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Abstract

This paper develops a new efficient scheme for approximations of expectations of the solutions
to stochastic differential equations (SDEs). In particular, we present a method for connecting ap-
proximate operators based on an asymptotic expansion with multidimensional Malliavin weights
to compute a target expectation value precisely. The mathematical validity is given based on
Watanabe and Kusuoka theories in Malliavin calculus. Moreover, numerical experiments for option
pricing under local and stochastic volatility models confirm the effectiveness of our scheme. Es-

pecially, our weak approximation substantially improve the accuracy at deep Out-of-The-Moneys
(OTMs).

Keywords: Asymptotic expansion, Weak approximation, Malliavin calculus, Watanabe theory,
Kusuoka Scheme, Option pricing

1 Introduction

Developing an approximation method for expectations of diffusion processes is an interesting
topic in various research fields. In fact, it seems so useful that a precise approximation for the
expectation would lead to substantial reduction of computational burden so that the subsequent
analyses could be very easily implemented. Particularly, in finance it has drawn much attention
for more than the past two decades since fast and precise computation is so important in terms
of competition and risk management in practice such as in trading and investment.

An example among a large number of the related researches is an asymptotic expansion ap-
proach, which is mathematically justified by Watanabe theory (Watanabe (1987)) in Malliavin
calculus (e.g. Malliavin (1997)). Especially, the asymptotic expansion have been applied to a
broad class of problems in finance: for instance, see Takahashi and Yamada (2012a,b, 2013, 2014)
and references therein.

Although the asymptotic expansion up to the fifth order is known to be sufficiently accurate
for option pricing (e.g. Takahashi et al. (2012)), the main criticism against the method would
be that the approximate density function deviates from the true density at its tails that is, some
region of the very deep Out-of-The-Money (OTM). However, there exist similar problems, at least
implicitly in other well-known approximation methods such as Hagan et al. (2002).

On the other hand, the Monte Carlo simulation method is quite popular mainly due to the ease
of its implementation. Nevertheless, in order to achieve accuracy sufficient enough in practice,
there exists an unavoidable drawback in computational cost under the standard weak approxima-
tion schemes of SDEs such as the Euler-Maruyama scheme.
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To overcome this problem, Kusuoka (2001, 2003b, 2004) developed a high order weak approx-
imation scheme for SDEs based on Malliavin calculus and Lie algebra, which opened the door
for the possibility that the computational speed and the accuracy in the Monte Carlo simulation
satisfies stringent requirements in financial business. Independently, Lyons and Victoir (2004)
developed a cubature method on the Wiener space. Since then, there have been a large number
of researches for weak approximations and its applications to the computational finance inspired
by those pioneering works. For instance see Crisan et al. (2013) for the Kusuoka’s method and
its related works (e.g. Bayer et al. (2013)).

This paper develops a new weak approximation scheme for expectations of functions of the
solutions to SDEs. In particular, the scheme connects approximate operators constructed based on
the asymptotic expansion. More concretely, a diffusion semigroup is defined as the expectation of
an appropriate function of the solution to a certain SDE: for example, Py f(z) = E[f(X;"°)] with
the solution X, of a SDE with perturbation parameter € and a function f. Then, we approximate
Pf by an operator Q7™ which is constructed based on the asymptotic expansion up to a certain
order m. Thus, given a partition of [0,T], 7 = {(to,t1,+* ,tn) : 0 =1tg <t1 < -+ < t, =T}, we
are able to approximate P f(z) by connecting the expansion-based approximations sequentially:
that is, with sy =t —tx_1, k=1,--- ,n,

Prfz) ~ QurQg™, - Q3" f(x).
This paper justifies this idea by applying Malliavin calculus, particularly, theories developed by
Watanabe (1987), Kusuoka (2003a) and Kusuoka (2001, 2004).

Moreover, we show through numerical examples for option pricing that very few partitions
such as n = 2 is mostly enough to substantially improve the errors at deep OTMs of expansions
with order m = 1, 2. For a related but different approach with similar motivation see Section 5 in
Fujii (2013).

The organization of the paper is as follows. The next section introduces the setup and the
basic results necessary for the subsequent analysis. Section 3 shows our main result for a new
weak approximation of the expectation of diffusion processes. After Section 4 briefly describes an
example for the implementation method of our scheme, Section 5 provides numerical experiments
for option pricing under local and stochastic volatility models. 0 Section 6 makes concluding
remarks. Appendix gives the proofs of the theorems 1,2 and 3 as well as the lemma 2 and its
proof.

2 Preparation

Let (W, H,P) be the d-dimensional Wiener space, i.e. W={w € C([0,T] — R%);w(0) = 0}
which is a real Banach space under the supremum norm, H={h € W;t — h(t) is absolutely continuous

T
d
and |||} = -/0 |£h(t)}2dt < oo} is a real Hilbert space under |- ||z called the Carmeron-Martin

subspace and P is the d-dimensional Wiener measure. Let B; = (B}, -+, B%)" be a d-dimensional
Brownian motion. In this paper, we consider the following general perturbed N-dimensional
stochastic differential equation with e € (0, 1]:

t d t
XPe = x+/ vo(s,ng)dereZ/ Vi(X$°)dB], (2.1)
0 j=1"0

where V € Cp°((0, 1]xRY; RY) and V; € Cp°(RY; RY), j = 1,--- ,d are bounded. Hereafter, we
N

will use the notation V f(z) = Z Vi(x)(0f/0x;)(x) for V € C°(RN;RY) and f a differentiable
i=1

function RY into R. X can be written in the Stratonovich form:

t d t
X5 = x—l—/ %(s,xg’s)dwsz/ V;(X%%) 0 dBY, (2.2)
0 . 0
Jj=1



where
~ . . 52 d .
Tien) = Vi) -5 Y ViviG), (2.3)
j=1

eViz) = eVi(x), j=1,--,d. (2.4)

Here, we consider the case Vj(e,z) = e*Vi(x), Vo € C°(RN;RN), k=0,1,2, fori =1,--- , N,
which is useful in applications (See Takahashi and Toda (2013) for the details). Moreover, we
assume the following condition [H] on the vector fields, which ensures both the integration by
parts on the Wiener space and the asymptotic expansion in the next section.

[H] The matrix A(z) = (A" (z)); defined by
AV (z) = Z‘/j(l‘)‘/j (z), forallz € RN, 1 <i,i’ <N (2.5)

j=1

is non-degenerate, i.e. det(A(x)) > 0.

2.1 The space K,

Let D®P(E), k > 1, p € [1,00) be the space of k-times Malliavin differentiable Wiener func-
tionals F' € LP(W, E), where FE is a separable Hilbert space. See Watanabe (1987), Ikeda and
Watanabe (1989), Malliavin (1997), Malliavin and Thalmaier (2006) and Nualart (2006) for more
details of the notations. This subsection introduces the space of Wiener functionals KC,. developed
by Kusuoka (2003a) and its properties. The element of C,. is called the Kusuoka-Stroock function.
See Nee (2010, 2011) and Crisan et al. (2013) for more details of the notations and the proofs.

Definition 1. Given r € R and n € N, we denote by K.(E,n) the set of functions G : (0,1] x
RN — D™ (E) satisfying the following:
1. G(t,-) is n-times continuously differentiable and [0%G/0x%] is continuous in (t,x) € (0,1] x
RY a.s. for any multi-index o = oV € {1,--- | d}! with length |a| =1 < n. Here, [0°G 0z
!

is the partial derivative of G(t,x) given by MG(LJ:).
2. Forallk<n-—|af, p€[l,00),
sup  t7/2 %(t,x)” < 00. (2.6)
te(0,1],zeRN Ox Dk.p

We write K, for K.(R, 00).
Next, we show the basic properties of the Kusuoka-Stroock functions.

