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Abstract

The problem of estimating the covariance matrix of normal and non-normal
distributions is addressed when both the sample size and the dimension of covariance
matrix tend to infinity. In this paper, we consider a class of ridge-type estimators
which are linear combinations of the unbiased estimator and the identity matrix
multiplied by a scalor statistic, and we derive a leading term of their risk functions
relative to a quadratic loss function. Within this class, we obtain the optimal
ridge-type estimator by minimizing the leading term in the risk approximation. It
is interesting to note that the optimal weight is based on a statistic for testing
sphericity of the covariance matrix.

Key words and phrases: Covariance matrix, high dimension, non-normal distri-
bution, normal distribution, ridge-type estimator, risk function.

1 Introduction

Many applied problems in multivariate analysis require estimates of a covariance matrix
and/or of its inverse. For example, the inverse of estimators of the covarinace matrix
is used in the Fisher linear discriminant analysis, confidence intervals based on the Ma-
halanobis distance and weighted least squares estimator in multivariate linear regression
models. However, the unbiased estimator based on the sample covariance matrix is not
invertible when the dimension p of the variables is larger than the sample size N. When p
is large and close to N, the inverse of the unbiased estimator may be ill-conditioned even
if N > p. Thus, an estimator for the covariance matrix is required to be both invertible
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and well-conditioned. The estimation procedures satisfying these properties have been
studied in a lot of articles. For instance, see Daniels and Kass (2001), Ledoit and Wolf
(2003, 2004), Srivastava and Kubokawa (2007), Konno (2009), Fisher and Sun (2011) and
Bai and Shi (2011).

To specify the problem considered here, consider p-dimensional random vectors 1, ...,y
which are mutually independently and identically distributed with mean vector p and co-
variance matrix . Then, X is estimated unbiasedly by § = n='V', where

N
V=> (z;-%)(x;—-T)", n=N-1, (1.1)
j=1
forz=N"! Zjvzl x;. Ledoit and Wolf (2004) considered a class of a convex combination
of § and a,I,, namely

Sy =wS+ (1 —w)a I,

for a; = tr [X]/p, and showed that the optimal weight w in the sense of minimizing the
risk function Eltr [(S}, — X)?]]/p is given by

w(B) = tr[(3 — ai1,)"]/Etr [(S — ai,)*)].

Ledoit and Wolf (2004) provided an estimator w of w and suggested the use of a plug-in
estimator. In the case of a normal distribution, Fisher and Sun (2011) showed that w(X)
is described as

n(ay — a?)

’lUZ = )
(%) n(as — a?) + pa3 + as

for ay = tr [2?]/p, and suggested a simple estimator of w(X), given by

n(as — a?) B nT
n(ay —a?) +pa2+ay nT+p+T+1’

w =

(1.2)
where T' = ay/a% — 1 for

ay =tr [S]/p = tr[V]/(np), (1.3)

iy = 1)271 oy [V - %(tr V2. (1.4)

The resulting plug-in estimator is given by wS+(1—w)a, I,. Although it seems reasonable,
it is natural to raise the following queries.

(I) The weighted estimator S considered above is a convex combination of the statistic
S and the parameter a;I,. Rather than this combination, it is more natural to consider
a convex combination of S and the statistic a;1,. Are there any difference between these
two estimators ?

(IT) Although the estimator w(X)S + (1 — w(X))a I, with the optimal weight w(X)
is optimal in the sense of minimizing the risk, this fact does not necessarily guarantee

2



the optimality of the plug-in estimator wS + (1 — w)a, I,, since the estimated weight w
has correlations with S and a;. Can we establish any optimality property of the plug-in
estimator 7

(III) In Fisher and Sun (2011), the estimators a; and ay were used for a; and as
without any justification in cases of non-normal distributions. In the normal distribution,
Srivastava (2005) showed that these are unbiased and that a; — a; = O,((np)~'/?) and
g —ag = O,((np)~1/%) +O,(n~1). However, these properties for @, can not be necessarily
established. For instance, d, is not an unbiased estimator of a, in non-normal cases
as shown in Srivastava, Kollo and von Rosen (2011) and Srivastava, Yanagihara and
Kubokawa, (2013). Can we derive order of a; — ay and show the consistency of as 7

In this paper, we try to answer these questions. In Section 2, we provide the optimal
weights in linear combinations ¢;5+cpa; I, in normal and non-normal distributions, which
corresponds to (I). Based on approximation of the optimal weights, we can suggest the

plug-in estimator - -

N n n )

Sr= 5t (1 - +p)a11p,
where T' = ay/a3 — 1. Tt is noted that T is used as a test statistic for testing the sphericity
as shown in Srivastava (2005). Namely, the hypothesis of the sphericity is accepted if T'
is small, but it is rejected otherwise. This tells us that the ridge-type estimator f]T has a
reasonable form. To approximate the optimal weights and to evaluate the risk functions
of the ridge-type estimators, we need to obtain the order of a; —a; and ay —as as described
in (IIT). In fact, some properties for moments of @; and a, are derived in Section 2, where
the order of ay — a9 is harder to evaluate and the proof is given in Section 4.

