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Abstract

This paper presents a new asymptotic expansion method for pricing continuously
monitoring barrier options. In particular, we develops a semi-group expansion scheme for
the Cauchy-Dirichlet problem in the second-order parabolic partial differential equations
(PDEs) arising in barrier option pricing. As an application, we propose a concrete
approximation formula under a stochastic volatility model and demonstrate its validity
by some numerical experiments.

Keywords : Barrier options, Asymptotic expansion, Stochastic volatility model, Semi-
group representation, Cauchy-Dirichlet problem.

1 Introduction

Since the Merton’s seminal work ([15]) barrier options have been quite popular and impor-
tant products in both academics and financial business for the last four decades. In particular,
fast and accurate computation of their prices and Greeks is highly desirable in the risk man-
agement, which is a tough task under the finance models commonly used in practice. Thus,
it has been one of the central issues in the mathematical finance community. Among various
approaches to attacking the problem, this paper proposes a new semi-group expansion scheme
under general diffusion setting.

Firstly, let us note that the value of a continuously monitoring down-and-out barrier option
is expressed as the following form under the so called risk-neutral probability measure:

r xr — Tc IYdr T
CBarrier(Ta 1‘) =E [6_ Jo C(XT)de(X%)l{T>T}] — E[B Jo e(X¥)d f<XT)1{nlint€[O,T] Xt>L}]- (1‘1)

*Forthcoming in International Journal of Stochastic Analysis. We are very grateful to Professor
Seisho Sato in the University of Tokyo for his suggestions to our numerical computation. Also we would like
to thank the anonymous referees for their valuable comments and suggestions.

"Division of Mathematical Science for Social Systems, Graduate School of Engineering Sci-
ence, Osaka University, 1-3, Machikaneyama-cho, Toyonaka, Osaka 560-8531, Japan, E-mail:
kato@sigmath.es.osaka-u.ac. jp

fGraduate School of Economics, The University of Tokyo, 7-3-1 Hongo, Bunkyo, Tokyo, 113-0033 Japan.

§Mitsubishi UFJ Trust Investment Technology Institute Co.,Ltd. (MTEC), 2-6, Akasaka 4-Chome, Minato,
Tokyo, 107-0052 Japan, E-mail: yamada@mtec-institute.co.jp

YGraduate School of Economics, The University of Tokyo, 7-3-1 Hongo, Bunkyo, Tokyo, 113-0033 Japan.

Mathematical Subject Classification (2010) 35B20, 35C20, 91G20




Here, T' > 0 is a maturity of the option and f is an option payoff function at maturity. (X}');
denotes a vector process with initial value x under the risk-neutral probability measure, which
includes a price process of the underlying asset (usually given as the solution of a certain
stochastic differential equation (SDE)). Also, ¢ stands for the risk-free interest rate process.
Moreover, L stands for a constant lower barrier, that is . < x, and 7 is the hitting time to L:

T =inf{t€[0,7]: X7 < L}. (1.2)

It is well-known that a possible approach in computation of Cgapier (7, ) is the Euler-
Maruyama scheme, which stores the sample paths of the process (X[); through an n-time
discretization with the step size T'/n. When applying this scheme to pricing a continuously
monitoring barrier option, one kills the simulated process, say (Xf ); if XZ exits from the
domain (L, c0) until the maturity 7. The usual Euler-Maruyama scheme is suboptimal since
it does not control the diffusion paths between two successive dates ¢; and ¢;,: the diffusion
paths could have crossed the barriers and come back to the domain without being detected. It
is also known that the error between Ciapier(T, 7) and Cpamier(T, ), the barrier option price
obtained by the Euler-Maruyama scheme is of order /7T'/n, as opposed to the order T'/n
for standard plain-vanilla options. (See [7]) Thus, various Monte-Carlo schemes have been
proposed for improving the order of the error. (See [17] for instance.)

One of the other tractable approaches for calculating Cparrier (T, ) is to derive an analytical
approximation. If we obtain an accurate approximation formula, it is a powerful tool for pricing
continuously monitoring barrier options because we need not rely on Monte-Carlo simulations
anymore. However, from a mathematical viewpoint, deriving an approximation formula by
applying stochastic analysis is not an easy task since the Malliavin calculus cannot be directly
applied. It is due to the non-existence of the Malliavin derivative D;7 (see [4]) and to the
fact that the minimum (maximum) process of the Brownian motion has only the first-order
differentiability in the Malliavin sense. Thus, neither approach in [12] nor in [20] can be applied
directly to valuation of continuously monitoring barrier options, while they are applicable to
pricing discrete barrier options. (See [19] for the detail.)

This paper proposes a new general method for the approximation of barrier option prices.
Particularly, our objective is to pricing barrier options when the vector process of the under-
lying state variables is described by the following perturbed SDE under a filtered complete
probability space with the risk-neutral probability measure, which will be concretely defined
in the begging of the next section:

{ AXE® = b(XP®, e)dt + o(XP%, )dB,,

X" =, (1.3)

where ¢ is a small parameter. In this case, the barrier option price (1.1) is characterized as a
solution of the Cauchy-Dirichlet problem:

gua(t,x) + Z°u(t,x) =0, (t,x)€[0,T) x (L,00),

t

u (T, z) = f(), x> L, (1.4)
us(tv L) =0, t € [O,T],

where the differential operator Z° is determined by the diffusion coefficients b and ¢ with the
risk-free interest rate ¢, which will be explicitly defined in the next section.