Lemma 1. [Properties of Kusuoka-Stroock functions]
1. The function (t,z) € (0,1] x RN — X belongs to K.
2. Suppose G € K,.(n) where r > 0. Then, fori=1,--- .d,

(a) /0 G(s,z)dB: € Kr41(n), and (b) /0 G(s,z)ds € Ky1a(n).

3. IfG, e Kr,(ng), i =1,--- 1, then

! 1
(a) HGi € Ky oo, (minn;), and (b) Z G; € Kuin, r, (minn,).

i=1



Then, we summarize the Malliavin’s integration by parts formula using Kusuoka-Stroock func-
tions. Hereafter, for any multi-index o = a(*®) := (1, o) € {1,--- ,N}* k > 1 with the
a ak
0x®  Oxg, -+ O,
Proposition 1. Suppose that the condition [H] holds. Let G : (0,1] x RY — D> = D**°(R)
be an element of K, and let f be a function that belongs to the space C’EO(RN; R). Then for any
multi-index o®) € {1,--- | N}*, k > 1, there exists Hou (X%, G(t,x)) € K_p such that

E [0 f(X{F)G(t,2)] = B [f (X7 ) Hooo (X7, G(t,2))], ¢ € (0,1,

length |o®| = k, we denote by 9,4 the partial derivative

(2.9)
with
sup || Hoo (X5, G(t,2))], < 107920, (2.10)
zeRN
where Hyo (X}, G(t,z)) is recursively given by
N x,e .
Hao(X7#,Gt,2) = o3 Gta)y,' DX, (2.11)
Ha(k)(XLEaG(t)x)) = H(ock)(XxviH (k—l)(XnE G(tax)))7 (212)
and a positive constant C. Here, & is the Skorohod integral and DX;° is the Malliavin derivative
of Xa: 8
d t T,e T,E
T, T, d . Xt’ (U)-’-Ah) _‘th7 (’LU)
(DXFE hyy = Z/O Dy o X[ <l (s)ds = Jim, : , heH,

(2.13)

e

and fth&E’E = (fyi);ﬁ )i<ij<n 1S the inverse matriz of the Malliavin covariance of X[®
Proof. By 1,2,3 of Lemma 1, we can see that the Malliavin covariance of X, is given by
UXT i Z/ Dy X7 Dy k X7 ds € Ko, (2.14)

since D, . X7°" € Ko, s <t,k=1,--- ,d,i=1,---,N. Under [H], it can be shown that the non-
degenerate condition of the Malliavin covariance matrix is satisfied when € > 0 (but not satisfied
when ¢ = 0, that is, the Malliavin covariance matrix o™t is not uniformly non-degenerate in
€) and then (2.9) holds (See the proofs of Proposition 5.8, Theorem 5.9 and Theorem 6.7 of

X.T yE
X?E -1 _ ade
(U ) = ﬁ Here,
adjA is the adjugate matrix of A. By the property of the Skorohod integral (Proposition 1.3.3 of
Nualart (2006) and Lemma 5.2 of Malliavin (1997) or (4.15) of Proof of Lemma 4.10 of Malliavin

and Thalmaier (2006)), we have

Shigekawa (2004)). Also, we have v¢ € K_y since 451 =

N
T,e X v
Heiy (X772, Gt @) = 0 | 3 Gt o)yt DX

j=1
N d .

[ ZZ/ ,Y” zs(Jacs) gvk(Xzs))dek
e |
YN [ DG 7 ) v s |
j=1k=1"0

(2.15)



Again, by Lemma 1, the first and the second terms in the second equality is characterized by
N d 4
Gt.a) ) / g (TEE(T29) eV (X P dBE € Ko, (2.16)
t XE .
| DGt e ) V(X ) s e K (217)
since J7°, (J7°) 7! € Ko, 71-);"5 € K_o and
t .
/ Yo (JES(J29) VR (X9 dBY € K_gy = K. (2.18)

Then, H; (X[, G(t,x)) € Kr—1 and H,u) (X{°,G(t,x)) € K_i. Therefore, we have the asser-
tion. U

3 Weak Approximation with Asymptotic Expansion Method

In the remainder of the paper, we use the following norms and semi-norms:

of
_ _ 1
Ul = sup 176 1951k = e, 55 .
Ve = max|—2L | recrmYimy (3:2)
i giedl N || Oz, - Oz, . ’ T .

In the first step, we give approximation results of an asymptotic expansion with Malliavin weights
for E[f(X,"°)] where

t d t
X = o4 / Vole, X2)ds +¢ 3 / V, (X7)dBY. (3.3)
0 . 0

Under the smoothness of the vector fields V;, 7 =0,1,--- ,d, X;"° is expanded as

0 1 02
x,e z,0 T,E 2
X[ = X0 e X 5155

X =0+ -+, in D> (3.4)
Here, the above expansion in the space D is given in the sense that for all m € N,

Xxs {XIO+Z€ }
Dk.p

Vk € N, Vp € [1,00). (3.5)

limsup ——
€

em+1 < 09,

For instance, see Watanabe (1987) and Kunitomo and Takahashi (2003) for the details.
Let us define X, as the sum of the first two terms in the expansion (3.4) as follows:

v xr a xr
X = x4 e5- X% le=o. (3.6)

We remark that X" is the solution to the following ODE

t
X0 = x—i—/ Vo(0, X7%)ds, (3.7)
0



and 2X;”’E|€:0 satisfies the following linear SDE:

Oe
ﬁqu - tﬁvl(g X20)| ds+zd: tV?(X””’O)dBj (3.8)
85 s e=0 - 0 65 0\=y s e=0 — o J S s ’
=
N t a
+ / OV (0, X79)|emo - X *|=ods,

k=170
0 Xw,e,l 0. 1l=1 N 3.9
% 0 |5:O - ) -5 ’ ()

0
The solution of 8—X§’6 e—0 18 given by
5

d t t
S [ o) VOB + [P Ve Xe ) emadu
=170 0

(3.10)
where JP? = V, X" (See (6.6) in P. 354 of Karatzas and Shreve (1991) for example). Note

that — X;"°|.—o is a Gaussian random variable with a mean p(t) and a covariance matrix 3(t) =
(i (M)i<ijen

t
x T — a T
u(e) = [ IO S Ve X2 emadu, (3.11)
0 S
d t . ‘
S = 3 [ PR O UE ) VO s (3.2
k=1"0

Here, we note that ¢ — p(t) and ¢t — X, ;(¢), 1 <i,j < N, are deterministic functions. Therefore
Xre = x50 4 sa—thﬂE:O is a Gaussian random variable with a mean X7* + eu(t) and a
3

covariance matrix e2%(t) = (£2%; ; (1)) 1<ij<N-

Remark 1.

1. When Vy(e, ) = eVo(x), X;° is given by

¢
Xre = x+52w(z)/ dB!, (3.13)
=0 0
where BY =t.
2. When Vy(e,x) = Vo(z), X° is given by

d t
Xt = xP04 EZ/ TP (J20) Ty (X0 aBY. (3.14)

j=1""

The next theorem shows the local approximation errors for E[f(X;)] using Malliavin weights.

Theorem 1. Under the condition [H], we have the followings;
1. For anyt € (0,1] and f € Cg°(RY;R), there exists C > 0 such that

sup | B[f(X7%)] - {E[f(Xf’E)} n ZsjE[f(Xf’s)éi]}'
zeRN j=1

m+1
< MOy IR VE f|),

k=1

(3.15)



where @{, j > 1, is the Malliavin weights defined by
J

o =Y X z%

k=1p1++Br=j+k,B1>2a(® {1, .. ,N}*
H 0 XI 5 H Xw JE,00 ‘
a(k) t 6 0> ﬂ | 88'81 .
(3.16)

. For any t € (0,1] and Lipschitz continuous function f : RN — R, there exists C > 0 such
that

sup m+1Ct(m+2)/2’

zeRN

Bl - { L) +ZeﬂE xre} | <

(3.17)

with same weights in (3.16).
. For any t € (0,1] and bounded Borel function f : RN — R, there exists C > 0 such that

sup < €m+1ct(m+1)/2’

zeRN

Bl - { Bl (X ZeﬂE xr4)e))}

(3.18)

with same weights in (3.16).

