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Tests for Multivariate Analysis of Variance in
High Dimension Under Non-Normality

Muni S. Srivastava, and Tatsuya Kubokawa
University of Toronto, and University of Tokyo

ABSTRACT

In this article, we consider the problem of testing the equality of mean vec-
tors of dimension p of several groups with a common unknown non-singular
covariance matrix 3, based on N independent observation vectors where
N may be less than the dimension p. This problem, known in the litera-
ture as the Multivariate Analysis of variance (MANOVA) in high-dimension
has recently been considered in the statistical literature by Srivastava and
Fujikoshi[7], Srivastava [5] and Schott[3]. All these tests are not invariant
under the change of units of measurements. On the lines of Srivastava and
Du[8] and Srivastava[6|, we propose a test that has the above invariance
property. The null and the non-null distributions are derived under the as-
sumption that (NV,p) — oo and N may be less than p and the observation
vectors follow a general non-normal model.

Keywords and phrases: Asymptotic distributions, high dimension, MANOVA,
multivariate linear model, non-normal model, sample size smaller than di-
mension.

AMS 1991 subject classification: primary 62H15, Secondary 62F05

1 Introduction

The problem of testing the equality of mean vectors of several groups with
common unknown nonsingular covariance matrix, the so called MANOVA
or multivariate analysis of variance has been considered many times in the
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statistical literature. For normally distributed observation vectors when the
total sample size N is considerably larger than the dimension p of the vector,
Wilks[9] likelihood ratio test is commonly used with Box’s[2] approximation
for the distribution of the test statistic. For dimension p larger than the
sample size N, this testing problem has also been recently considered in
the literature by Srivastava and Fujikoshi[7], Srivastava[5], and Schott[3] for
normally distributed observation vectors.

In this article, we consider a general model which includes normal dis-
tributions and propose a test that is invariant under the change of units of
measurements. That is, the test statistic is invariant under the transforma-
tion by non singular diagonal matrices. Thus, without any loss of generality,
we assume that the covariance matrix is a correlation matrix A = AY2AY2
where A'? is the unique positive definite matrix. Since the MANOVA prob-
lem is a special case of the multivariate regression model, we assume that
the IV x p matrix of observations follow the model

Y = XO© +UAY? (1.1)

where X is an N x k matrix of known constants of rank k£, © is a k x p
matrix of unknown parameters, k < p,

U= (uy,...,uy),

and w; = (w1, ..., u;)" are independent and identically distributed with
E(u;) =0, Cov (u;) = I, E(u},) = K, + 3, (1.2)
and for v, > 0,27 v <4,0=1,...,N,
B([Twi] =TT B, (1.3)
k=1 k=1

Here A = (\;;) = AY2AY? is the non-singular correlation matrix. For nor-
mally distributed w; with zero mean vector and identity covariance matrix,
the conditions (1.2)-(1.3) are satisfied with K4 = 0.

The problem of testing in the model (1.1) is that of testing the hypothesis

H:CO=0vs A:CO #0,



where C' is a ¢ X k known matrix of rank ¢ < k. For example, in testing the
equality of k = (¢+ 1) mean vectors, the observation matrix Y is of the form
given by

Y:(y117"'7y1N;"';yk17"'7yka)/7 (14>
where N; independent vectors are obtained from the ¢th group with mean
vector p;, = 1,...,q+1, and N = Ny + --- + Ngy;. All the observation
vectors have the same covariance matrix which we have assumed in this
article as non singular correlation matrix A. To write the problem of testing
the equality of & = (¢ + 1) mean vectors as a regression model, we define a

vector 1, = (1,...,1)" as an r-vector with all the elements equal to one,
1y, O 0
0 1n, O
X = . . . N x k (1.5)
0 0 1n,
and
O=(py,....,p) :kxp k=q+1 (1.6)

Thus, the regression model representing the mean vectors of k = (¢ + 1)
groups is given by (1.1) with Y, X and © defined respectively in (1.4)-(1.6).
The problem of testing the equality of £ = (¢ 4+ 1) mean vectors is given by
H : CO = 0 against the alternative A : CO® # 0 where C is now given by
g X (¢ + 1) matrix.