Next, we introduce an asymptotic expansion formula:

ut(t,x) = ul(t, ) + e(t,z) + - + "0 (t,z) + O(n), (1.5)

n—1

where O denotes the Landau symbol. The function u’(¢,) is the solution of (1.4) with
e =0: if b(z,0) and o(z,0) have some simple forms such as constants (as in the Black-Scholes
model), we already know the closed form of u"(#,7) and hence obtain the price. Then, we are
able to get the approximate value for u°(¢,z) through evaluation of the coefficient functions
W(t,z),...,v0 (t,r). In fact, they are also characterized as the solution of a certain PDE
with the Dirichlet condition. By formal asymptotic expansions, (1.5) above and (1.6) below,

L=L e P (1.6)

we can derive the following PDE which v}(t, ) satisfies:

O t,0) + L(0) + 001, 2) =0, (1,2) € [0.7) x (L, o0),

v (T, x) =0, x> L,
Ulg(t7L> =0, te [OaT]’

(1.7)

where gi(t, z) will be given explicitly in Section 2. Moreover, by applying the Feynman-Kac
approach to the PDE (1.7), we obtain a semi-group representation of v. That is, for each
k=1,...,n—1,

U,S(T —t,x)

- torh ti—1 N R i
= > / / / PP FOPD P PP YD ()l dt,

I=1 (giyl_ Ny, pimk VO 70 0
(1.8)

where (PP); is a semi-group defined in Section 2. We will justify the above argument in a
mathematically rigorous manner in Section 2

The theory of the Cauchy-Dirichlet problem for this kind of the second order parabolic
PDE is well understood for the case of bounded domains (see [5], [6] and [14] for instance).
As for an unbounded domain case such as (1.4), [18] provides the existence and uniqueness
results for a solution of the PDE and the Feynman-Kac type formula, the part of which will
be cited as Theorem 1 in Section 2. However, some mathematical difficulty exists for applying
the results of [18] to the PDE (1.7). More precisely, the function g{(, ) may be divergent
at t = T. Hence, in order to obtain an asymptotic expansion (1.5), we generalize the result
of [18] and the argument of the Feynman-Kac representation. Furthermore, we derive a new
representation (1.8) for v} (¢, z) by using the semi-group (P),. We notice that such a form is
convenient for evaluation of v (¢, ) in concrete examples.

We also apply our method to pricing a barrier option in a stochastic volatility model. Then,
as an example of (1.8) we obtain a new approximation formula of the barrier option price
C5Ve under a stochastic volatility model as follows: for the initial value of the logarithmic

Barrier
underlying price x, the maturity 7" and the lower barrier L,

SV, x e -
CBarfier(T’e ) = b [6 Tf(S’; )1{mino§t§TSf>L}]
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where (S;"); is the underlying asset price process, f is a payoff function and f(z) = f(e*) and

the expectation is taken under the risk-neutral probability measure. Here, Pf f(z) is regarded

as the down-and-out barrier option price in the Black-Scholes model. Moreover, we confirm

practical validity of our method through a numerical example given in Section 3.

Finally, we remark that there exist the previous works on barrier option pricing such as [2],
(3], [8], [9], which start with some specific models (e.g. Black-Scholes model or some type of
fast mean-reversion model), and derive approximation formulas for discretely or continuously
monitoring barrier option prices. Our approach is to firstly develop a general semi-group
expansion scheme for the Cauchy-Dirichlet problem under multi-dimensional diffusion setting;
then as an application, we provide a new approximation formula under a certain class of
stochastic volatility model.

The organization of this paper is as follows: the next section firstly prepares the existence
and uniqueness result for the Cauchy-Dirichlet problem in the second-order parabolic PDE
associated with barrier option pricing. Then, we present our main result for an asymptotic
expansion of barrier option prices. Section 3 shows numerical examples under a stochastic
volatility model. Section 4 concludes. Finally, Appendix provides the proofs of the results in
the main text.

2 Asymptotic Expansion of Barrier Option Price

2.1 Main Results

This subsection states the setup and our main results. The relevant assumptions [A]-[H]|
will be explained in the next subsection.

Suppose first that a filtered complete probability space (2, F, Q, { F; }tejo,r1) is given, where
@ denotes the risk-neutral probability measure, the filtration {F;}icpo,r satisfies the usual
conditions and 7" > 0 is some fixed time horizon. Then, the d-dimensional underlying state
variable is described by the following perturbed SDE:

{ dX;" =b( X", e)dt + o(X;", €)dBy, 2.1)

€7x JR—
X, ==z,

where B is an m-dimensional Brownian motion and ¢ is a small parameter. Let b : R x [ —
R? and o : RY x I — R? ® R™ be Borel measurable functions (d,m € N) where I is an
interval on R including the origin 0, for instance I = (—1,1).

We consider the SDE (2.1) for any * € R? and ¢ € I. We note that Assumption [A]
introduced in the next subsection guarantees the existence and uniqueness of a solution of
(2.1). We also remark that at least one element of X% stands for the underlying asset price
process of a barrier option.

Next, we are interested in evaluation of the following barrier option price: for a small ¢,

u(t, )

Tt
= E [exp <—/ c(Xf””,e)dr) FXPE )y (xemy>r—iy |, (6,2) €[0,T]x D (2.2)
0
4



for Borel measurable functions f : R? — R, c:RYx I — R and a domain D C R%
Also, D C R%is the closure of D and 7p(w), w € C([0, T]; R?) stands for the first exit time
from D, that is

p(w) = inf{t € [0, T];w(t) ¢ D}.

We also remark that the expectation operator E|-] is taken under the risk-neutral proba-

bility measure (), and that e Jo X7 eydr represents the discount factor with the risk-free
interest rate process c.
Let us define a second order differential operator .£° by

1<K o2 d P
S 4] i g
& 5 ijzla ($,€)axiax]~ + izlb (x78)3xi c(x,e),

d
where a" = Zaikaﬂ“. We consider the following Cauchy-Dirichlet problem for a PDE of
k=1

parabolic type:
0
aua(t,x) + L (t,x) =0, (t,x)€[0,T)x D,

u* (T, z) = f(x), r €D,
u(t,x) =0, (t,x) € [0,T] x OD.

(2.3)

Under the assumptions [A]-[E] stated in the next subsection, we have the following existence
and uniqueness result due to Theorem 3.1 in [18].