Proof.
See Appendix A. (I

Remark 2. When Vy(e,z) = eViy(x), X7° has the following expansion:

d t
Xpe Z Vj(x / odBJ
+ Z ek Z

k=2 (i1, ,ix)€{0,1,- ,d}F

(le.w?ik)(z)/ odBj' o -0 dBj*
0<ty <<t <t

+e™ IR, (t, z,¢),

where Rm(t,x,e) is the residual. Here, we used the notation B? =1t. Then,

1o% ..
oo =
(i1, 50k )€{0,1,-- d}F

(v;1~-~v;-k>(x>/ odBil o--- o dBjt.
O<t; < - <tp<t

Remark 3. <I>{ is obtained by multiple Skorohod integral and each Malliavin weight is concretely



calculated as follows; for G(t,z) € K, andi=1,---,N,

0 oe
H <85Xt7 le=0 ’G(ta$)>

N d t )
= G YISOy [ O ) s

Jj=1k=1
(3.19)
with the deterministic covariance matriz (X; ;(t))1<i j<n corresponds to (3.12), i.e.
L R O ucy
Sij(t) = ; /O Da oo X om0 Dot - X[ e=ods
d t ) )
= 2 /O (T8O T VR(XTO) (P (T20) T V(X 0) Y ds.
k=1
(3.20)

Let (P;); be linear operators on f € Cy(R™;R) defined by
P f(z) = B[f(X;°)]. (3.21)

We remark that (P,); is a semigroup. Also let (P;); be linear operators on f € Cy(RY;R) defined
by

Pif(x) = E[f(X{)]. (3.22)

Next, as an approximation of P; we introduce a linear operator Qf’;) below. Firstly, for j > 1

and t € (0,1], let Py, (t) be a linear operator defined by the following expectation with Malliavin
weight @]

Pas(0)f (@) = B [ F(X79)21)]. (3.23)
Then, (QZ’;))SE(O,” is defined as linear operators:

m

Qi I@) = Pla)+ Y Pas(5)] o). (324

We remark that
Pof@) = [ F)E 810 =] p< Ly (3.25)
= E[f(XPOMG)(t 2, X)) (3.26)

where M ;) (t,z,y) = E[®]|X5° = y] and y — p~ (¢, 2,y) is the density of X>°.
Then, QE’;) can be written as follows;

QU () = BLF(XE4M™ (5,2, X29)] (3.27)
where M™ (s, z,y) =1+ Zaj/\/[(j)(s,x,y).

j=1
Then, we have the following explicit representation for the Malliavin weight function M™.



Theorem 2. Under the condition [H], the Malliavin weight function M™ is given by

Mm(t,:my) (3.28)
m J k
g
1+§:§§: > 2 W
j=1 =101+ +ﬁk‘]+kﬁl>2a(k)€{1 }’c
* * * e Te _
oo o0, ] gt e e 587 =0

where O* is the divergence operator on the Gaussian space (RN ,v), i.e.

v(dy) = p~ (t,z,y)dy

1 _(y—xf*o—su(t))T2—21<t><y—xf*°7m(z)>d
T @re) N2 det(D(1)2° ” 4
9 AW = |5, (t.2.9)| Al) ~ 5-Al), A€SRY), 1<i<N.

(3.29)

Here, pu(t) and X(t) = (£;,;(t))1<ij<n are defined in (8.11) and (8.12), respectively, that is,
t 0 8
u(t) = [ IO Vel X emodu, (330)
0
d t ‘ .
H=>_ / (T2 VRO (IO (IO T VR (X)) ds, - (3.31)

and S(RN) is the Schwartz rapidly decreasing functions on RY .

Proof.
See Appendix B. O
1 os
Remark 4. The term H ﬂ 1 e X5 ¢ in each conditional expectation in (3.28) of Theorem

2 is generally ea:pressed as a finite sum of iterated multiple Wiener-Ité integrals. Hence, we are
able to explicitly compute each conditional expectation, conditioned on X°° that is given by the
first order Wiener-Ito integral.
For instance, let qr, = (qu.1,- - s qr.a) |5 qri € L2([0,1]), k=1,2,3,4,i=1,--- ,d and hy(&v)
t

be the (one dimensional) Hermite polynomial of degree | with parameter v = qf (5)q1(s)ds.

0
Then, the conditional expectations of the second and the third order iterated multiple Wiener-Ito
integrals are evaluated as the following formulas:

’ U | / 4] ()aBua] ()4, / o (5)dB, 5} (3.32)
</ / g3 (w)q1 (u)dugs (s)q1(s)ds ) h2(§7 )’

[///q2 JdBy a3 (u)dBugi (s dB|/q1 )dB, _] (3.33)
= ([ 06 [ den [ o) 250

9




where hy(&;v) = €2 — v and hz(&v) = €3 — 3v€.

The conditional expectations of higher order iterated multiple Wiener-Ité integrals can be eval-
uated in the similar manner. For the details see Takahashi (1999) and Takahashi et al. (2009). In
fact, we obtain the Malliavin weights appearing in the numerical examples in Section 5 as closed
forms by applying the formulas.

Therefore, Theorem 1 is summarized as follows.

Corollary 1. Assume that the condition [H] holds.
1. There exists C > 0 such that

m—+1
1P f = QEy flloo < ™MD st HHREZVE | ), (3.34)
k=1
for any s € (0,1] and f € C°(RY;R).
2. There exists C > 0 such that
[Pof = Qy flloe < €™ F1CsmT/2, (3.35)

for any s € (0,1] and Lipschitz continuous function f: RN — R.
3. There exists C > 0 such that

[Pof = Qy flloe < €™ D/2, (3.36)
or any s € , an oUN e orel function : — .
f y s € (0,1] and bounded Borel function f: RY — R

Remark 5. The above results are obtained based on the integration by parts argument for G(s, x) €
K, with time s € (0,1]. However, we are able to show that the same results hold for s € (0,T],
T > 0, using the properties of the elements in the space K! defined as in Crisan et al. (2013).

Next, for T' > 0, v > 0, define a partition 7 = {(to,t1, -« ,tn) : 0 =tg < t1 < -+ < &, =
Tt = K'T/n",n € N} and s = tp — tk—1, K = 1,--- ,n. Using the asymptotic expansion
operator Q" of P, we can guess the following semigroup approximation.

E[f(X;is)] =Prf(x) =P, Ps,_, - P, f(z) =~ Q?;WV)Q?SZHA) T Qzl)f(x)

The next theorem shows our main result on the approximation error for this scheme.

10



Theorem 3. Assume that the condition [H] holds. Let T >0, v >0 and n € N.
1. For any f € Cs°(RN;R), there exists C > 0 such that

C
1Prf —Q QE ) Qi fllee < Em+17/2, 0<vy<m/(m+2),

n’Y(m+2)
(3.37)
m m m m C
1Prf = Q) Q) Qs flloe < ™ =5 (L4 logn), v =m/(m +2),
(3.38)
C
m m m m+1
1Prf— Q) Qfs, 1y Qlanyflle <€ w2 1> m/(m+2).
(3.39)
2. For any Lipschitz continuous function f : RN — R, there exists C > 0 such that
m m m m C
1Prf = Q)R Qi S lloo < €™ —mgymy 0<y <m/(m+2),
(3.40)
C
1P = Qs Qo Qo Flloe € ™1 =S (1 Togm), = m/(m +2),
(3.41)
m m m m—+1
||PTf - Q(sn)Q(sn_l) e Q(sl)f”OO S € + nm/g’ v > m/(m + 2)
(3.42)
3. For any bounded Borel function f : RN — R, there exists C > 0 such that
C
m m m m+1
| Prf— Qs Qs 1) - "Q(sl)f”oo <e¢ AmAD)/2” 0<y<(m-1)/(m+1),
(3.43)
m m m m O
|Prf— QG Q. 1) Qs flle <€ Hm(l +logn), v=(m—1)/(m+1),
(3.44)
P m m m < m+1 C 1 1
|Prf— Q) Qs 1y Qi flle <€ 2 > (m—1)/(m+1).
(3.45)

Proof.
See Appendix C. [J

Remark 6. Due to the theorem above, the higher order asymptotic expansion provides the higher
order weak approzimation. In fact, we can mostly attain enough accuracy even when the expansion
order m is low such as m = 1,2. In Section 5 we confirm this fact through numerical examples.