C=(U,—-1,):qxk, k=q+1. (1.7)

In general, for testing the hypothesis H : C® = 0, we consider the variation
due to the hypothesis given by

B=Y'GY, (1.8)

where
G=XXX)'Clcx'x)'cI'"ecx'x)'x, (1.9)
is an N x N matrix of rank ¢ < N. The matrix G is an idempotent matrix
of rank ¢, G™ = G for a positive integer m. That is, there are ¢ eigenvalues

that are equal to 1 and the remaining N — ¢ eigenvalues are zero. Also G is
symmetric and positive semi-definite. That is, if G = (g;;), then we have

N N N
gii 2 0, Z%ZC], Zggfi—i_zgngQ-
i=1 i—1 i#j
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The last equality implies that Zfil g2 < q and Zf\; ; gfj < q. In fact for X
and C' defined by (1.5) and (1.7) respectively in testing the equality of (¢+1)
mean vectors, we have

q+1

N
Yo gi=D> N =2+ )N =0(N ),
i=1 i=1

under the assumption that N; = O(N), N = Ny + --- 4+ N(g41). Thus, in
this article for the general multivariate regression model, we shall make the
following assumptions:

Assumption (A).

A X g3 /g=0(1), N=0(p"), 6 >1/2,
A(2)  lim, o (tr [A%]/p) < o0,

AB) Ty (tr[AY)/7) = 0,

A4)  limy,eo(tr[GL]/¢?) =a, 0 < a < oo,
A(5)  limgyp)seo{(pg) ~Htr [AMM']} = 0,

M = @/C/{C(X,X)ilcl]ilmv G+ = (gij+), (11())
and g;+ = |gij], i #J,4,5=1,...,N, g; > 0.

The matrix G is a positive semi-definite matrix and hence g;; > 0. Also
tr [G*] = ¢. So the condition A(4) is not a strong condition. The Assumption
A(5) gives the local alternative under which the non-null distribution of the
statistic will be obtained.

The variation due to the error which can be used to estimate the correlation
matrix A with or without the hypothesis H being true is given by

S=n"Y'(Iy-H)Y, H=X(X'X)"'X', n=N —k, (1.11)

where Iy — H is also an idempotent matrix of rank N —¢g—1=N —k =n,
(I — H)G = 0, and hence, under normality assumption, it implies that
B and S are independently distributed but we do not have normality. The
sample correlation matrix R is defined by

R=D;"?SD;"* (1.12)



where Dg = diag(S) is a diagonal matrix with the same diagonal elements

as the diagonal elements of S. In this paper, we propose the test statistic

T tr [BDg'] — npq(n — 2)~*
U Repaa(r[RY] = n g2

n=N-—k, (1.13)

where
Cpm = 1+ (tr [R?]/p*?) (1.14)

is a correction factor to speed up the convergence of the statistic 77 to normal
which goes to one for n = O(p?), § > 1/2, as given in Srivastava and Du
[8]. Under the assumption of normality, Yamada and Srivastava[l0] have
shown that as (n,p) — oo, T3 is asymptotically normally distributed. In
this article we show that this result holds under the general distributions
described above in (1.2)-(1.3).

The organization of this paper is as follows. In Section 2, we derive
the asymptotic distribution of 77 under the general distribution described
in (1.2)-(1.3) when the hypothesis H holds. The asymptotic non-null dis-
tribution of this statistic under local alternative is given in Section 3. The
asymptotic distribution of another statistics proposed in the literature is
considered in Section 4. In Section 5, the power of the proposed test is com-
pared with some existing tests through simulation. The results on moments
are given in Sectionsec:moment. The paper concludes in Section 7.