Theorem 1. Assume [A|-[E] which are given in Section 2.2. For each e € I, u®(t,x) defined
with formula (2.2) is a (classical) solution of (2.3) and

sup |t (L, )] /(1 + [2[*™) < 0. (2.4)
(t,2)€[0,T]x D

Moreover, if w®(t,x) is also a solution of (2.3) satisfying the growth condition

sup [w(t,)] /(1 + |2*) < o0
(t,z)€[0,T|xD

for some m' € N, then u® = w°.
Our main purpose is to present an asymptotic expansion of the barrier option price u®(¢, z):

u(t,z) = u’(t,x) + el (t,z) + -+ " op_y(t,x) + O(e"), e —0. (2.5)

n—1

Here, the coefficient functions v (¢,z), k = 1,...,n — 1 are (formally) given as the solution of

2v,?(zf,yz:) + L%t x) + gh(t,x) =0, (t,x) €[0,T) x D,

ot
v(T, z) =0, r €D, (2.6)
o0(t, 1) = 0, (t,2) € [0,T] x 0D,



where gp(t,z) is given inductively by

k—1
gty x) = Lt w) + Y Lt ). (2.7)
=1
Here, . is defined as follows:
o 1 [1K okai 0> 4. ki o O
=4 —__ Z(2,0)—— 2.
eIl 2; oo O g T 2 ar 05, ~ e 5o (@) (28)

Then, we can show the next result, whose proof is given in Section 6.1 of Appendix.

Theorem 2. Assume [A]-[H] which are stated in Section 2.2.. Then, for eachk =1,...,n—1,
vy is the classical solution of (2.6) and satisfies

op(t, 2)] < Cr(1+ [2[*™), (t,x) € [0,T] x R? (2.9)
for some Cy, my, > 0.

Note that the uniqueness of the solutions of (2.6) follows from the same arguments as in
the proof of Theorem 5.7.6 in [10]. That is, we obtain the next proposition.

Proposition 1. For any function g which has a polynomial growth rate in x uniformly in t,
a classical solution of (2.6) is unique in the following sense: if v and w are classical solutions
of (2.6) and |v(t,z)| + |w(t,x)| < C(1 + |z|*™) for some C,m > 0, then v = w.

Now, we are able to state our first main result on the asymptotic expansion. The proof is
given in Section 6.2 of Appendix.

Theorem 3. Assume [A]-[H| which are given in Section 2.2. There are positive constants
C, and m,, which are independent of ¢ such that

w(t,z) — (uO(t, x) +25 VOt )| < Co(1 + |x)?™)e™, (¢, x) € [0,T] x D.

Next, we construct a semi-group corresponding to (X;*), (that is, (XO); with ¢ = 0)
and D. Then, based on this semi-group we can obtain more explicit representation for the
coefficient function v)(t,z) than the right hand side of (2.15) in Assumption [H], which will
appear in the following subsection.

Let CP (D) be the set of bounded continuous functions f : D — R such that f(x) = 0 on
0D. Obviously, CP (D) equipped with the sup-norm becomes a Banach space.

For t € [0,T] and f € CY(D), we define PPf : D — R by

t
Pth(LE) =E [exp <—/ C(XS’I,O)CZ’U> f(XtO’x)l{TD(Xo,z)Zt} s (210)
0

where c(x,0) is non-negative. We notice that P” f(z) is equal to u’(T — t,x) with the payoff
function f. Then, we have the following result:
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Proposition 2. Under the assumptions [A]-[E] stated in Section 2.2, the mapping PP
CHD) — CY(D) is well-defined and (PP)o<i<r is a contraction semi-group.

Proof. Let f € CJ(D). The relations Py f = f, PP flop = 0 and sup |PP f| < sup|f| are
D D

obvious. The continuity of P f is by Lemma 4.3 in [18]. The semi-group property is verified
by a straightforward calculation. [ |

Remark 1. Note that (PP), also has the semi-group property on the set CS(D) of continuous
functions f, each of which has a polynomial growth rate and satisfies f(x) =0 on OD.

Finally, we show our second main result on the semi-group representation of the coefficient
function v} in the expansion, whose proof is given in Section 6.3 in Appendix.

Theorem 4. Under Assumptions [A]-[H] given in Section 2.2, for each k =1,...,n—1

v,g(T —t,x)

_Z Z // / PP, ZoPP L% PP _, POUPPf(x)dt - dty.

1 CNl Z ﬁz
(2.11)

2.2 Assumptions

This subsection introduces a series of the assumptions necessary for our main results stated
in the previous subsection. Particularly, the assumptions [A]-[E] are relevant for Theorem 1,
that is the existence and uniqueness result of the PDE (2.3), while [F]-[H] are additional
assumptions necessary for the asymptotic expansion results, that is Theorem 2-Theorem 4.

[A] There is a positive constant A; such that
0" (z, &) > + b (z, &) < A(1+ |z)*), 2€RY e€l, i, j=1,...,d

Moreover, for each ¢ € I it holds that 0"/ (-,¢),b'(-,e) € L fori,j = 1,...,d, where L is
the set of locally Lipschitz continuous functions defined on R%:

{f € C(R%:R); for any compact set K C R?,
JCk > 0 such that |f(z) — f(y)| < Cklr —y|,z,y € K}

Remark 2. Note that under [A], the ezistence and uniqueness of a solution of (2.1) are

gquaranteed on any filtered probability space equipped with a standard m-dimensional Brownian
motion, and Corollary 2.5.12 in [11] and Lemma 3.2.6 in [16] imply

E[sup |X5% —z|*] < Cit'e® (1 + |2*), (t,x) € [0,T] xR 1 €N (2.12)

0<r<t

for some C; > 0, which depends only on 1, Ay and Ck. Moreover, (X7), has the strong Markov
property.



[B] The function f(z) is continuous on D and there are C; > 0 and m € N such that
|f(@)] < Cp(1+ |z*™), z € R%. Moreover, f(z) =0 on R*\ D.

Remark 3. The assumption [B] which corresponds to H2 - (2) in [18] guarantees the conti-
nuity of a solution of (2.5) (if it exists) on the so called parabolic boundary 3 = 0D x [0,T) U
D x {T}. For the details, see p.8 in [18].

[C] c¢(z,¢)is non-negative (i.e. ¢(x,e) > 0). Moreover, for each ¢ € I, it holds that ¢(-,¢) € L.

[D] The boundary 9D has the outside strong sphere property, that is, for each € 9D there
is a closed ball E such that END =0 and END = {z}.