In Section 3, we consider a class of estimators w;S + wqa; I, with random weights w0,
and wy assuming some conditions, and we show that within this class, the estimator iT
is the best in the sense of minimizing the leading term of the risk function. This is in
reply to the query (II). The normal case is treated in Section 3.1 and an extension to the
non-normal cases is given in Section 3.2.

Concerning the numerical performance of multivariate procedures based on optimal
ridge-type estimator of the covariance, see, for example, Srivastava and Kubokawa (2007),
Hyodo, Yamada, Himeno and Seo (2012) and Kubokawa, Hyodo and Srivastava (2013)
who showed that the linear classification rule based on the optimal ridge-type estimator
improves on that based on the Moore-Penrose inverse in terms of the error misclassification
rates.

2 Optimal Weights and Their Estimators

Consider p-dimensional random vectors 1, . ..,y which are mutually independently and
identically distributed with mean vector g and covariance matrix 3 = F'F', where F' is
the unique factorization of 3. Assume that the observation vectors x; are generated as

xj=p+Fu;, j=1,... N, (2.1)
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with
E(u;) =0, Cov(u;)=1I,, (2:2)

and for integers i, ...,y satisfying 0 < >°7_, v, < 4,

p D
B HUJzi]:HE(u]z), j=1,...,N, (2.3)
k=1 k=1

where u;j, is the k" component of the vector w; = (U1, ..., Ujg, ..., u;)". We shall write
the third and fourth moments of u;, as E[u},] = K3 and Efuj,] = K, + 3. In the case of
a normal distribution, we have K3 = K, = 0.

In this paper, we use the notation a; = tr [¥]/p for integer i > 1, and we assume the
following conditions:
(A1) Both n and p tend to infinity where the relation between them is given as follows:
(A1-1) n = O(p°) for 0 < § < 1 in the case of p > n,
(A1-2) p=O(n®) for 0 < 6 < 1 in the case of n > p.

(A2) a; converges to a positive constant for i = 1,2,3,4. Also, ay — a} converges to a
positive constant.

(A?)) Let agy =

Let a; and as be defined in (1.3) and (1.4). In the case of normal distributions,
Stivastava (2005) showed that

( o > ~ Ny (( as >7(np)—1( Zgz 8a4+i6<b;/n)a% >> (2.4)

which imples that a; —a; = O,((np)~Y/2) and ay —ay = O,((np)~/2) + O,(n') under the
conditions (Al) and (A2). However, similar results are harder to derive for non-normal
distributions.

P 02/p for ¥ = (0;;). Then ag converges to a positive constant.

Theorem 2.1 Assume the model described in (2.1)-(2.3) for non-normal distributions,
and the conditions (A1)-(A3). Then, E|a] = a1 and

. 1 2
VCLT’(CLl) = N—pK4CL20 + n—pag, (25)

which means that a; — a; = O,((np)~Y/2). Also,
n

Elay] = m

K4CL20 + a9, (26)

and
Gy — ay =0y (n~'p'"*) + O,((np) /%)
0, (n ) I(p > n)
+{O0p(n A I(5 > 1/2) + O,((np) ) I(5 < 1/2)}(n > p), (2.7)

where in the case of p > n we need to assume that § > 1/2.
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It is hard to establish (2.7), and the proof of Theorem 2.1 is long. Thus, the proof is
deferred to Section 4. As seen from (2.6), @, is not unbiased in non-normal cases. This
fact was pointed out in Srivastava, et al. (2011), and the same formula as in (2.6) was
derived by Srivastava, et al. (2013). Although a, is an unbiased estimator of ay in the
normal case since K, = 0, in non-nomal cases ds is not unbiased. It follows from (2.7)
that ay — ay satisfies

Gy — ag = O,(n P I(p > n) + O,(n~*)I(n > p),

which gives a weaker and simpler order in the case of n > p.

We now consider the problem of estimating 3 by an estimator ¥ relative to the
quadratic loss function L, (X,X) = tr[(X — X)?]/p. The risk function of X is given by
R(Z,%) = Eltr[(E — £)%]]/p. An unbiased estimator of ¥ is § = n~'V, where V is
given in (1.1). Since S is not invertible in the case of p > n nor well-conditioned in the
case that p is close to n even if n > p, it is reasonable to consider convex combinations of
S and a positive definite matrix based on S. We here treat a class of linear combinations

2(21762 = ClS + C2d1Ip7
where ¢; and ¢y are constants, and a; = tr [S]/p. Then, the risk function is written as
R(%, 3., ) =E[tr {18 + coan I, — SY2] /p (2.8)
=2 E[tr [S?]/p] + A E[a%] + ay + 2c1c,E[a}] — 2c1a9 — 2coas.