Remark 7. Wheny =1, i.e. sp =T/n forallk=1,---,n, we have
1. For any f € C°(RN;R), there exists C > 0 such that

m n m C
||PTf_(Q(T/n)) flw <e +1Wﬂ
2. For any Lipschitz continuous function f : RN — R, there exists C > 0 such that

1Prf = (Qmy)" flloo < €™

nm/2’

11



3. For any bounded Borel function f : RN — R, there exists C > 0 such that

C
m n m+1
1Prf = (Q7/n)" fllc <€ =12

4 Computation with Malliavin Weights

This section illustrates computational scheme for implementation of our method.

4.1 Backward Discrete-time Approximation

For preparation we describe a backward discrete time approximation of our method.
For s € (0,1] and z,y € RY, define p™(s,z,y) as

Q% / f)p™ (s, z,y)dy. (4.1)

Then, p™ (s, z,y) is given by using the Malliavin weight function M™ as follows;

P (s, y) = M (5,2, 9)p™ (5,2, y), (42)
with
e 1 _weep@)=xPNO T o) (y—ep(n-xT)
X = 2e2
P78 20Y) = G N det(m(e)) 2 ’
(4.3)
where p(s) and 3(s) = (;;(5))1<i,j<n are defined in (3.11) and (3.12), respectively.
Then, we are able to calculate (Q{7/,,))" f(z) as follows:
(Qtn))" [ () (4.4)
n—1
= / Fn) [T 2™ (562 w0 vis1)dyn - - dyn (4.5)
(RN)™ i=0
n—2
= / Gn-1(Yn-1) H P (SisYis Yit1)dYn—1 - dy (4.6)
(RN)nfl i—0
n—3
= / dn—2(Yn—2) H P (Sis Yis Yiv1)dYn—2 - - dyn (4.7)
(RN)n=2 i=0
= / q1(y1)p™ (s1, 90, y1)dy1, (4.8)
R

with yo = z.

4.2 Example of Computational Scheme

We are able to compute the expectation in the various ways such as numerical integration
and Monte Carlo simulation. As an illustrative purpose and an example, this subsection briefly
describes a scheme based on Monte Carlo simulation.

In computation of (QE’TL«/n )" f(x) with simulation (for the case of v = 1), we store XT/( A

X;/E ‘) which stands for the j-th (1 < j < M) independent outcome of X< at T/n (that is, at
t; + T/n) starting from z at each grid ¢; = (iT)/n (0 <i<n—1).

12



Then, we calculate an approximate semigroup at each time grid. That is, gn—1(z), gn—2(x)
are calculated as follows:

tr(@) = [ Sy)"(T/n,z,y)dy (4.9)
= | F@MT )™ (T/n 2, y)dy (4.10)
]_ M . .
~ =3 FXEIM™T/n,z, X2, (4.11)
j=1
toa@) = [ @ (T )y (112)
= | @M ™ (T ) (113)
1 M
~ MZ% 1( ;/(i))Mm(T/n x XT/(n)) (4.14)
j=1
Therefore, in general,
wa@) = [ @y (115)
= | M @) (@) (416)
1 M
~ qu( Xp M n, 2, X5 0), (4.17)
j=1

Finally, we obtain an approximation:

Q)" 1@ = [ )"/ (118)
= [ @M T (T )y (4.19)

M
~ MZ (X M™(T n, 2, X)), (4.20)

We also remark that if the numerical integration method is applied, the scheme is based on the
equations (4.16) and (4.19).

4.3 Comparison with Kusuoka-Lyons-Victoir (KLV) Cubature Method

In this subsection, we compare our method to a related work, Kusuoka-Lyons-Victoir (KLV)
cubature method on Wiener space (Kusuoka (2001, 2004), Lyons and Victoir (2004)).

As mentioned above, we defined the operator Qfy by using the asymptotic expansion with
Malliavin weights, while Kusuoka (2001, 2004) and Lyons and Victoir (2004) developed a con-
struction method of a local approximation operator QE’;) for P, based on finite variation paths
w1, -+ ,w; for some [ € N with weights Ay, -+, A;.

In the following, we summarize our weak approximation method and the KLV cubature scheme.

13



[Weak approximation with asympotic expansion and Malliavin weights]

Let X, be a solution to the following SDE:

d
AX7T = Vo(e, XP9)dt + ) Vi(X[ Bl XP© = w (121)

=1

For a Lipschitz continuous function f, P,f(z) = E[f(X;")] is approximated by Qf; f(z) =

E[f(XP)) + Y BIf(XP9)®]] = E[f(XP5)M™(t, 2, X7°)] as follows:

j=1
IPif = Q) flloo = O(e™ 1™ 2/2) 1 € (0,1]. (4.22)

Then, we have the global approximation;

HPTf — Q)" f

‘ — O(emtin—m/2), (4.23)

It is emphasized that we are able to evaluate Malliavin weights M™ (¢, z, X;*°) mostly as closed
forms by applying computational schemes such as conditional expectation formulas in Takahashi
(1999) and Takahashi et al. (2009). In fact, this is the case for the numerical examples in Section
5 of this paper.

[KLV cubature scheme on Wiener space]

Let X} be a solution to the following SDE:

d
dX7 = Vo(XP)dt+ > Vi(X[)odBi, X! = . (4.24)
i=1
A set of finite variation paths w = (wy, - ,w;) with A = (Ay,--+ , A;) forms cubature formula on

Wiener Space of degree m if for any a € A,,,

!
o1 ar | . (3 S @
E [/ odB;'o---0dB;" ] = E )\]/ dwiy ---dwiy .
0<ty <<t <t j=1 O<ty <<t <t

(4.25)
w = (w1, - ,w) and A\ = (A1,---, ;) are called the cubature paths and weights, respectively.
Here, A,, is a set defined by A,,, = {(a1,--- ,a,) € {0,1,--- ,d}"; r+#{jlo; =0} <m,r € N}.
For cubature paths w = (w1, -+ ,w;) and weights A = (A1, , \;), consider the following ODEs:
d .
dXP(wy) = Vo(XF(w))dt+ Y Vi(X](wy))dw (4.26)
i=1

Then, for a Lipschitz continuous function f, P; f(z) = E[f(X})] can be approximated by Q’(Z)f(x) =

!
Z A f(XF(w))) as follows:
j=1

IPf = Qi fllee = O@™TI2), te(0,1]. (4.27)

Then, it can be shown that

HPTf - (Q?%/n))nf

‘ = O(n~(m=D/2), (4.28)
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See Kusuoka (2001, 2004) and Lyons and Victoir (2004) for the proofs. Here, we note that the
Kusuoka-Lyons-Victoir’s approximation is generally discussed in the case of non-uniform time
grids.

In order to obtain a local approximation, we use Malliavin’s integration by parts formula

on Wiener space for a Gaussian random variable X7 = X'* + e—X7°|._o. Then, the local

Oe
approximation Q) f () is given by multiplying the Malliavin weight function M™ (¢, z, X;°) and
f(X7F). As mentioned above, we can mostly evaluate Malliavin weights M™ (¢, z, X;") as closed
forms.