Remark 4. The assumption [D] provides the regularity of each point in OD. (c.f.[5]) Also,
[18] points out that [D] with the ellipticity of the matriz (a”(z,€));; in [E] below gives

P(rp(X°%) = 75(X"")) = 1.

[E] The matrix (a”(z,¢));; is locally elliptic in the sense that for each ¢ € I and compact
d

set K C R? there is a positive number p. ;c such that Z a”(z,e)E'¢ > . k|€|? for any
ij=1
r € K and € € RY.

Remark 5. Note that although the condition [E] (local ellipticity) is necessary for the existence
of classical solution of our PDE (See Remark 2.2 in [18]), the assumption can be removed
through consideration of viscosity solutions rather than classical solutions by applying Theorem
8.2 in [1] and Theorems 4.4.3 and 7.7.2 in [16]. Note that we need the additional assumption
such that I C [0,00) by technical reason in this case.

To study the asymptotic expansion, we put the following assumptions in addition to [A]-
[E]. Firstly, by the next condition we can properly define %, k € N in (2.8) above.

[F] Let n € N. The functions a”(z,¢), b'(z,¢) and c(z,¢) are n-times continuously dif-
ferentiable in e. Furthermore, each of derivatives 0%a® /0c*, 0%b°/0c*, 0%c/0e, k =
1,...,n —1, has a polynomial growth rate in z € R? uniformly in ¢ € I.

To state the existence of the functions v} (¢, ) in the asymptotic expansion (2.5), we first
prepare the following set.

Definition 1. The set H™" of g € C([0,T) x D) is defined to satisfy the following condition.:
There is some M? € C([0,T)) N L*([0,T), dt) such that

lg(t,2)| < MO()(1+ [2*™), ¢ € [0,T), z € D. (2.13)
Given this definition of the set H™", we put the next condition on u°.
[G] " € G™, where
¢1:<@€CM@J3XDMMMQHXD%

du c m2 0*u
ox’ " Qzi0xd

e H™, i,jzl,...,d}.



Now we examine the conditions necessary for the classical solution to the PDE (2.6).
Firstly, Let us start with the case of k = 1. By the assumption [G], we have ¢ € H™" for
some m € N by the definition of g{ with & =1 in (2.7). Thus we can define

(T—t)ATp (X 0:®) r
W(t,z) =E /0 exp <_/0 c(XS’“”,O)dv) @At +r, X2")dr| . (2.14)

Therefore, if we assume that v} € C*?([0, T') x D) we can show that ¢! is the solution of (2.6)
with £ = 1, that is, we can confirm that

9]
av?(t, z) + L% (¢, x) + ¢ (t, x) = 0.

Note that the relations v{(T,-) = 0 and v} = 0 on [0,7] x D are obvious.
Next, let us give some comments on the smoothness of v?. In many cases as in the Black—
Scholes model (see (3.10) in Section 3) we can rewrite (2.14) as

T—t
v?(t,fc):/o /Dg?(t+hy)p(7’,x7y)dydr

for some p(r,z,y). Thus, if p has a “good” smoothness property, the smoothness of v{ also
holds such as

0 t 0
—v)(t,x) = —lim/g?(s,y)p(s—t,x,y)dy+/ / —g)(t+r,y)p(r,z,y)dr,

s—T

if the limit in the right hand side exists, and

0 e 0 0
axivl(t7x) - /O/Dgl(t—i_r7y)%p(rux7y)dru

82 0 t 0 82
a0 = [ f, e gl

Moreover, if v{ is in G™ for some m; € N, we also have g3 € H™"! for some 7m; € N by
the definition of g) with k& = 2 in (2.7). Then, we can define v similarly as v{. Furthermore,
under some suitable smoothness conditions for v, which may be given by the smoothness
property of p(r,z,y), we are able to show that vj is the classical solution of (2.6) with k = 2.

Thus, the observation above leads us to our final assumption.

[H] It holds that v{ € G™ k=1,...,n — 1 for some m, € N, where

(T—t)/\’TD(XO‘z) r
o) =k | [ oxp (= [ et 0 -+ x090
0 0

(2.15)

3 Application to Barrier Option Pricing in Stochastic
Volatility Environment
This section demonstrates the effectiveness of our method in stochastic volatility environ-

ment: Section 3.1 derives concrete approximation formulas, and Section 3.2 shows numerical
examples.



3.1 Approximation of Barrier Option Prices in a Stochastic Volatil-
ity Model

We consider the following stochastic volatility model under the risk-neutral probability
measure:

dS: = (c— q)Sidt +otS:dBY, Si =S, (3.1)
dof = e\0 — of)dt + cvoi(pdB} + /1 — p2dB?), o5 = o,

where ¢,q > 0, ¢ € [0,1), \,0,v > 0, p € [~1,1] and B = (B', B?) is a two dimensional
Brownian motion. Here ¢ and ¢ represent a domestic interest rate and a foreign interest rate,
respectively when we consider the currency options. Clearly, applying [to’s formula, we have
its logarithmic process:

1
dX; = (c—q—5(0f)")dt +0jdB}, X§ =z =logS, (3.2)

dof = MO — o5)dt + evot (pdB} + /1 — p?dB?), 05 = 0.

Also, its generator is expressed as

1 1 2 2 1 2
Z° = (c—q——aQ) £+ 2 0 + epro? 0 —|—€/\(9—0)£+€2—V20'28——

2 oz " 27 022 0xdo 0o 2 Oo?
(3.3)
In this case, .2 which is defined by (2.8) with k = 1 is given as
~ , 0 0
7 = pvo Sndo + A0 — a)%. (3.4)

We will apply the asymptotic expansion in the previous section to (3.2) and give an approx-
imation formula for a barrier option price, which is given under a risk-neutral probability
measure as

CbenT = t.6%) = B [0 F(S5 ), seerroron)].

where f stands for a payoff function, L(< S) is a barrier price and the expectation is taken
with respect to the risk-neutral probability measure.
Then, u®(t,z) = CH5 (T — t,e®) satisfies the following PDE:

Barrier

ot
u (T, x) = f(x), r €D,
wE(t,1) = 0, t €0, 7).