By differentiating the risk function with respect to ¢; and ¢y, it can be seen that the
optimal ¢; and ¢y are given as solutions of the equations

Eltr[S®]/p] + e2E[a}] = as,
a1 E[a}] + o Ela}] = af.

Thus, the optimal ¢; and ¢y are

T E S - @)
., (G E@DE (S)/p] - ar

Eltr [S°]/p — ai]
Since as is defined in (1.4), ntr [S?]/p is written as
ntr [S?]/p = nay + pat + (1 — 2/n)as, (2.9)

so that the optimal ¢; and ¢y are rewritten as

n(az — af)
“ T Eln(ay — @) + pat + (1— 2/n)as]
e _(a?/E[3)) E[nds + pa3 + (1 — 2/n)as] — na (2.10)

Eln(az — a3) + pat + (1 — 2/n)as]
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It follows from (2.5) that E[a?] = a? + (Np) ' Kag + 2(np)las. Using this expectation
and (2.6), we can evaluate the expectation in the denomenator of ¢; and ¢, as

. R . R -2 nip—1
Elnis — ) + pad + (1 2] =n(os ) + e + =2y 1 "

Kyag
=n(ay — a}) + pai + O(1).

Similarly, the expectation in the numerator of ¢, can be approximated as

CL2 2

N ~ N a
Ejaz) Pl + 9+ (1= 2/n)ial = nay =g oy {naa 4 pai + O(1)} — ey
=pai + O(1).

Hence, the optimal ¢; and ¢, can be approximated as

& = 0 ) (p = n) + O(n)I(n > p)
’ p » | (2.11)
= +O(p ) (p=n)+0(n)I(n>p),

where 7 = ay/a? — 1. Using these approximations, we can get the ridge-type estimator of
the form

s - s+<1— o )ale. (2.12)
nrT +p nT+p

Since 7 is unknown, it is natural to estimate it by
T =ay/as — 1,
which suggests the estimator

= nT
T:

nT

S+ (1- = )al, 2.13
nT +p + nT +p a1ty (2.13)
It is interesting to note that 7' is used by Srivastava (2005) as a test statistics for the
sphericity test. Ledoit and Wolf (2004), Fisher and Sun (2011) and Hyodo, et al. (2012)

suggested such weighted estimators. But the dominance property of these kind of estima-
tors has not been established. In the next section, we establish this property.

Remark 2.1 As described in (4.22) in Section 4, as — as is approximated as

X 2(n? +
CLQ—GQZ—(n_l)( nN2 Zwaﬂ:wk

zlj;ék:

2
* (n—l)(n—i—Q)anZmem o

=1 j#k
1

P o S atmaliwg + Oy((np) %) + 0,(n "), (2.14)
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where Y~ , is defined below (4.4). The remainder term O,((np)~Y/2)) + O,(n™!) corre-
sponds to the order of as — as in the normal distribution as indicated in (2.4). If the
first three terms in (2.14) were of the same order, we could establish that s — ay =

Op((np)~1%)) + Op(n ).

3 Dominance Property of Ridge-type Estimators

The ridge-type estimator iT given in (2.13) is a plug-in estimator, and no dominance
property of fJT has been known. In this paper, we show that the estimator fJT is the best
of a class of weighted estimators in light of minimizing a leading term in the approximation
of the risk function.

3.1 Case of normal distributions

We first assume normality for the distributions of @x;’s. As a general class of weighted
linear combinations of S and a1, we consider a class of the weighting functions w; (X)
and wy(X) which satisfy the properties

wi(X) =0,(1)I(p > n) + 0,(1)I(n > p),
wi(X) — wi =0,(V)I(p > n) + O,((p/n)/*)I(n > p),

for i = 1,2, where w;y = w;(X) is a nonnegative function of 3. The corresponding class
of estimators is given by

(3.1)

S = W1 (X)S + wa(X)ay I, (3.2)

Theorem 3.1 Assume the conditions (A1) and (A2). Also assume that x;’s have normal
distributions. Then, for weighting functions wy(X) and wy(x) satisfying (3.1), the risk
function of 3y, w, ts approzimated as

R(2, 20, 05) = Ro(2, By ) + O NI(p > n) + O HI(n >p),  (3.3)
where the leading term Ry (3, f]wl,w) is expressed as
Ro(Z, By ) =B | @) { (T + 1+ p/m)wd(X) + wf(X) + 20y (X s (X)
~ AT + Dwn(X) — 2wa(X) + T + 1H (3.4)
Proof. The risk function of iwhwg is written as

R(Z, iwhqm) =F [tr {w (X)V/n+ws(X)an I, — 2}2} /p

tr [V?
~E [wf(xﬁl[Tp] +wd(X)a? + 2w (X )wa(X)a3
tr |V )
— 2’LU1(X) [np ] — 2w2(X)a1a1} + ao.