2 Asymptotic Null Distribution of T}

We first note that the diagonal elements of the sample covariance matrix S
goes in probability to the corresponding diagonal elements of the covariance
matrix which in the case of this paper is A. Thus, Dg — I, in probability
as n — 00. It also follows from Srivastava and Du [8] and Srivastava [6] that
for n = O(p°), 6 >0, N = O(p°), d > 1/2

%[tr R — ') (tr[A%)/p) (2.1)



in probability. From the Assumption A(2), it is finite. Thus, we need only
to find the asymptotic distribution of

T L %{tr [B] — pq}/(2tr [A?]/p)/*
_ \/%{tr[Y’GY]—pQ}/(2tr[A2]/p)1/2 (2:2)

Under the hypothesis H : C® = 0, and hence GX©® = 0. Thus, under H,
T, becomes

T, = \/%{tr [AU'GU] — pq}/(2tr [A*]/p)*?, (2.3)

where U = (uy,...,uy), and uy,...,uy are independent and identically
distributed p-vectors with mean vector 0 and covariance matrix I,. The
fourth moment of each component w; = (u;1,...,u;)" is the same, namely
E(u},) = K4+3,k=1,...,p as the model satisfies the conditions (1.2)-(1.3).
Alternatively, we may assume that w1, ..., u;, are independently distributed
as is done in Srivastava [6] which results in somewhat simpler algebraic ma-
nipulations. But we will continue with the assumptions (1.2) - (1.3). Writing
G = (9i;), we find that the numerator of 77 in (2.3) is given by

1
vy = ——{tr[GUAU"| -
q P \/m{ r[ ] pq}

N N

= \/% [Z Z gijuiAu; — pq|

i=1 j=1
(. 1 -
= — [Z giwiAu; — pgl + — Z gijwiAu;
N e N

= S+ s (2.4)
We note that

E(L) = \/%{ign(trf\) —PCI} =0,



since tr (A) = p and Zf\il gi; = q. Using Lemma 6.1 given in Section 6, we
find that the variance of J; is given by

Var(J;) = p_ngu Kyp + 2tr [A?%)
=1

= [Ki+ e [A*]/p)](D g7/a)

i=1

= o1). (2.5)

Hence, the first term goes to zero in probability. Thus, in probability

N j—1

£ _—_ Z giju;Au; = Z Z giju,Au,; (2.6)
z;éj ] 2 i=1
with F(g,,) = 0, and
4 N j—1
Var(gny) = —Z gzjtr [A?%] = Zg”tr [A?]
j =2 i=1 z#]
=~ 2tr[A%]/p < oo, (2.7)

from the Assumption (A). Let

2 2 : /
T]j = — gijuiAuja (28)
\ rq i=1

and let 3, be the o- algebra generated by the random vectors uy,...,u;.
Letting ug = 0, and ¢ = (¢, Q) = I_1, where ¢ is the empty set and 2 the
whole space, we find that &g C & C -+ C Sy C &y, and

E;|S5-1) = 0, E(n;) =0,

4 12
EOEIS;-1) = 3 o EluiAuyu AuifS,
i=1
4 &
+— Z 9ii 9k Elui Awjuf Aug S 4]
i;ék
= Z%“zAzuz +— Zgwgk]u APy, (2.9)
pq =1 pq ik



j—1
E(7}) =40 g5)(tr [A®]/pg) < oo. (2.10)
i=1
Hence, the sequence {ny, 3%} is a sequence of integrable martingale differ-
ence. Thus, to establish the asymptotic normality of the random variable g, ,,
given in (2.5), we may use the Theorem 4 from Shirayev[4]. This requires
establishing the Lindberg condition.

For e > 0,
N
(I) L= Z Em?I(|ne] > €))|Sk-1] = 0 in probability.
k=2
And showing that
N
(I1) C = Z En}|Sp_1) 2 o2 for some constant o3.
k=2

We first show (II). From (2.10) we find that

DUEGE) = 40 Y bt [A%)/pg)
= 203" g)(tr[A%)/pa)
i#j

— 2(tr [A?]/p) = 02 < oo.