(2 +g€) u(t,z) =0, (t,x) € (0,T] x D,
: (3.5)

where f(z) = max{e” — K,0}, D = (I,00) and [ = log L. We obtain the 0-th order u’ as

W(t,x) = PR J () = Ele~ T F(X2) Ly xomyoro)] (3.6)

10



Remark 6. u° satisfies the PDE (3.5) with ¢ = 0. Although the condition [E] in Section 2
does not seem to be satisfied in this case, the volatility process (o) becomes a constant o > 0,
and so (3.2) is reduced to a one-dimensional SDE. Then, (3.5) with ¢ = 0 becomes a non-
degenerating PDE with fixed o. Therefore, we need not take care of the lack of the condition
[E] in this example.

Setting o = ¢ — ¢, we note that PY ,f(z) = C55. (T —t,e” a,0,L) is the price of the

Barrier

down-and-out barrier call option under the Black-Scholes model:

1— 22
T 2 L2
CBS (T —t, e a,0,L)=CP(T —t,e", a,0) — (6—) cBs (T —t, —,a,o) . (3.7)
el‘

Barrier L

Here, we recall that the price of the plain vanilla option under the Black-Scholes model is
given as

CBI(T —t,e" a,0) = e T Ve N(d(T — t,z,a)) — e “TIKN(dy(T — t,z,0)), (3.8)

where

r—logK+at 1
dyi(t = —oVt
1( ,LC,O() O_\/g + 20\/_7
do(t,z,0) = di(t,z,0) — oVt
N(z) = / n(y)dy,

—00

Note also that
2z — (X" =)

o2t

P(mp(X%%) > | X)) = 1 — exp (— ) on {X* > 1}.

Therefore, for g € C’S(D) we have

PPg(x) = BIP(rp(X"") > t|X])e™ " g(X{)1 yoory] = / e “g(y)p(t, =, y)dy,  (3.9)
) l

where

1 (z=1)(y=1) (y—z—pt)?
p(t,z,y) = \/m(l—e_Q P (3.10)

p = a—0od*/2=(c—q—0c*/2).

Then, we show the following main result in this section.

Theorem 5. We obtain an approximation formula for the down-and-out barrier call option
under the stochastic volatility model (3.1):

C5VE (T, e") = CBS . (T,e* a,0,L) 4+ (0, 2) + O(e?), (3.11)

Barrier Barrier
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where

T [e'e) 1.2\ 32
1 2(z—1)(y—1) (y—z—(a—50%)s)
0 —cT - _
v1(0,x) =¢e / / 1l—e oZs e 202 I(s,y)dyds,
1(0,2) o, /—27”723( ) (s,y)

= T puoetn(dy (T — t,7,0))(—do(T — t, 7, Q)

n
+ 2T ppa (6 ’ Ln(ci(T —t,x,0))VT —t

2
X {CBS (T—t,L—,a,a) {1+(m—logL) (1—2—3)}
er o
2

2a

— AO—0) (—) 7 O (o (T — £, 2, )W =1

2a
4 z z 1_072 L2
ec(T—t)A(e _ 0)0_(;‘ (log %) (%) OBS (T —t, pry «, 0) )

and

20—x—logK+at 1
Cl(t,l',OZ) = 0_\/§ ‘|‘§U\/E

Proof. Firstly, note that when k£ = 1 in Theorem 4, we have

t
AT —ta) = [ PLZPP @

Thus, we see the expansion

Barrier Barrier

(3.12)

(3.13)

T—t
C5Ve (T —te*)=CE3. (T —t e a,0,L)+¢ / PPLAYPR ., f(x)ds + O(?). (3.14)
0

T—t
The first-order approximation term v%(t, z) = / PPAPP . f(x)ds is given by
0

T—t
Wta) = [ eEPPZ IR, fa)ds
0

12



T—t
= w0 [OPPZPE  fla)ds
0

where PP is defined by

_ o0 1 2Aaw—1)(y—1) (y—z—(a—302)s)% _
PP f(x :/ 1—e = o2 e 2025 dy.
Pia) = [ o=l ) )y

Define 9(t, x) as

I(t,z) = jlopil?ftf( x)

0
o(T=t) CBS (T —t,e" a,0,L).

CBS ( ta 6x7 «a, o, L) + 6C(T_t))‘<9 )a Barrier

axa Barrier

A straightforward calculation shows that the above function agrees with the right-hand side
of (3.13). Then we get the assertion. |

= e pro®

Remark that through numerical integrations with respect to time s and space y in (3.12),
we easily obtain the first order approximation of the down-and-out option prices.

Next, as a special case of (3.1) we consider the following stochastic volatility model with
no drifts:

ds; = oS5dB;, S;=5>0, (3.15)
dof = evoi(pdB} + /1 — p*dB}), o5 =0 >0.

where ¢ € [0,1), p € [-1,1] and B = (B*, B?) is a two dimensional Brownian motion. In this
case, we can provide a simpler approximation formula than in Theorem 5.
By It6’s formula, the following logarithmic model is obtained.

1
dX; = —5(05)2(% +o0%dB}, X;=u1=1ogs,

dof = evos (pdB} + /1 — p2dB?), 0§ =o.

Again, the barrier option price is given by

SV,e T €
CB;‘I‘IGI‘(T7 € ) =E [f(ST)l{minogugT SZ>L}] )

where f stands for a payoff function and L(< S) is a barrier price.

The differential operators .Z¢, ¢} and the PDE are same as (3.3)-(3.5) with ¢ = ¢ = 0
and A = 0. Also, the barrier option price in the Black-Scholes model coincides with (3.7) with
no drift, that is,

(3.16)

BS S BS L?
CBarrler (T’ S) =C (T’ S) -+ )C T? o |
L S
where CP% (T, S) is the driftless Black-Scholes formula of the European call option given by
CB3(T,S) = SN(d\(T,log S)) — KN(dy(T,log S))

13



with

r —log K + o?t/2
o/t ’
dy(t,x) = do(t,z,0) = dy(t,z) — oVt

dl(ta‘r) = d1<t,l‘,0):

Then, we reach the following expansion formula which only needs 1-dimensional numerical
integration.