Since tr [V?]/(n?p) = {(n — 1)(n + 2)/n?}as + (p/n)d? = ay + (p/n)a? + {(n — 2)/n?}as,
FElas] = as and a2/a? = T + 1, the risk is rewritten as

R(S, Sy ) =B [a{ w3 (X) [T+ 1+ %} + wd(X) + 20y (X )wn(X) + T+ 1}]
"n_z 2 B62(T + 1)w(X)] — 2 @ﬂ@% + wQ(X)alal} . (3.5)

It is here observed that
tr [VX]

wy (X) p”

—w(X) (a2 Ft[(V/n— )3 /p)

=wy(X)ag + (w1 (X) — wio){—(a2 — az) + tr [(V/n — T)X]/p}
+wio{ — (a2 — az) + tr[(V/n — )] /p},

which implies that

tr [VX]

} — B (X)as)]
+ E[(wl(X) — wlo){—(dz —ag) +tr[(V/n— Z)E]/p}]. (3.6)

Similarly, wy(X)aja; = wy(X)(a1)? — wo(X) (a1 — a1)? — (wo(X) — wog)(ay — a1)a; —
wao (a1 — a1)aq, so that

E[wz(X)dlaﬂ = E[wz(X)(dl)Q] - E[’U)Q(X)(dl - a1)2 + (U)g(X) —wgo)(dl — al)al]. (37)
Also,

nEVOED) ) — (X)) + P XN ). (39

5 (
a?w2(X) n2

Combining (3.5)-(3.8) gives the expression

R(Z, S0 ) =E[(@)*{(T + 1+ p/n)w?(X) + w(X) + 2w (X )ws(X)
= 2(T + Dwy (X) — 2wo(X) + T 4 1}]
+ QE[(wl(X) — wlo){(&g —ag) —tr[(V/n— E)E}/p}}
— 2E[(U)Q<X) — w20)(d1 — a1>a1] + QE[IUQ(X)(dl — a1)2]

"2 Bladud(X)(T + 1) (3.9)

It can be demonstrated that
E[{tr[(V/n = 2)5]/p}"] = 2a1/ (np),

so that tr [(V /n—%)X]/p = O,((np)~Y/?). It follows from (2.4) that a4, —a; = O,((np)~/?)
and
iy — a3 = O™ (p > 1) + Oy((np) )1 > p).
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Since w;(X) —wio = O,(1)I(p > n)+ O, ((p/n)Y*)I(n > p), i = 1,2, from (3.1), it is seen
that

E[(w(X) — wio){ (a2 — az) — tr [(V /n — X)X]/p}]
=O0(n HI(p>n)+O0n)(n>p).

Similarly, E[(wz(X) — wa)(a1 — a1)a;] = O(n~HI(p > n) + O(n~HI(n > p). Also, from
(3.1), it can be seen that E[wy(X)(a; — a1)?] = O((np)~!) and

n—2 .9 4

Ela3wi(X)(T +1)] =0m HI(p >n)+O0n1)I(n>p).

n2

Hence, we get the approximation (3.3). O

The leading term Ry(33, f]whw) in (3.4) is minimized at wy (X) = w*(T") and wy(X) =
1 —w*(T) for
nT
“(T) = 3.10
w(r) = 2 (3.10)

since

(T + 14p/n)wi(X) + w3 (X) + 2w (X )wa(X) — 2(T + Dwy (X) — 2wo(X) + T + 1

(i ) () (s )

T
nT+p

The weight w*(7") minimizing the risk in the leading term of (3.3) corresponds to the
weight in the estimator X7 given in (2.13). It is noted that

nT
I =0,n/p) T = ) + 0,0 > 1)
(3.11)
nT
_ = > .
T 0,1l )+ O,/ (n > )
Also, it can be seen that
nl nT np(T — 1)
nT+p nr+p (0T +p)(nt+p)
_ np ai(ag — az) — as(ay — ay)(a; + ay)
(nT + p)(nT + p) ajai
=0,(pHNI(p > n) + O,(p"*n**I(n > p). (3.12)

Thus, the optimal weight w*(T") satisfies the conditions in (3.1). Hence from Theorem
3.1, we get the following result.



Theorem 3.2 Assume the conditions (Al) and (A2) with the normality. Among esti-
mators with weighting functions w1 (X) and we(X) satisfying (3.1), the risk function of
f]wl’wQ 1s 1improved on by the ridge estimator E\JT given in (2.13) in terms of minimizing
the leading term Ry(3, iwl,w) given in (3.4). Also, the risk of Sr with the best weight
w*(T) is evaluated as R(X,Xr) = E[pT/(nT + p)] + O(n"HI(p > n) +O(n H)I(n > p),
where E[pT/(nT + p)] = O(L)I(p = n) + O(p/n)I(n > p).