Thus, to show that the convergence condition (II) is satisfied, we need to
show that the variance of the random variable C' goes to zero. The variance
of C' is given by

N j-1 j—1
4
Var(C) = W‘/ar [Z(Z gfju;AQui +2 Z Gii G ui AP ug) |
=2 i=1 i<k

We will show that the variance of each term in the right side goes to zero



which will imply that Var(C) goes to zero. The variance of the first term is

4 N g1
q2—p2Var [Z(Z gfju;A2uz)]
j=2 i=1
A N-1 N
T 2 Var[ (wiA%u;)( Z 9%)2]
i=1 j=it1
4
= {K4Z(A2) + 2t [AY] } 3 )
=1 i#j

where (A?); is the (i,i)th term of A* i =1,...,p. Since

(Z(A2)?i/p2> < (tr[A%)/p*) = 0

=1

and (Zi# gZ-Zj)Q/q2 < 1, the variance of the first term goes to zero. Next, we
show that under the Assumption (A), the variance of the second term goes
to zero. That is

N j—1
—Var [2 Z Zgwgkju AQuk]
7=2 i<k
16 N-1 N
:—Var[ Z ( Z gjkgﬂ)u;ﬂA2ul}
p*¢’ i<k<l j=I+1
2
=55 (tr[A7] Z Z 9ikgi
r-q i<k<l \j=I+1
N-1
<16t [A2) 3 (z o5 |gﬂ|)
i<k<l \j=I+1

<16(tr [A"]/p*)(tr [GL]/0%),

which goes to zero under Assumptions A(3) and A(4). Then,

S B = 2(r[A%/p).

k=2



To show that Lindberg’s condition (L) is satisfied, we need to only show that

ZE(n}l) — 0 as N — oo,
=2

See Srivastava [6]. That is,

16 o~ 3~
ey Z E(Z giyuiAu;)t
j=2 =l

N j—1
16
22 Z Zgw u;Au;) +229Uglj UAUJ)(ulAuJ)]
pq Jj=2 i=1 i<l
16 & . -1 2
<o S8 ) D gl + 4B Y g (uiAw) (wiAw,)} |
P j=2 i=1 i<l
16 <
== Z[ZE{ZQUQZJ (u; Au] (uEAuj)2}]
pq Jj=2 i<l
16 +
QZ K +3) {ng—i—(i K +3) nggl]} tr [AY])
i<l
16
<——(K4+3) Z[Zgw—i—2Zgwglj] (tr [AY])
p q 7=2 i<l i<l
16
(K4 +3) Z ng (tr [AY])
p q 7j=2 <1
16
< (K4 + 3)%(tr [GY]) (tr [AT])
P*q?
16

p — (K4 +3)*(tr [AY]/p*) — 0
from Assumption A(3). Thus, we have proved the following theorem.

Theorem 2.1 Consider the model (1.1) satisfying (1.2) and (1.3). Then un-
der the hypothesis H : C® = 0, the statistic Ty defined in (1.12) is asymp-
totically normally distributed with mean 0 and variance 1, namely

lim P(] {Tl < Z1— a} = (21,a>

(N,p)—o0
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where ® denotes a standard normal distribution function, and P, denotes
that the probability has been computed under the hypothesis H

Corollary 2.1 As (N,p) — oo,
= 1/2
T 2" gy /{20 naltr [R2) = n~'p?) 12,
i#]j
where G = (g;;) = X (X' X)) '/C'[C(X'X)"'C'"'C(X X)X

3 Asymptotic Non-Null Distribution of T}

In this section, we derive the asymptotic distribution of the statistic 7} under
local alternative given by the Assumption A(5), namely

lim (pg) ‘tr [AMM'] =0, (3.1)
(N;p)—o0
where
M=0'C'C(X'X)'cV? (3.2)

From Theorem 2.1, it follows that in probability the statistic
Ty £ (pg) ' {tr Y'GY — pq}/(2tr [A%)/p)"/?

goes to N(0,1) under the hypothesis H. This implies that irrespective of
any hypothesis, the random variable

Ty = (pg) " {tr (Y — XO)G(Y — XO)] — pq}/(2tr [A%]/p)"/?
(pg)~'"2
(2tr [A%]/p)/?
(pg)~'"?
(2tr [A%]/p)1/?
— N(0,1) as (N,p) — oo