Theorem 6. CL'5 (T,e%) = CES . (T, %) +e02(0,2) + O(e?), where

v0(0,2) = —%Tupa {e"n(di(T,x))do(T, z) + Ln(cy (T, x))er (T, x) }
vpL(z —1)log(L/K) [T (T — s)'/? co(T — s,L/K) + co(s, L/e")
+=- 210 - /0 2 0P (_ 2 ) o
_ log(L*/e"K) + ?t/2 _ (logy +o*t/2\?
at,x) = Y , eoft,y) = <—0\/f ) : (3.17)

Proof. See Appendix 6.4. [ |

3.2 Numerical Example

Finally, applying the our approximation formulas in Theorem 5 and Theorem 6, we present
numerical experiments for European down-and-out barrier call prices. First, let us denote
u’ = CB5 . (T, 9) and v? = 4%(0,log S). Then, we see

Barrier

C’g:;fier(T, S) ~u’ + evf.

In the following we report the results of the numerical experiments, where the numbers in
the parentheses show the error rates (%) relative to the benchmark prices of C575 (T, S); they
are computed by Monte-Carlo simulations with 100,000 time steps (n = 10°) and 1,000,000
trials. We note that in our experiments the standard deviations of the benchmark Monte-
Carlo simulations are calculated as at most 0.006 with the order of discretization error being
0.002 (= /T/n = 1/0.5/105 as stated in Introduction).

We check the accuracy of our approximations by changing the model parameters. Case 1-6
show the results for the stochastic volatility model with drifts of the underlying price process
or/and the volatility process (3.1), while Case 7 shows the result for the stochastic volatility
model with no drifts (3.15). There, we apply the formula in Theorem 5 to Case 1-6 and the
formula in Theorem 6 to Case 7, respectively.

In all the cases, we set the initial asset price S = 100, the initial volatility ¢ = 0.15, the
time to maturity 7" = 0.5, the lower barrier L = 95 and strike prices K = 100,102, 105. The
other parameters (c, g, ev, p, €\, 0) are listed in the caption of each table.

Apparently, our approximation formula u°+ev? improves the accuracy against csve (T,S),

Barrier
and it is observed that v accurately compensates for the difference between C’g;/;fier(T, S)
and CES . (T, S), which confirms the validity of our method.

Barrier
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Table 1: Case 1 (¢ =10.01, ¢ = 0.0, ev = 0.2, p = —0.5, eA = 0.0, 6 = 0.0)

| Strike | Benchmark | Our Approximation (u’ + ev?) | Barrier Black-Scholes (u”) |

100
102
105

3.468
2.822
1.986

3.466 (-0.05%)
2.822 (0.00%)
1.986 (0.01%)

3.495 (0.80%)
2.866 (1.57%)
2.052 (3.36%)

Table 2: Case 2 (¢ = 0.01, ¢ = 0.0, ev = 0.35, p = —0.7, eA = 0.0, = 0.0)

| Strike | Benchmark | Our Approximation (u” + eu?) | Barrier Black-Scholes (u”) |

100
102
105

3.421
2.753
1.885

3.423 (0.07%)
2.757 (0.18%)
1.890 (0.23%)

3.495 (2.18%)
2.866 (4.13%)
2.052 (8.88%)

Table 3: Case 3 (¢ = 0.05, ¢ = 0.0, ev = 0.35, p = —0.7, eA = 0.0, § = 0.0)

| Strike | Benchmark | Our Approximation (u” 4 1) | Barrier Black-Scholes (u”) |

100
102
105

4.352
3.585
2.560

4349 (-0.07%)
3.586 (0.02%)
2.563 (0.11%)

4.399 (1.06%)
3.665 (2.24%)
2.696 (5.31%)

Table 4: Case 4 (¢ =0.05, ¢ =0.1,ev = 0.2, p = —0.5, eA = 0.0, 6 = 0.0)

| Strike | Benchmark | Our Approximation (u’ + ev?) | Barrier Black-Scholes (u”) |

100
102
105

2.231
1.758
1.172

2.224 (-0.31%)
1.754 (-0.27%)
1.168 (-0.31%)

2.268 (1.64%)
1.812 (3.02%)
1.243 (6.05%)

Table 5: Case 5 (¢ =0.01, ¢ = 0.0, ev = 0.2, p = —0.5, eA = 0.2, § = 0.25)

| Strike | Benchmark | Our Approximation (u” + eu?) | Barrier Black-Scholes (u”) |

100
102
105

3.523
2.891
2.066

3.517 (-0.16%)
2.888 (-0.09%)
2.065 (-0.06%)

3.495 (-0.77%)
2.866 (-0.85%)
2.052 (-0.64%)

15




Table 6: Case 6 (¢ =0.01, ¢ =0.0,ev =0.2, p = —0.5, eA = 0.5, § = 0.25)
| Strike | Benchmark | Our Approximation (u’ + ev?) | Barrier Black-Scholes (u”) |

100 3.587 3.594 (0.20%) 3.495 (-2.55%)
102 2.976 2.987 (0.39%) 2.866 (-3.68%)
105 2.170 2.183 (0.59%) 2.052 (-5.41%)

Table 7: Case 7 (¢ = 0.0, ¢ = 0.0, ev = 0.2, p = —0.5, eA = 0.0, § = 0.0)
| Strike | Benchmark | Our Approximation (u” + eu?) | Barrier Black-Scholes (u”) |

100 3.261 3.258 (-0.09%) 3.290 (0.90%)
102 2.640 2.639 (-0.02%) 2.686 (1.78%)
105 1.841 1.841 (0.01%) 1.911 (3.77%)

4 Conclusion

This paper has proposed an approximation scheme for barrier option prices by applying
a new semi-group expansion to the Cauchy-Dirichlet problem in the second order parabolic
partial differential equations (PDEs). As an application, we have derived a semi-group expan-
sion formula under a certain type of stochastic volatility model and confirmed the validity of
our method through numerical examples. Developing concrete computational schemes under
various models is our next research topic.
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6 Appendix