Estimators suggested by Fisher and Sun (2011) and Hyodo, et al. (2012) are slightly
different from ET, but they have the same leading term. Thus, it may be guessed that
their estimators has the same leading term in risk. In general, we consider the weighting
functions wq(X) and wy(X) which can be approximated as

nT
wl(X)znT+p+Op(p DI(p>n)+O0y(n~")I(n > p), 5.13)
ws(X) :nTp+p +0,(n™).

Since these functions clearly satisfy the conditions in (3.1), we can show that Ry(33, iwl,wz)
given in (3.4) is evaluated as

Ro(2, By ) =EpT/(nT +p)] + {O(p™") + O(n ")} (p > n) + O(n ) I(n > p)
_E[pT/(nT + p)] + O(n )I(p > n) + O I(n > p).

Theorem 3.3 Assume the conditions (Al) and (A2) with the normality. If the weights
w1 (X)) and wy(X) satisfy the conditions in (3.13), then the ridge-type estimators f]whwz
and 1 have the same risk approzimation, namely, R(E,f]whw) = E[pT/(nT + p)] +
O(nHI(p>n)+O0nHI(n>p).

For example, for the estimator of Fisher and Sun (2011), the weight function (1.2) is
rewritten as

n(ay — a?) B nT
n(ay —a?) +pa2+a nT+p+T+1

w(X)=w=

which is approximated as nT/(nT + p) + O,(np=2)I(p > n) + O,(n"Y)I(n > p). Also, it
can be verified that

p+T+1 o
nT+p+T+1 nT+p

wy(X) =1 - = +O0p(p™ ) (p 2 n) + Op(n~)I(n > p).

Hence from Theorem 3.3, it follows that the estimator fJT and the estimator of Fisher
and Sun (2011) have the same risk with respect to the leading term of risk.

Example 3.1 For example, a crude estimator of X is 20 S, and it belongs to the class
(3.2) with w;(X) =1 and wq(X) = 0. Since these weights clearly satisfy the conditions

(3.1), Theorem 3.2 means that S is improved on by 7 under the conditions (A1) and
(A2). O
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Example 3.2 The optimal multiple among estimators ¢S can be derived from (2.8) and
(2.9) by

B n(t+1)

S (A 1=2/n)(r+1) +p
which suggests the plug-in estimator

n(T+1-2/n)
(n+1)(T+1)+p
This belongs to the class (3.2) with wy(X) =n(T +1)/{(n+1—2/n)(T + 1) + p} and
wy(X) = 0. Similarly to (3.11) and (3.12), it can be seen that these weighst satisfy

the conditions in (3.1). Thus, from Theorem 3.2, Sop is improved on by $7 under the
conditions (A1) and (A2). O

2OB =

3.2 Case of non-normal distributions

We next extend the dominance result in the previous section to the non-normal models.
In this case, we need to consider a more restricted class than (3.1), since as — as #
O,(n™1) + O,((np)~'/?) as shown in Theorem 2.1. Namely, we treat a class of weighting
functions w; (X)) and wy(X) satisfying the properties

wi(X) =0p()1I(p = n) + Op(1)I(n > p),

i o (3.14)
wi(X) = wio =0, (p~"*)I(p > n) + Op(n™"*)I(n > p),

for i = 1,2, where w;g = wy(X) is a nonnegative function of 3. The corresponding class
of estimators is given by

S = w1 (X)S + wa(X)ay I, (3.15)

To establish a dominance result, we need to show the following lemma, which will be
proved in Section 4.

Lemma 3.1 Assume the conditions (A1)-(A3), and the following condition:
(A4) P {(Z*)u}?/p converges to a positive constant, where (£%);; is the (i,4) ele-
ment of 2.
Then,
1

B [VE]/ () - a2}) = 1

¢ 2
Ky ;{(22)2‘2‘}2/]9 + —
which is of O((np)™!).

Theorem 3.4 Assume the conditions (Al)-(A4). Also, it is assumed that § > 1/2 in
the case of p > n. For weighting functions w1 (X) and wy(X) satisfying (3.14), the risk
function of Xy, w, s approzimated as

R(Z, B, wy) = Ro(Z, By y) + O DI(p > n) + O(nVI(n > p), (3.16)

where the leading term Ry(3, f]wlﬂ@) is given in (3.4).
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Proof. Recall the risk expression given in (3.9), namely,

R(Z, S0y m) =Ro(Z, S, )+”n_22E[a 2(X)(T +1)]

+ 2B (w1 (X) — wio){ (a2 — az) — tr[(V /n — £)X]/p}]
— 2E[(wo(X) — wag) (1 — ay)a1] + 2E[wy(X) (a1 — ay)?]. (3.17)

—

It follows from (2.7) and Lemma 3.1 that
ag —as —tr[(V/n—3)X]/p
—0,(n P ) 1(p = n)
+{0p(n™'P' ) 1(0 2 1/2) + O, ((np)™*)1(5 < 1/2)} (n > p),

so that from (3.14),

E[(wl(X) —wlo){( 2 —az) —tr[(V/n— )E]/p}}
=0 )I(p=n)+O0(n ")I(n>p).