On the other hand, the Kusuoka-Lyons-Victoir’s approximation based on the cubature formula
on Wiener space requires to solve the ODEs (4.26) with cubature paths and weights, and then
the local approximation Qz';) f(x) is given by the weighted sum of f (X'f (w;)) with the cubature
weights A\;, 7 =1,---,L

Finally, we summarize the algorithms of our weak approximation method and the KLV cuba-
ture scheme on Wiener space as Algorithm 1 and Algorithm 2, respectively.

Algorithm 1 Weak approximation with asympotic expansion and Malliavin weights

Define the Malliavin weight M™(t, z,y).

for i =1 to n do

Simulate Gaussian random variable X /( 7) ,jg=1,--- M.

1fz—1then
gni(x) = Zf(T/n)Mm<T/nxXT/(n))

else

In—i( = Z% it1 ( T/(TJL ) M™ (T/n r XT/(TJL)>

end if

end for

Prf(z) ~ qo(x)

Algorithm 2 Weak approximation: KLV cubature on Wiener space

Define the cubature paths w = (w1, - ,w;) and weights A = (Ag, -+, \;).

for i =1 ton do

Solve ODE for X7, (w;), j =1,--+ 1.

ifi=1 then
Gni( Z)\ f( T/n %))
else l
Gn-i(2) = Dy i (X))
end if =
end for

Prf(z) >~ do(z)
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5 Numerical Example

This section demonstrates the effectiveness of our method through the numerical examples for
option pricing under local and stochastic volatility models.

5.1 Local volatility model

The first example takes the following local volatility model:

dsyc = eo(S;y°)dBy, (5.1)

S(a):,e = Sy = =x.
Then, let (5;°);>0 be the solution to the following SDE;

dS;y° = eo(x)dBy, (5.2)
Sgf = .
In this numerical example, for the payoff function f(x) = max{z— K,0} or f(z) = max{K —z,0}
where K is a positive constant, we apply the first order asymptotic expansion operator, that is
m=1;
Qe f(x) = BIf(S{ )M (t,2,57)] (5.3)
and the second order asymptotic expansion operator that is, m = 2;

Q[ (x) = EIf(S)F) M (t, 2, 57)). (5-4)

The Malliavin weights M*(t,2,y) and M?(t,z,y) are given by

1 0 x,E 1 82 €x,E Ox,E
Mtz y) =14k H(l) ast |e=0, 5@& le=o ) 157" =y,
and
2 1 2 9 x,e 1o x,€ gz
M (t, Z, ’y) = M (t, €, y) +e°F H(l) ast |g:07 6 023 St |g:0 St =Y

1
+§E2E

0 e 19 e )
H oy (asst’ |le=o0, (28625{ 5-0) >

Moreover, we remark that those Malliavin weights are obtained as closed forms.

Also, we specify the local volatility function as a log-normal scaled volatility eo(S) = 55(1, PP
with § = 0.5. The parameters are set to be Sg = 100 and ¢ = 0.4. The benchmark values are
computed by Monte Carlo simulations (BenchmarkMC) with 107 trials and 1000 time steps for
the 1 year maturity case or 2000 time steps for the 10 year maturity case.

Figure 1 and Figure 2 show the results. The vertical axis in the figures is the error rate defined
by

Sf’E:y].

Error Rate = (WeakApprox — BenchmarkMC')/BenchmarkMC (%).

Here, Weak Approx is our weak approximation based on the asymptotic expansion with Malliavin
weights given in previous sections. We observe that the increase in the number of the time steps
improves the approximation. (See Error Rate AE lorder and Error Rate AE lorder Weak Approx
n = 2,3 in Figure 1.) We also note that our scheme with the second order expansion and two
time steps (Error Rate AE 2order WeakApprox n = 2) improves the base (analytical only) second
order expansion (Error Rate AE 2order), and is able to provide an accurate approximation across
all the strikes even for the long maturity case such as the 10 year maturity case in Figure 2.
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Figure 1: T = 1: Local volatility model, Error rates of the 1st and 2nd order asymptotic expansions
and their weak approximations

25.00%

20.00% ‘\
15.00%

10.00% \ /

5.00%

0.00% +——=r T ‘I—N—v——\

Error rate AE lorder

Error rate AE 2order

-5.00%

[ejojojojolojojojojolojojoNoNoNo]
RBRIFISIRFIIIRIFS Error rate AE 2order
SSSSS::::::::::; WeakApproxn=2
00000 ©@©OOOOoooooo

LQLOLOLOLOLOLOOLOOLOLO

=

=}

a

K

Figure 2: T' = 10: Local volatility model, Error rates of the 1st and 2nd order asymptotic expansions
and the weak approximations

5.2 Stochastic volatility model

The second example considers the following stochastic volatility model, which is also known
as the log-normal SABR model.

asy? = o7SF7aBt, S = 2,
do? = wvo?l(pdB} ++\/1— p2dB?), of = o. (5.6)

Next, let us introduce the following perturbed logarithmic SABR model:

0,e\2
ixiy = <[ aworean], x = &
Qo™ = e [o7e(paB} + V1= 2B} of =0, (58)

with e = v and n = 1/v. For some fixed T'> 0 and K > 0, the target expectation is given by

B (X(570079)] = B [F(x(i)]
= F [max {eXsza)’E — K,OH or & [max{K — eXi?fa)’E,OH .
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Next, let (Xl(z o)e ,07%)i>0 be the solution to the following SDE:

2
dX{7 = e [—n‘;dtﬂ,adB}] , Xhe =, (5.9)
d67° = ¢ [o(detl +/1- p2dBtQ)} L 50° = 0. (5.10)

The parameters are set to be z = 100, 0 = 0.3, ¢ = v = 0.1, n = 1/v and p = —0.5. The
benchmark values are calculated by Monte Carlo simulations with 107 trials and 1000 time steps
for the 1 year maturity case or 2000 times steps for the 2 year maturity case.

In this example, we use the first order two dimensional asymptotic expansion operator with two
time steps, that is m = 1 and n = 2. Then, the calculation procedure corresponding to the one in
the previous section is the following: Firstly, set to = 0,t; =T/2,to =T and s =t —tp—1 = T/2,
(k=1,2).

o For (X\%7V)F 6705) — (21,01) at t = t1,
q(x1,01) = [f( (xl’gl) E) M <$> (x1,01), (Xfxslm) 8;501’5>)} .
(5.11)
o At t= to = 0,
qo(x70_) - E |:q1 (Xfmsd)s —(ra) Ml ( ({E,J), (Xl(i,v)ﬁ?a_g,a))} )
(5.12)

Here, M'(t, (x,0), (z',0")) is the two dimensional Malliavin weight given by

ML, (z,0),(2',0"))

0 .o 0 o 1 82 T,0 o(z,0 —_o
= 14+¢F {H(l) (((%Xl(ﬂ; )’€|e:0’ &gt ,€|6_0> ’5@)(( )e|E 0) ‘ (Xl(,t) ))E7O.t ,e) — (33/70/)}

0 (zo Jd . 1 0? S (z,0)e —o
el {H(l) ((&Xﬁt’ ))8|6=07§‘7t 7E|E=0> "9 e 520 |€ 0) ‘ (Xl(,t) ))Eagt 76) = (xlvg/)} .

Moreover, we remark that those Malliavin weights are obtained as closed forms as in the local
volatility case.

Actually, at ¢t; we need not implement (5.11), but just compute the first order analytical
asymptotic expansion for pricing options with the time-to-maturity 7'/2 and the initial value

(X{o)= 5700) = (21,01). That s,
G1(xz1,01) = E {f (X{msl 1) )Ml ( (1'170'1)7)21(?681’61)’8)} , (513)

where M*(s, (z1,01),y) = 1 + EM(l)(S, (x1,01),y), and M(l)(s, (21,01),y) stands for the first
order one dimensional Malliavin weight:
0> 'Xﬁcshgl’a) = y] :

(5.14)

~ 8 1,0 1 a g1
M(U(S,(I’l,dl),y) = F |:H(1) (QEXEKS, 1)":‘|5 0, = 5 9% 2X(x17 )€

On the other hand, we apply a conditional expectation formula for multidimensional asymptotic
expansions in Takahashi (1999) in order to evaluate the Malliavin weight M in (5.12).