6.1 Proof of Theorem 2

First, by the definition of v}, we easily get v{(T,z) = 0 for + € D and v}(t,z) = 0 for
(t,x) € [0,T] x OD.
Next, fix any x € D. By the Markov property, we have

tATD (X 0:)

It AT (X )0l (EA T (X0), X2 xom)) = TR XP)N 002

TATp(X9?)
t

TATp(XO7) tATD (X0®)
= F / J(r)gn(r, X2%)dr ‘ Fi —/ J(r)gn(r, X2%)dr
0 0

for each t € [0, T, where J(r) = exp (— / (X2, O)dv) and (F,), is the Brownian filtration.
0
This implies that

tATD

t/\TD(XO *)
My = J(t Ap(X7))vy (t NTp(X%), X)) (XO@)) +/ 7)o, X )dr
0

is a local martingale. On the other hand, applying Ito’s formula, we have that

¢ 0
M, = My +/ {(315 +$0) up(r, X27) + gp(r, Xom)} Lirp(x02)>rdr

z T 9 ]
+ Z/ J XO O)a—ﬂk<7” X )]‘{TD(XO’Z)ZT}dB;Z

i,7=1

for each ¢t € [0,T]. Thus, the uniqueness of decompositions of semimartingales gives us

t 0
/ {(at +$°> vp(r, X2%) + gp(r, XO“)} Lzp(xom)>mpdr =0, ¢ € [0, T].

Therefore, for each fixed ¢t € (0,7),
1 i a 0 0,z 0,z
E 875 +Z Uk<7’ X, ) —|—gk(7“ X, ) 1{TD(XO’x)ZT}dT =0
t
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holds for any small enough h > 0. Since z € D, by letting h — 0, we obtain

0
(825 +$0> v (t, ) + gh(t,z) = 0.

Finally we prove (2.9) by mathematical induction. When k& = 0, the assertion is easily obtained
by (2.12), (2.8), [F] and [G]. Now we assume that (2.9) holds for 1,2,...,k — 1. Then, by
(2.8), (2.7) and [F], we have

k—1
gR(t, @) < O+ J2™) Y (\Dauo(hl‘)l > |Dav?(t,x)|>
|| <2 =1

for some C,m > 0, where v = (i1, ... ,iq) € {0,1,2,.. 3 is a multi-index, |of =i + -+ - + iq
and D, = 01°1/(9x')™ - .- (92%)%. By the induction hypothesis and [G]-[H], we see that

k-1
> <|Dau0(t,x)\ + ) IDavy (2, w)|) < C'M(t)(1 + |z|*™)
lal<2 I=1
for some C',m’ > 0 and M € L'([0,T).dt). Therefore, we get

lge(t. )| < C"M()(L + |2")

for some C”,m” > 0. Then we obtain

op(t,2)] < C"E

(T—-t) .
/ Mt +)(1 4+ [XO]2" )
0

T
< " <1+E[ sup |X79’“|2m”]>/ M (r)dr
0<r<T 0

T
< "o ( / M(r)dr> (1+ 2™
0

by virtue of (2.12). Thus (2.9) also holds for k. Now we complete the proof of Theorem 2.

6.2 Proof of Theorem 3

First, we generalize the definitions of .2, ¢ and o). For k,n > 1, We define

- 8 a’ 02
e k 1
L = { E 1/0 e (x’m)drﬁxlﬁxj
Ok 0 ! w OFc
+Z/ g (TN g _/0 =7 aek(x’%)dr}’

n—1 n—2 n—1
gi(t,l’) - j;uo(t7$> + Z"E’Zr?—kvlg(tux) + ng {jsvg(u:p) + Z jr?—&-k—lvlo(tux)}

k=1 k=1




—|—€n_ljrfl)271 (ta I),

where ¢¢(t,2) and g¢5(t, z) are understood as ¢5(t, z) = Leu’(t, x) and ¢5(t, z) = Lul(t, z) +
Lot ) + e L5 (t, x), respectively.
We consider the following Cauchy-Dirichlet problem:

0 ot a) — (b, 2) — gi(t) = 0, (1,0) € [0,T) x D,
U<T7 JZ) = 07 T c D, (61)
v(t,z) =0, (t,z) € [0,T] x OD.

For e # 0, we define v& = [u® — {u" + Z eFud(t, x) ". Obviously, we see

ut(t,z) = u’(t, x) —|—Z€ (t,x) + v (t, ). (6.2)

Proposition 3. The function v is a solution of (6.1).

Proof. 1t is obvious that v} (T,x) = 0 for x € D and v, (¢,x2) = 0 for (¢,x) € [0,T] x 0D.
We also recall in (2.3) that

8815 “(t,z) + ZLu(t,x) = 0.
Next, we apply Taylor’s theorem to Z° to observe that
n—1 ~ ~
LU (t,x) = {go +) B+ engg} us(t, z). (6.3)
k=1

Since u” is the solution of (2.3) with ¢ = 0, we get

%uo(t, z) + L%°(t, x) = 0. (6.4)

Similarly, since v} is a solution of (2.6), we have
k-1

gt vty o) + Lot ) + Lt x) + ) Ll (tx) = 0. (6.5)
=1

Then, replacing u (¢, z) in the right hand side of (6.3) by the right hand side of (6.2) and
taking (6.4) and (6.5) into account, we obtain

n 0 € € pe = Y
£ {avn(t, )+ L0 (L w) + Lol (ta) + Y LY e, x)}

=1

2n—2
—l—Z {ann(tx)—kfavkntx Z fklvltx}
k=n+1 I=k—n+1
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el {jg_lv;(t, ) + .20 (¢, x)} 42 P (1 x) = 0,
Thus, with the definition of g; (¢, z) above, we have for e # 0,
a 13 €, € 151
avn(t, x) + L (t,x) + g, (t,z) = 0.