Similarly, E[(w2(X) — wag) (a1 — a1)a1] = O(n™)I(p > n) + O(n~')I(n > p). Also, from
(3.14), it can be seen that E[w(X)(a; — a;)?] = O((np)™!)
n—2 .9 o

7 Blaiwi(X)(T + 1)) = O(n™")I(p = n) + O(n™")I(n > p).

n

Hence, we get the approximation (3.16). O

When we consider the weight w*(T") = nT/(nT + p) given in (3.10), it follows from
(3.11) that w*(T) and 1 — w*(T") satisfy the first condition in (3.1). Similarly to (3.12),

nT  nr np a?(as — az) — as(ar — a1)(ar + ar)
nT+p nr+p (T +p)(nt+p) ata?
=0,(p™"*)I(p > n) + Op(n™"*)I(n > p),

which satisfies the second condition in (3.14).

Theorem 3.5 Assume the conditions (Al)-(A4) and that 6 > 1/2 in the case of p > n.
Among estimators with weighting functions w1 (X) and wg(X) satisfying (3.14), the risk

function of 2w1 ws 18 tmproved on by the ridge estimator ET given in (2.13) in terms

of minimizing the leading term Ro(3, Ewhw) given in (3.4). Also, the risk of S with
the best weight w*(T) is evaluated as R(X,X7) = E[pT/(nT +p)] + O(n"HI(p > n) +
O(n=")I(n > p), where E[pT/(nT +p)] = O(1)I(p > n) + O(p/n)I(n > p).

Combining Theorems 3.4 and 3.5, we can get a similar result as in Theorem 3.3
although the detail is omitted here.
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4 Proofs

In this section, we shall prove Theorem 2.1 and Lemma 3.1. Especially, we give a proof
of (2.7), since (2.5) and (2.6) can be verified similarly to (2.7).

[1] Decomposition of d,. Note that V and V2 are written as V = .~ | x,x! — NTZ!
and V2 = (N, zxt)? + N*(z@!)? — Nz@' Y0 wxl — N Y. x;x'@®'. Then,

N
_ t t 2 (=t=5)2 —t t=
= E x; ey + N (T'T)” — 2NT E T,x,T,

"y N (4.1)
_ 2 2(mt=n\2 o Nrmstes ‘o
_(Z r;x;)"+ N*(x'x)” —2NT'T Z zix;,
=1 i=1
which yields that
. 1 ) 1 )
=Gy Y R
1 N N
:(n D+ 2p [Z mmi)Q + Z miwszmj + N2(5t5)2 _oNZ! Z wlwﬁ
i=1 itk Py

N
1 N?

i ——§ - 2 E i 42
nz:la:az T XX ) (a:a: +2—Z'T Y xlw; (4.2)

J7#k
Here, it is observed that

N

it

CL‘iBE CL'Z-iBZ‘ E wmzwmk E wwzazw] NQE mwlg $33k
=1

44k J#k
1 & 1
=1 j#k 4k
N
1 1
o) walE = _N 3 D T = 15 ) (@) + 15 ) ) wleeie
=1 YL i i j#k
1 & 1
=7 Z(a}fazzﬁ + N2 (! azk Z Z Tix;TiT). (4.4)
=1 J#k i j#k

A(mta\2 _ I _
To evaluate NY(Z'®)* = 3_,, .4 TuTsTlxa, note that D0\ =30\ + D gas

+ Za:c,byéd + Za;ﬁc,b:d + Za#c,b;ﬁd,a:b,c:d + Za#c,b;ﬁd,a:d,b:c + >4 where A = {(a, b, c,d)|a #
c,b#dyn{(a,b,c,d)|a=bc=d}*N{(a,b,c,d)a=db=c}° Then,

NY(z'z)? = Zazmz +2Za:a:k —i-QZmeja:wk

J#k i=1 j#k

+ Zaz T, T, T + ZCL‘ Ty Ty, (4.5)

J#k

13



The last term can be further rewritten as

Zm :cb:ca:d—élz wmzwwk—i-ww]mmk +4Zw Ty Ty, (4.6)
ik

where ) . 4j4, Neans that the summation is taken for mutually different 4, j, k, and ),
means that the summation is taken for mutually different a, b, ¢, d.