Figure 3 and Figure 4 show the results (the vertical axis in the figures is Error Rate). Again,
our scheme with (5.13) and (5.12) (Error rate AE 1st order Weak Approx n = 2) improves the
base first order expansion (Error rate AE 1st order) especially for the deep OTM calls and puts.
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Figure 3: T = 1: Stochastic volatility model, Error rate of the 1st order 2 dimensional asymptotic
expansion and the weak approximation
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Figure 4: T = 2: Stochastic volatility model, Error rate of the 1st order 2 dimensional asymptotic
expansion and the weak approximation

5.3 Error Analysis

In this section, we investigate the validity of our approximation by comparing the theoretical
and the numerical errors.

In particular, we use the same example of our weak approximation in the local volatility model
with the maturity 7" = 1 in Section 5.1. Here, we remark that this example can be regarded as
the Lipschitz continuous case in Theorem 3.

Based on the results of Theorem 3, for a fixed expansion order m and a time grid parameter v =
1, the error of the weak approximation by the m-th order asymptotic expansion with discretization
n approximately satisfies the following relation:

Error Weak Approx with Asymp Expansion (m,n+ 1)
~ {Error Weak Approx with Asymp Expansion (m,n)} x (n/(n+1))™/2.
(5.15)
Here, “Error Weak Approx with Asymp Ezxpansion (m,n)” stands for the deviation of “Weak Ap-
proximation” from “Benchmark Monte Carlo”, that is the value of (W eak Approx)-(BenchmarkMC).

Figure 5 checks the above relation in the case that m = 1 and n = 2. In the figure “Theoretical
Error: AE 1 order Weak Approx n=8" is calculated by the equation (5.15). It is observed that
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the order of the theoretical error is rather similar to that of the numerical error “Error: AE 1
order Weak Approxr n=8" across all the strike prices.
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0.04 77% et Error: AE lorder
0.02 . R WeakApprox n=3
0.00 %—,—ﬁ—hhﬁhw

Sledel  eeeee Theoretical Error:

-0.02 AE lorder
-0.04 WeakApprox n=3

Error

-0.06

Figure 5: Error with respect to n of the weak approximation for fixed m

Next, let us check the validity of our method from another viewpoint. For a fixed partition
number n and a time grid parameter v = 1, the error of the weak approximation based on (m+1)-
th order asymptotic expansion with discretization n labeled by “Error Weak Approx with Asymp
Ezxpansion (m + 1,n)”, approximately satisfies the relation

Error Weak Approx with Asymp Ezpansion (m + 1,n)
~ {Error Weak Approx with Asymp Expansion (m,n)} x g/v/n.
(5.16)

Figure 6 examines the above relation in the case m = 1 and n = 2 with ¢ = 0.4.

“Theoretical Error: AE 2 order Weak Approx n=2" in Figure 6 is calculated by the equation
(5.16). We observe that the order of the theoretical error is very close to that of the numerical
error “Error: AE 2 order Weak Approx n=2" for all the strike prices.

0.10
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- 0.04 i Error: AE 2order
g 0.02 + WeakApprox n=2
i

0.00 -

002 +~ e Theoretical Error:

AE 2order
-0.04 WeakApprox n=2

-0.06

Figure 6: Error with respect to m of the weak approximation for fixed n

Finally, we test the numerical errors by changing the parameter . Again, we fix the parameter
m = 1. Based on the result of the Lipschitz continuous case in our main theorem (Theorem 3),
the errors depend on the range of v, i.e. v < 1/3 = m/(m+2), v = 1/3 = m/(m + 2),
v>1/3=m/(m+2).

In order to see the differences of the errors with the different values of 7, Figure 7 and Figure
8 plot the errors for v = 0.1, v = 0.33, v = 0.5, v = 1.0, v = 1.5 and v = 2.0 with n = 2 and
n = 3, respectively.
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Figure 7: Error of the weak approximation n = 2 with respect to time grid parameter
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Figure 8: Error of the weak approximation n = 3 with respect to time grid parameter

We are able to find that the errors are determined by the levels of v and the behavior of the
errors is consistent with the theoretical results in Theorem 3.

In addition, we examine which time grid parameter v is optimal. In order to show this,
we execute a simple test for the case m = 1 and n = 2. Particularly, we solve the following
minimization problem:

¥ = argmin{ Z

K€{50,60,--,190,200}
2
(Error Weak Approx with Asymp Expansion (m,n;7y, K)> }
(5.17)

We obtained a parameter 4 = 1.015657. That is, the value close to v = 1 (the uniform time
grid case) is optimal in our weak approximation with asymptotic expansion.

Therefore, we can conclude that the results of the numerical experiments of our weak approx-
imation are consistent with the theoretical part of this paper, and confirmed the validity of our
method.

6 Concluding Remarks

In this paper, we have shown a new approximation method for the expectations of the func-
tions of the solutions to SDEs by applying an asymptotic expansion with Malliavin calculus. In
particular, based on Kusuoka (2001, 2003a,b, 2004) we have obtained error estimates for our new
weak approximation.

Moreover, we have confirmed the validity of our method through the numerical examples for
option pricing under local and stochastic volatility models. The scheme is simple and we can
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attain enough accuracy even when the expansion order m is low such as m = 1,2 with a few time
steps n = 2,3 as demonstrated in the previous section.

In order to obtain more accurate numerical approximation, it is natural to use many partitions
n in the time scale. However, the computational cost becomes exponentially larger as the number
of partitions becomes larger.

To overcome this problem, some efficient tree based (discretization) techniques can be applied.
Another possible solution is to use the higher order expansion developed in Takahashi et al. (2012)
or Violante (2012). We are convinced that the higher order expansion will improve the accuracy
since the higher order m-th expansion improves the error orders to O(¢™*!/n™) for a Lipschitz
continuous f and O(e™ " /n™ 1) for a bounded Borel f.

Further, applying our method to the higher dimensional problems is one of the important
issues. When the dimension N of the state variables becomes higher, the computational cost
becomes larger. However, the multidimensional higher order expansion such as in Takahashi
(1999) or Takahashi et al. (2012) is a tractable approach to the extension. These topics will be
the main themes in our next research.

A  Proof of Theorem 1

Firstly, for the preparation for the proof of the theorem, we characterize the differentiations
of the solution to the general perturbed SDEs X,;”° with respect to € as elements in the space ;.
The following lemma plays an important rule for estimating the order of the local approximation
for E[f(X;°)] in Theorem 1.

Lemma 2.

10 .. .

Proof. We prove the assertion by induction. First, the differentiation of X;° with respect to e
is given by

a l t a l d t l .
— X = —V X%\ H(XEBE)\dBY
o Xi /085 (e, X2 )s+]§_1/0 Vi (X °)dB;

N t o
30 [ anvite xe0) L as
k=10

N d
0 )
3 [ oo Lxrtas, 1=1 N

k=1 j=1
(A.1)
The above SDE is linear and the order of the Kusuoka-Stroock function %Xf “ is determined by
the following term
d t .
> [t s € k. (22)
j=1"9

where J;¢ = V, X;"°. Since this term gives the minimum order in the terms that consist of (A.1).
Here, we use the properties J%¢, (J*)~! € Ko, s € (0,1] and the boundness of Vj, j =1,--- ,d.

