)\)\<yj7)‘) hy/\(yjaA)/hy)\(yja)‘)} _ E[ﬁ(%x(yj;)\)

hy(y, X)) (hy(yj, A))? OAN hy(y;, A)

for j =1,...,m. Since y1,...,¥n are independent, by the law of large numbers, we have

) =t

= L @i N e s N a5, M)
mKl_m{j1 hy(yjs X) 2 (hy(y;, A))? } (1)
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Under Assumptions 1 and 2, we have

1 1 & hlys, A) — 2 B(AN), A)
Ky = — - h i A
m mjz1 A(A)—i—D- (43, 2)
y]7 ,/3 1, -~ “ h(ij)‘)_mlﬂ
— Z A+ D, (g, A) = — (A = A)jz_; th)\(yﬁ)‘)
3 / j I~ 2 /m j
- E(IB _/6) ZAijjh’\)‘(yj’)‘) + E(A _A)(B_ﬁ) p (A* j"IjJD )2h)\>\(yj7)‘)
y]a ,/6 ,1/2 o
— Z A+ D, —— oy, A) + Op(m™ /%) = Op(1).
Similarly, we can evaluate K3 as
1 1O gy A) = @(0B(AN), A)/0X) ,
— K3 =— — ha(yi, A
m 3 m; A()\)—i—Dj )x(yj )
1O gy A) = @(0B(AN), A)/0X) ,
= Ejil j4+D h)\(ijA)
I 1 o= ha(ys, Z,(0B(A(N), X) /OX)) /
E A yj A* ) h)\(yj7>‘)
7=1
= Op(1)
under Assumptions 1 and 2. Moreover,
Lo 1SN h(y D) - 2BAN), ) 04
—Ky=— = ha(yi, A
mK4 m; AN + D,)? X A(Yj: A)
1 /AN o= h(y;, A) — =8
:E( X )Z; (j4+Dj)2j (i X)
j=
- AN 1 =My A) -8
BA()\ ~ ;1 & x; ,
~ DA ;1 = x ,
A=) (T57) BB 5 X s gt N

which is of order Op(1). As a result, we have

m oN

m

1 (OF(A, AN), B(\)
{ )
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Furthermore, by Assumption 1, we have

F(X AN, B(A))

T h( ! B(AN), )
y/\ ij y]’
= g ha(yi, A
7 (Y A) (A) + D, A5 2)
Ay, A) -z B L h(y; ’ﬁ
y>\ ij Jo j7
= E - —hx(y, (A-A) ——————ha(y;, A)
v(Yjs ) ot A+ D J = (A +D j
N , m w] / m
_ (A3 — E A A)( E - 4
(/3 ﬁ) = A—FDJh)\(y]’}\) ( /3 ﬁ ]:1 A* +D ) h (yja)\)7
which is evaluated as
 hyj, A) — B
yA y], Jo J 1/2
ha(yi, A O .
]z{ . D N |+ Oy ?)
For all 5 =1,...,m, we have
hy/\(yj7)‘) —1 8A10gf()/]7A7/67A)
— - (A+ D; h(y;, N) —x: B8 hy(yi,A)| = F =0

where f(y;; X, 3, A) is the density function of observation y; defined in (1). To show A—A =
Op(m_l/Q), by the central limit theorem, we have

N AN, B(N) = 0,(1)
Therefore we have
“ 1 ~ ~ 1 PR . _
VA=) = == F AR, BN (0F A AB)/0X 5 x ) | = 0n(1)

and we conclude that X — XA = O, (m~/2).

We next show that E[A — A] = O(m™'). From the first part of Lemma 3, we have A — A =
0,(m~1/2). Then expanding (10) shows that

A—A=—F(\ A B)(0F(\, A, B)/oN) " +0,(m™").

We have to show that the expectation of the first term is O(1/m). We obtain

B[Lro AL (orn Byon) )]

= E[ %F()\,X,I/B\)}{% [ F(X, ;{ B)/a)‘/} T Op(m—l/Q)}—l}
:E{%F(’\’AB)}{% OF(\AB)/OX]} +0(m™),
which is of order O(m™1), since
~ N ™ E[{h(y;,\) —x'.B}h A
E[%F()\,A,ﬁ)} — _E(A-A) %Z [{n(y; (/)1* Hj)f)}Q A V)]

SB@-8) > s By, ] + OGn ),



which is of order O(m™1), where we used the fact that E[A — A] = O(m™~!) and E[B —-B]=0(m™1),

and since

% [OF(X, A, B)/OX] = O(1).

Thus E[XA — A] = O(m™1) follows. O
A.4 Proof of Lemma 4. By the Taylor series expansion of 7;*5!, we have
D; ~ D;
~EBl _ »B _ i /
(4 —h ) - A A h za i
T T A+Diwz(ﬁ B) + (A+D) Ay, A) — ziB}
D; D; —~
7’ A—A ——_Lh(y "B* V(A — A)?

where A* is an intermediate value of A and A and (3% is an intermediate vector of 3 and B Differen-
tiating the both sides by A, we have

8 AEBl 3 .DrL ’ a -
3 G s (

D; / 0 ~ - D; ) 0 ~
- m%(ax‘l@\)) (B-B)— mmi(/l A) (8)&8()‘))
- G e A= A) (FAN)
0 D; 0 ~ ,
D, ,.10
A+ D; w’E[aT\

D /0 ~ ,
D, % ﬁﬁ@\)) + m(ﬁfl(k)) {n(yi, A) — =8}

_l’_

B +0,(m™'7),

by using Lemmas 1 and 2. Also from Lemmas 1 and 2, we already know that

E{ } (ZA+D ) ZA+D [7a(y;, N)] + O(m™1/?), (37)

and

0 -~ “ -1 /& E[{h(yj7 >‘) - w;ﬁ}h)\(yja A)] —1/2
[a*A( }_(;AH)) “) (; TS )+Oom2),  (38)
where k = 1 corresponds to A rg and k = 2 corresponds to A M and A rREML. The fo/gmula (37) comes
from (22), and the formula (38) is obtained by combining (33), (35) and (36). For Apg, from (24),

dA m / .
E|: g};\( ] - m — pZE {h ij wjﬁ}h/\(yp)\)] +O(m 1/2)7

which completes the proof. O
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