Substituting these expressions (4.3)-(4.5) into (4.2), we get the expression

s = [(n — 1)(n+2)p] {1 + L},

where
N
1 2 2 1 1
L=(1- =St -t~ ) D (@)
! n N AN T NZT aN? Z?ﬁm)
1 2 1 1
R G b cibye) DI (4.7)
7k

2 2 2 L 2 2
E=(1- 5+ 5 ) 2 (@) (3 ) ng i

2 1 1
+ — Z Z xix; X, + <ﬁ - nN2) Z x! iy (4.8)
‘ A

Noting that } ., iz @) = (N ®la)2 =N (xlx;)?, we can get a simple expression

of I; as

n—1 N n—1 N - N
L = N {Zzlazwz Zaca:Z }: ¥ Zzl{wfxz_N 1jzlw§mj}2' (4.9)

Also, I, can be rewritten as

n—1 2 N T | L
I, = N (1+ nN)Z(a;a:k) -2 e ZZwlea:lwk
Jj#k i=1 j#k
—l——zz.’fvmmmk—{— N Zw Tyl T, (4.10)

i=1 j#k

The expressions (4.9) and (4.10) are used to evaluate the moments of a; = [(n — 1)(n +
2)p] {1 + L}

[2] Expectation of a,. For the proofs of (2.6) and (2.7), we use the following moment
given in Srivastava, et al. (2013):

E[z'Az2'Bz] = K, ) a;bi; + 2tr [AB] + tr [Altr B, (4.11)

i=1

14



where z = (z1,...,2,)" is a random vector with E[z] = 0, Cov (z) = I, and E[z}] =
K4+ 3, and A = (a;;) and B = (b;;) are p x p matrices of constants.

To evaluate the terms in (4.9) and (4.10), it can be demonstrated that

ZE x'x;)?] =NE[(x'x,)? = N{Kpag + 2tr [2?] + (tr [Z])*} = N3,  (4.12)

N
Z xix;)’] = Z xlix;)? Za: x;xhxy] = NS+ Nn(tr[X])?, (4.13)
i=1 Jj#k
ZE x'x),)’] =NnE[z|xoxhe,] = Nntr [£?]. (4.14)
Jj#k

It can be also seen that S~ >k Blzixzizy] = 0, SN > Plxieixix,] = 0 and
Y4 Elxlzyxiay) = 0 from (4.6). Usmg these observations, we can evaluate the expec-
taions E[[;] and E[I] as

E[L] =(n—1)N"{NB — B —n(tr [X))*} = (n — DnN {8 — (tr[Z])*}
=(n — 1)nN"'p(Kyaq + 2az), (4.15)
E[L) =(n —1)N*(nN +2)tr [Z?] = (n — )N *(nN + 2)pay,
which implies that

Elas] = Kaas + as. (4.16)

n
(n+2)N
This was shown in Srivastava, et al. (2013).

[3] Evaluation of I;. We next investigate the order of as —as. For Iy, it is noted from
(4.9) that I; > 0. Also from (4.15), E[I;] = O(np). Then from the Markov inequality, we
see that for any ¢ > 0,

P(I; > ¢) < E[I1]/e = O(np), (4.17)

which means that Iy = O,(np), namely,

(n +12)Np{z_:(wf$z)2 - %(Z mfaf:zf} = O,(n1). (4.18)

[4] Evaluation of (Nnp)~' ", (®}@x)* — as. Similarly to (4.17), it can be shown
that > (x}®x)* = Op(Nnp), so that

1 2 1
(1+—) § (xhxr)® —as = —— Y (xher)® —az + Op(n71). (4.19)
N(n+2)p niN’ Nnp <

Thus, we shall show that

(Nnp)™ Z(wzwk)Q —ay = Oy(n ).
J#k
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Since E[(Nnp)~' 37, . (xhar)?] = as, it is observed that

EH(NmU)’1 Z(wzwk)Q — a2}2] = (an)2EHZ(:1:§wk)2}2] — a3, (4.20)

j#k J#k
It is here note that
DY (@hm) (wewa)® =2 (zhw)' +4 ) (xhwy) (xlay)’ + ) (whay)’(wlaa)’,
a#b c#d a#b a#b#c D

where ) vz Means that the summation is taken for mutually different a, b, ¢, and >p
means that the summation is taken for mutually different a, b, ¢, d. Thus,

1 1
El—— bV = Bl . . ,
[<an)2 azgﬁb(mawb) ] anQ [(m1m2m2m1>($1$2a¢2$1)]
1 p
:an2E[K4 Z{(El/ngw§21/2)u}2 + 3(zLXxy)?

i=1

—Nn
=0(n"?),

<L{K4E[(m;zw2)2] [P + 3K S (Sl 1 + baafp + 303

since Y7 {(BY2xyxt B1%); 12 < tr (2 2maxb BY?)?) = (2,3@,)2. Also,

Bl 3 elaate Bl e i) = Bl E,
:%{m Xp;{(ﬁz)n}?/ﬁ +2a1/p+ 3.
Finally, )
Bl N:W ;w;wb)?(mzmd)?] NN - 1)(5\][\;;)22 N Z3) b2t wazbn) (@hasatars)]
_ _]3)75;\5 — B)E[mgzmlw[wgzxg]
VAN g ey o),

Combining these observations gives that

(Vo) B[ { @] -3 = {50 S (= + 204/p) + 07
j#k i=1
—~0((np) ")+ 0(n ™).
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Then from (4.19),