0
We have a—Xf’E € K1 by using the properties 2 and 3 in Lemma 1.
e

1 ai T,e __ <1 al x,e,l 1 al z,e,N

> = = .2
For =2, Saa% doei ot gt

> is recursively determined by the
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following:

1o z,e,m 87 z
EasiXt o = 882% ( 7X1;’E)du

i (m)

3 Z L1 oo 5. O p
R .Xfﬁ’Eval P n Xx,s
" / 11;[12'1!88“ u o) i Vo (5 Ko )du

m=1 (k) a(’C)

(’L—l) t k 1 ail d ]
3 (ngﬂf’g’ﬂZaw;"(Xi’f)de
i) Qe Y0 =1 " j=1

k )
te Z /(Hlyagqusal>Z Do V' (X2)dB], n=1,--- N,

i(B) (k)

(A.3)

where

(1) i

3 = 3 > (A.4)

(k) (k) k=1i1++ig=1,u1>21 () €{1,... N}k
%

1! Ogt

The above SDE is linear and the order of the Kusuoka-Stroock function X;¢ is determined

inductively by the term

k ; d
x,€ TE 1 o T,E,0 x,E j
Z / Rt <H'a b ) S 0,0 Vi(X)dB] €Kiy (AS)

i(k) (k) =1 j=1

e K;

ol
Since this term gives the minimum order in the terms that consist of (A.3). Then, — 10
by using the properties 2 and 3 in Lemma 1. [J

Hereafter, we give the expansion for E[f(X;)] around E[f(X;°)]. We remark that X;¢ is
not uniformly non-degenerate Wiener functional in Watanabe sense because X} 0 s completely
degenerate as Wiener functional, i.e. X} ¥ is the solution to ODE. Then, in order to give

Xw,e _ Xx,O
the expansion, we define a Wiener functional Y given by Y = (X)) = =L— "t e

X g
e,1 e,Ny __ z,e,l z,e,N _ g_X?O’z .
(Yt s Y )_(‘pl(Xt )7"',50N(Xt ))a@i(f)_fvl_l’”WN' The expan-

sion of Yy is given in the space D*°, that is, for all m € N,

£ ’t s€ 1 al+1 x,e
Yt |5 o+ g |a€z+1X ’ |E:0
Dk:p

Vk € N, Vp < oo.

lim sup
el0

?m“ < 00,

(A.6)
B

We note that Y,” = a—Xf’E\Ezo and Yy = 0. Let o' be the Malliavin covariance matrix of Y;*
5

and set

7= inf {5 (J29) AT (T )T < Aa)/2}. (A7)
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Then, we can see

. min{t,7}
det(c¥e) > det(J7°)2 det / (J59) L A(X ) ((J75)"1) T ds
0

> (1/2Y) det(J7°)? det(A(x)) min{t, 7},
(A.8)
sup || det(J7 ) or < oo, (A.9)
e€(0,1]
and
P(r <1/n) < cyexp(—can®), n € N, (A.10)

where ¢;, i = 1,2, 3 are positive constants (See the proofs of Theorem 3.4 of Watanabe (1987) or
Theorem 10.5 of Tkeda and Watanabe (1989) for (A.8), (A.9) and (A.10)).

Therefore, under the condition [H], we can see the non-degeneracy of the Malliavin covariance
matrix of Y,

bup | det(¥") ™| z» < 00, p < 0. (A.11)
e€(0,

Then, the density & — pzﬁ (&) of Y© starting from 0 is smooth. Moreover, the Malliavin covariance

. e . .
matrix ¢7¢ is non-degenerate uniformly in ;

limsup || det(a¥* ) 7| z» = || det (o ) Yl <00, p<oo. (A.12)
el0

Then, we are able to give the following Taylor formulas for &€ — p} (£) and E[f(Yy)] using the
Malliavin weights:

Pl ©) =p"€)+ D E[@]Y = ¢lp) ()

Jj=1

femtt /01(1 —u)™(m+1)

m+1
Z E a(k) (Y Hﬂ'aﬁgl ke CvL|7l eu)

NONIO)

E[f(Y7)] = / FEpY (©)de

- [ ren” d5+Zeﬂ/ FOE®IIYY = elp!” (€)dg

YU = 5} py(€)du,

(A.13)

1
+m+1/ (1 —u)™(m+1)
m—+1
eu zna
oc(k) (Y H ﬁ ] 87]51 l‘n su>

> [ s
=E[f(Y))] + Y I E[f(Y)@]] + ™ rm(t,x,¢).

ak) gk
j=1

Yo = 5] U (€)dedu

(A.14)
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Here, <I>{ is the Malliavin weight given by

) J k o4
(I)i = Z Ha(k) < t H 8561 zEO‘Z|5 O> (A15)

k) gk 1:1

with

i :i 3 3 % (A.16)

o), g k=137F | Bi=j+k, fi>2a®)=(on, o) E{1,+ ,N}¥

and 7, (t, z,€) is the residual

1.
Tm(t, T, €)
1 m+1 k ﬁl
S A UEE D DA LAY Hﬁua X du
NOWO)
(A7)
for f € C°(RN),
2.
rm(t, T, €)
1
= [a-wremey
0
g k b
Z E aa(l)f(y;tau)Ha(kfl) ( uvH ) B1 znm|77 6u>] du
k), 30 =y Bt on
(A.18)
for f € CH(RY),
3.
’I“m(t,l‘,&‘)
1
- [a-wreme
0
m—+1
Z E Ysu o) (Yau H ' 5 ’77 az|77 €u>‘| du
alk) 3k Dt 877 l
(A.19)

for an arbitrary bounded continuous function f.

Then, by the transformation X{*° = X% + £V}, the density y — p* (¢, z,y) of X*° is given
by

e c a(901 @N)‘
X Y ) )
t,x, = det | —/—"——"—= A.20
P (tz,y) pi (e(y)) D un) (A.20)
=5 xT 1
= " (W= X""/) (A.21)
Here, we note that
Yo z,0 1
LFwpe ((y—Xt )/E) ~ (A.22)
1 _(y—su(t)—xf"’)TZ*l(t)(y—su(t)—x?‘))d
= /RN f(y) (2me2)N/2 det (2(1))1/2 € : Y
= F)p™ (.2, y)dy = E[f(X]°)]

RN
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where 4i(t) and %(t) are the mean and the covariance matrix of Y and y — p)?a(t,x,y) is the
density of X;"°. Also, for G(t,x) € K,., we have

fyE

RN

H(z) (}/1&07 G(tv I))

Y= (y- X?O)/s] o (- X")/e) edy

fyE

RN

H (Y, G(t,x))‘Xf’s = y] X (t,z,y)dy

E[f(Xtm)E)H(i) (Y;fov G(t7 CL’))],

(A.23)
and

fW)E

RN

= E[f(Xf’E")H(i) (Y4, Gt x))],

H(z) (Y;‘/Eu’ G(ta x))

" - 1
Ve = (y - X %] P (= X0)/e) Sedy

(A.24)
with X7 = X570 4+ eV e [0,1].
Therefore, (A.14) with (A.17), (A.18) and (A.19) can be transformed into

E[f(X]°)] = B[f(X}") +ZEE[ X7)®]] + e R (1,7, ),
where
1.
R, (t,z,¢)
1 m+1 k
m zsu ]- aﬁl a: «
- /0(1—u) (m+1) > E|0umf(XP Hﬁllanﬁl et | du
alk) gk
(A.25)
for f € Cp°(RN),
2.
R (t, 7€)
1
= [a-urnme
0
m—+1 k
T,EU 1 /Bl «@
Z E (1)f X ) k= 1)( ’Hﬂ 8775L ”7 l|7l €u>1 du
alk) pk) =1
(A.26)
for f € CH(RYN),
3.
Rm(t7x7€)
1
= [a-wrnmey
0
m+1 _ k Bl
ST OB |AXP am( H o X, w)]du
ak), g 1
(A.27)

for an arbitrary bounded continuous function f.
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k
For k <m +1, Zﬁl =m+1+k 8 >2 a® = (o1, ,ag) € {1,---,N}*, the product of
1=1
the higher derivative terms with respect to € of X;© is characterized as

0% yreor ¢ g A28
ll_[ 1'8551 € Km+1+k, (A.28)
=1

by using Lemma 2 with Lemma 1.
For i =1,---,N and G(t,z) € K,, we are able to see the following property for Malliavin
weight as in Proposition 1