This implies the assertion. [ |

Tp(XSF)AN(T—t) r
/ exp <—/ c(Xj’x,s)dv) go(t+r, X2%)dr| .
0 0

By [G]-[H], we find that there are C,, > 0, m,, € N which are independent of € and the function
M, € C([0,T)) N L*([0,T), dt) determined by u°,v?,...,v2_, such that

Set

vt ) =B

l95.(t, 2)| < CoMu(£)(1 + ™). (6.6)

The inequalities (2.12) and (6.6) imply
T ~
fa0)| < € [ M) (1 + Jaf™) (6.7
t

for some C) > 0 which is also independent of ¢.

LI € _ ~€
Proposition 4. v, = ;.

Proof. The assertion is easily obtained by the similar argument to the one in Theorem 5.1.9

n [13]. u
Proof of Theorem 3. By (6.2) and Proposition 4, we have u®(t, x) O(t, x) —i—Ze vp(t, )
et (t,x). Our assertion is now immediately obtained by the inequality (6. 7) |

6.3 Proof of Theorem 4

1. Firstly, let us consider the case for k = 1. Let g € H™!. Observe that

(T—t)ATp (X0 r
/ exp (= [ X000 ) glo-+ v X2
0 0

T—t r
= / exp (—/ c(Xg’x,O)dv) g(t+r, Xf’x)l{TD(Xo,z)Zr}dr,
0 0

and we obtain

(T—t)Arp (XO0) r
5| exp (= [ X000 ) gl 4 v X2
0 0
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T—t r
— / E {exp (—/ c(Xg’x,O)dv> g(t+r, XB’I)l{TD(XO@)»}] dr
0 0

_ /O " PPyl 4 ()

Thus, under the assumption [H], we see

t r
(T —t,x) = E {/O exp (—/0 c(XS’””,O)dU) AT —t+r, XB’I)l{TD(Xo,z)ZT}dr}

t
= / PrDjlouo(T —t+r,)(x)dr

0
t t
- / PP 2OPP f(x)dr = / PP ZPPP f(x)dr. (6.8)
0 0

Thus, we have the assertion for k = 1.

2. If the assertion holds for 1,...,k — 1, then

t k-1
T — 4 2) = /0 PPLZO + 3 Z0 0P H(T — t + to, ) ()it

=1
t
— [ P2 ZerL @it
0

k-1 1 t pto rt1 ti—1
ay X bk
I=1 m=1(gi

= Z)£1CvaZ¢ ﬁz:l
PP AR PY LOPP L0 PP ZOPP f(x)dt - dtydiy

t
= / pf_’tog,fgff(x)dto
0

X E AL

=2 m=1 (5i)§11CN’”7Z¢ Bi=k
D 0 D - D ~ D ~ D
Ptftl.,%ol Ptl,tQD%OQPtTtS,Z& e Ptlilitlgb?lptl (x)dt; - - dt

: t et ti—1 R R i
= > > / / / PP, PP, P PP ZOPP ()t dh.
=1 (gi)_ Ny, pi=k O 0 0

Thus, our assertion is also true for k. Then we complete the proof of Proposition 4 by
mathematical induction.

6.4 Proof of Theorem 6

By the asymptotic expansion in Section 2 and Theorem 4 with & = 1, we see that the
expansion

CsVeE (T, e%) = CE2S (T, e%) 4 evd(0,z) + O(e?)

Barrier Barrier
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holds with
T—t R -
v?(t,x) = / Pj?_t_TG?lOPPf(x)dr. (6.9)
0

Then, we have the following proposition for an expression of v?(0,x). The proof is given in
Section 6.4.1.

Proposition 5.

2 2 _

) | i )
o PR (@) = S BI(T = 1p(X*)upo* s PP (o F) oy <]

T
v0(0,z) = —VpO'

We remark that the expectation in the above equality can be represented as

1 . o
5 E[(T — 7p(X%*))vpo? 31‘80 PP (X0, z)f( M rp(x0.0)<1})
T 2
(T —s) 5 0 D f
/0 S upo? O PR (s x ~ 1ds, (6.10)

where h(s,x — 1) is the density function of the first hitting time to [ defined by

h(s,r —1) = Mexp (— Ut U2S/2}2> : (6.11)

V2mo2s3 2025

Now we evaluate

0? - 0? 0? e’ L?
2 D _ 2 BS(p a\ _ 2 BS
e ax(?apt f(z) = vpo 8$800 (t,¢%) —vpo Ox0o {(L) ¢ <t7 ev ) } '

Note that

075 (1,6%) = (i1, 2))VE, (6.12)

and

Then we have

prQa—CBS (t,e") = prQexn(dl(t,x))\/Z{l — dl(t’x)}

oVt

= —vpoen(dy(t,x))ds(t, ) (6.14)

and

Vo af;a {(%) cps (t, 5—2)} — vpoLn(ei(t,z))er(t ). (6.15)



Combining (6.12), (6.14) and (6.15), we get
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Substituting (6.16) into (6.10), we have

PPf(z) = wvpo{e®n(di(t,x))(—da(t,z)) — Ln(cy(t,z))er(t,2)} . (6.16)
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vpo oo=Pf(1) = vpoLn(di(t,1))(=ds(t, 1)) = poLn(ei(t,1))er(t, )
= wvpoLn(di(t,1))(=(dr(t,1) + da(t,1)))
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Thus we obtain
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By Proposition 5, (6.10), (6.16) and (6.17), we reach the assertion.
6.4.1 Proof of Proposition 5
First, we notice the following relation:
50 pD F 5, (9 0\ bz
LB f(x) = vpo t(%—@>a f(z). (6.18)
Then, using the relations Z°.2°PP f(z) = 2°.2°PP f(z) and
9 0\ pD
we get
9 o\ LT =1t 50pp 50 pD  F
ot +Z —Z Pr_ tf( ) = =P f(x). (6.19)
Also, we have
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Therefore, the function

T 0? T—t .
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0 dx0o 2
satisfies the following PDE
9 0
S L)) =0, (62) € [0.7) % (1,00),

77(T> l’) =0, T € [l,OO),
T—t - -
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Then Theorem 6.5.2 in [6] implies
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n(0,x) = —% E[(T — 7p(X%*))vpo?® ———

By (6.21) and (6.22), we get the assertion.
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