L 14+ 2 S @) —as = Opl(np) V) + Op(n Y. (421)

N(n+2)p nN Py

[5] Evaluation of a; — ay. It follows from (4.10), (4.18) and (4.21) that

ay — ay = — ( 2( nNg ZZwa}jwwk

zl];ék

2
+(n—1)(n—|—2 anZ;Z#;m:ca::ck

—1 — —
+ (n+ 2)nN2p Z x! xyxtag + O,((np)V?) + O,(nh). (4.22)
A

In (4.22), we shall evaluate the term S, > jik TxTi Ty, which is

Zwm,Zm mk—QZw :c]a:]a:k—l— meazazk (4.23)

J#k J#k i#j#k

Since B[N, @lx;] = Npay, it follows that S~ | @la; = O,(np). Noting that
E[{> alay}’] = 2E)) (ala))’] = 2Nnpay = O(n’p),
j#k J#k
we can see that

Zw wZZsc x, = 0,(n*p/?), (4.24)

J#k
which gives that

—2,1/2
(n—1)( n+2anZmem“’k Op(n="p'%). (4.25)
i=1 j#k

On the other hand,

i)k ik
=2N(N — 1)(N — 2)E[(zt21)? E|(zbas)?]
—IN(N — 1)(N — 2)6tr [2?] = O(n*p?),
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which shows that Y-, ., zl@@ia), = O,((np)*/?). Hence, from (4.23),
> alw@im; = O,(n'p"?) = Oyl(np)**) = 0,(n*p*"). (4.26)
J#k

Using (4.26), we evaluate the term 30 | >k Tixjimy, in (4.22), which is

N
t t _ t t t t
E E T,x;T;xT) = 2 E T, LT Ty + E T, T;T;T).

i=1 jk ik ik
Since it can be verified that Y., @ixxle, = O,((np)*?), from (4.26), it is observed

that
N
Z Z xlx;xte, = 0,(n*p*?), (4.27)
i=1 j#k

which leads to

2(n* +
( nN2 ZZCB x;xie, = O,(n"'p'/?). (4.28)

(n—1)(n+ = =
Finally, from (4.6),

Zm :vb:v xy =4 Z :cwa: mk+mm]m xy +4Z:13 :cb:c o
i#jFEk

=0,((np)*?) + O, (n’p),

which implies that

—1 t t — -5/2,1/2 -2
(n+2)nN%p ZA: z .ty = Op(n~"?p!/?) + 0y (n7?). (4.29)

Thus, combining (4.22), (4.21), (4.25), (4.28) and (4.29), we can see that
Gy — ay = Oy (n"1pY?) + O, ((np)~/?). (4.30)

[6] Variance of a;. Concerning the variance of a;, from (4.1),

1

El(a1 — a1)?] = )2

N N
E[(Z ziw;)’ + N*(2'Z)” - 2NZ'T Y a:tw] — a2
i=1 =1

We can use (4.3), (4.5), (4.12), (4.13) and (4.14) to evaluate the moments of the variance,
and we get

R 1
El(a1 — a1)?] :(np) { ﬁ + paQ(Nn + N - 2”)192&%}—@%
1 2
- K il
Np 4090 + npaQ’
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which is order O((np)™).
[7] Proof of Lemma 3.1. It is observed that

E[{tr [VE]/(np) — a2}’] = E[{tr [VE]}*]/(np)” — a3,

and that {tr [VE]}? = (TN | 22, } —ONEZEYN | @' Sx;+ N (T ZE)2. To calculate
the expectation, we can use similar decompositions and evaluations as in (4.3), (4.4), (4.5),
(4.11), (4.12), (4.13) and (4.14). Then, we can prove Lemma 3.1.

5 Concluding Remarks

As invertible and well-conditioned estimators of a large covariance matrix, the plug-in
estimators based on the optimal convex combination of S and a;I, have been suggested
in the literature. However, the plug-in estimators can not necessarily be guaranteed to
be optimal because there exist correlations between the random weights and S and a;.
In this paper, we have shown that the plug-in estimators are optimal properties within
a class of estimators with random convex combinations in the sense of minimizing the
leading term of the risk approximation. This dominance property has been established
not only for a normal distribution, but also for non-normal distributions. In the case of
non-normal distributions, we have obtained the order of ay — as, which is necessary for
proving the dominance property.

Through normal and non-normal distributions, it is seen that a; —a; = O,((np)~/?).
However, it is harder to evaluate as — ao for non-normal distributions. As shown in
Srivastava (2005), as — ag = O,((np)~Y/?) +O,(n!) for a normal distribution. In the case
of non-normal distributions, however, a; — ag = O,(n"'p'/?) + O,((np)~'/?) as shown in
Theorem 2.1. Especially, we need to assume that 6 > 1/2 for consistency of a, in the case
of p>mnand n = 0(p°) for 0 < § < 1. As described in Remark 2.1, we hope that the
order of as — as will be improved on in a future.
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