N
Hy(YE,G(t, x)) ZGta:’y”tDY”
j=1

N d t
= [ce0X Y / 7y (TS (J0e) T V(X)) dBY

j=1k=1
N d t . )
=30 [ DGt U VA ds] € K
j=1k=1"0
(A.29)
Here, the first and the second terms in the second equality are characterized by
N d t
G(t,x) ZZ/ o EE TR V(X9 dBE € Ky, (A.30)
j=1k=1
t
Yf s X, £\ — z,
/0 (DGt 2) (T2 (J29) Vi(X29))ids € K, (A.31)
since
t
/ Vi (JEE(TEE) T IVR(XE9)YdBE € K g1 = K1 (A.32)
0

Then, applying (A.29) with (A.28) for (A.25), (A.26) and (A.27), we obtain the following
estimates according to the smoothness of f:

1.
m+1
sup |Rp(t,z,€)| < C( Z tmHIHR2) TR £ ), (A.33)
zeRN =1
for any f € Cg°(RY),
2.
sup |Ry(t,x,e)| < Ct"T2/2|V f|| o, (A.34)
zeRN
for any f € Cf,
3.
sup | Ry (t, x,€)| < Ct™ D2 £l o, (A.35)
zeRN

for an arbitrary bounded continuous function f.

Then, we have the assertion. [J
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B Proof of Theorem 2
For f € C°(R™;R), we have

9 xs

RN

B | (5270 Glt0)) ‘Xf’azy] () ®.1)
(55 ca Gt )]

N
= E f(Xf’5)6 ZG(t,aj)fy;;? DY

— E I& H(

<.
=

N
= E|f(XP°)0| ) Gt ) 127” eDY

T T,E

N
= B f(X[7)0 Z G(t,x)yjj,t’ DX

= B[ (X7) H (X7°.20(1.2))]
= E[0.f (X]7)eG(t, )]
G(t

= | HIWE[GE)X]" =y] v(dy)
RN
= | TWIE [G(t,x)| X7 = y|v(dy), (B2)
Sx,e T, 0
where y¥¢ " = (vi;" )i<ij<n and ’yYfO = (’y?;t )i<i,j<n are the inverse matrices of the Malliavin
T . a x
covariance matrices of X;*° and Y,?, respectively. Here, we note that V> = a—Xé “le=o and
5

> 0

Xt = X e Xy
e

equations; for k=1,--- ,dand j=1,--- N

e=0 = Xf’o + Y. Also, we use the following relations in the above

)

Dy p X7 = gDS,k%XffﬂE:o =eD, Y7, s <t, (B.3)

and, for¢,5 =1,--- , N,

)_(zc,s 1 YO
Yij T (?Q%'jt . (B.4)
The formulas (B.1) and (B.2) hold for any Lipschitz and bounded Borel function f by using
mollifier arguments. We remark that in general for any G € D and non-degenerate F €
D> (RY), the conditional expectation can be regarded as a map D> 3 G — E[G|F = -] € S(R")
by Malliavin (1997) and Malliavin and Thalmaier (2006). Therefore, for k = 1,---,j < m,

k

Zﬁl =j+k B >2 a¥ = (a1, o) €{1,--- ,N}k’7 we have
=1

a Z, :E (e v
E Ha<k>< X e=0 Hﬂ,agﬁl M= )‘Xﬁw} (B.5)
= ka* Oa;k 1 -08* Hﬂ'@gﬂz $Eal|6 OXwE—y‘|

and obtain the assertion. [
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C Proof of Theorem 3

We follow the similar argument as in Kusuoka (2001,2003b,2004) and Chapter 3 of Crisan et
al. (2013).
Note first that we have the following equality:

Prf(z) — QZZ,L)Q?SL,L,Q s Q&)f(m)
= Pro, P, f(2) = Q Pr, . f(z)
+Q?;n)Ptnfl f(@) — Q@,,L)QEZ",I)PHH f(z)
4o
HOL) QP QL Q)
= Pry, P, f(z) = QP f(2)
+Q0, ) (Ps, Pr, 5 f(2) = QF\Pr (@)

+Q7(Zn) e Q?SLZ)(Pnf(m) - Qzl)f(x))

Then, since Q™ is a Markov operator, we have

1Prf = Q) Qs+ Qs fllo
(HPSnPtn—lf - an)Ptn71f||00
+||Psn—lptn—2f - an_l)Ptn_z.f”OO

IN

P f = Q) flloe) (1 4 O(e))
= (Z ||P9kptk'—1f - ng)PtkafHoo
k=2

P f = Q) flloe) (1 + O(e)).

First, note that we can directly apply (3.34), (3.35) or (3.36) in Corollary 1 to obtain an
estimate of || Py, f — Q) fll for f € C° (R™;R), a Lipschitz continuous function or a bounded

Borel function, respectively. To obtain an estimate of Z [ Psy Py, | — Q5) Prr_y fllocs we apply
k=2
the results in Corollary 1 to P.f (in stead of f) as follows.

e By (3.34) in Corollary 1, for s,¢ € (0,1] and f € Cf°(RY;R), there exists C such that

m—+1
I1PPf = QEPiflloe < D2 e st HHIEC| VP £l (C.1)
=1
m—+1
< Do e EC| V| (C.2)
=1
Hence,
|1Prf— Q) Q. 1 Qe flls (C.3)
n m-+1
< O3 TV o (C.4)
k=2 1=1
m—+1
+C Y em TR gl (C.5)

=1
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e By (3.35) in Corollary 1, for s,¢ € (0,1] and f € CL(R™;R), there exists C such that

IPPif = QU Pifllee < ™1t /2C| VP f|o (C.6)
< 5m+15(m+2)/20vaHoo- (07)
Hence,
1Prf — QL QF -+ QU Fll (C5)
< Oy eIV | (C.9)
k=2
+Ce™ TR 1 p (C.10)

e By (3.36) in Corollary 1, for s,t € (0,1] and bounded Borel function f on RY, there exists
C (including e™*!) such that

IPsPif = Q@ Puflle < ™™ DRC| P fllo (C.11)
< gm0 £l . (C.12)
Hence,
IPrf—QF QF, 1y QU fllse (C.13)
< O eI g (C.14)
k=2
+CemH G mID2) £ (C.15)

Next, we obtain more explicit and compact expressions with regard to n particularly for (C.4),
(C.9) and (C.14).

Firstly, from the definition of s for k € {2,--- ,n}, we have

T(k—1)~% (*

Sk = u/ (u/(k — 1)) du. (C.16)
ny k—1
For k € {2,--- ,n}, (u/(k — 1)) <max{(k/(k —1))""' 1} < max{2""' 1}. Then,
_ 1/2
~T(k—1)71 _

s/? < <(m) max {2771, 1} (C.17)
< C(/n)2(k —1)0-Di/2 (C.18)

where C' = C(T, 7).

We consider the estimates for three different ranges of v that are larger than, equal to and less
than (I — 2)/l, respectively. (v = (I — 2)/l satisfies (y — 1)I/2 = —1.)
For 0 < v < (I1—-2)/1,

C(1/n)"/? Zn:(k —1)0=D2 < o1 /n)V2. (C.19)
k=2
For v = (1—2)/I
C(1/n)/? zn:(k —1)(=0i2 (C.20)
k=2
= C(1/n)=2/2 Zn:(k: -1t (C.21)
k=1
< C@1/n)=2 2 10gn. (C.22)
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For v > (1—-2)/1

n

C(1/n)"2y (k= 1) D2 (C.23)
k=2
= C(1/n)= D21 /n)!? zn:(k: — 1) D2 (C.24)
k=2
n (v=1)1/2
= Cm)RY <k;1) % (C.25)
k=2
< C(1/n)t=272, (C.26)

Then, by combining an estimate of || Py, f — le)fﬂoo for f € C°(RY;R), a Lipschitz continuous
function or a bounded Borel function, we have the assertion. [
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