{tr [Y'GY] - 2tr [0/ X'GY] + tr [ X'GX O] — pq}

B {—Qtr ©X'GY] + tr [@’X'GX@]}

It may be noted that the random variable 77 depends on unknown parame-
ters ®. We now show that under the assumption A(5)

(pq)"*tr (@' X'GY| — (pg) tr (€' X'GX O],
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Let
A=0'X'G=(ay,...,a,), Y =(yy,.-yy)-

Then
E((pg)"*tr [AY]] = (pg) '/ *tr [AOX] = (pg) '/ *tr [0'X'GX O]
and since G* = G,
Var((pg)~"*tr [AY]]
N N
=(pg) " Varltr Y ayl] = (pg) " Var]y_ ajy,]
i=1 i=1
N N
=(pg)™" > _ aiAa; = (pg) 'tr[A(D  aia))]
i=1 i=1
=(pq) Mtr [AAA"] = (pg) tr[AO' X'GX O]
=(pg)~"tr [AMM],
which goes to zero under the Assumption A(5). Thus,

(pg)"?tr [O'X'GY] 5 (pg) '/ tr [0/ X' GX O]
—=(pq)~Y?*tr MM’

Ty £10 — (pg) " tr [MM'] /1 /2tr A*/p

Pl{Tl > 21_o| under A(5)}
tr [M M’ o tr[MM’]}
v/ 2qtr [A?] e V/2qtr [A?]

tr [M M’
:Pl{Tl* > Z—a T 1"[—2]}
2qtr [A7]
tr[MM’]>

V/ 2qtr [A?]

where P, denotes that the probability has been computed under the local
alternative hypothesis given in A(5). It may be noted that if the assumption

and

Hence,

—n{T -

= <_Zl—a +

12



that Dy, = I, where Dy, = diag(011, ....,04p), 2 = (0;;) is dropped, then
the power can be written as

-1 /
P {T} > z,| under A(5)} =@ (—za n tr [Dy, MM])

2qtr [A?]
for the model Y = X© + X2AY2U . Hence, we get the following theorem.

Theorem 3.1 Under the model Y = X@+UA1/2D§:/2, where the elements
of U satisfies conditions (1.2) - (1.3)

tr [Dg! MM’
Pl{T1>za}—<I><—za+ t[Dy ]>.

2qtr [A?]

The Assumption A(5) becomes imy o0 (pg) ~'tr [AD;/ZMM'D;m] _
0.

4 Other Tests

Bai and Saranadasa [1] proposed a two-sample test for testing the equality
of two mean vectors. A generalized version of this test for the MANOVA
problem was given by Srivastava and Fujikoshi [7] for normally distributed
observation vectors. It is given by

Ty = [2pqas(1 + n’lq)]’l/Q{tr [B] — gtr [S]},

where
1

1
Lo 4 21 1 2
as = p{tr [S7] n(tr [S]) }
Under the hypothesis H : C® = 0, T} is asymptotically normally distributed

as N(0,1). That is,

lim BPo{Ts < zo} = P(24).
(N,p)—o0
By following the methods given in Section 2 of this article, it can be shown
that the asymptotic normality of 75 under the hypothesis still holds for the
non-normal model considered in this paper under the corresponding modified
assumptions on the covariance matrix 3 in place of the correlation matrix
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A. Similarly it can be shown that under the alternative hypothesis A(5), the
asymptotic distribution is given by

lim Pl{T2>Za}:(I)

(n,p)—o0

tr [MM']
(—za + W)

The test T5 for normally distributed observation vectors was also considered
by Schott [3] who obtained its distribution under the condition that (n/p)
goes to a constant as (n, p) — oo. It has been shown in Srivastava and Du [§]
that 77 performs better than 7,. The test proposed by Srivastava [5], which
has been shown to perform better than 75 in Srivastava and Fujikoshi [7] is
not considered in this paper as its distribution under non-normal model has
yet to be derived.

5 Power and Attained Significance Level

In this section we compare the power of the statistics 77 and 75, in finite
samples by simulation. We first examine the attained significance level to
the nominal value a = 0.05.

The attained significance level (ASL) is &y = #(Tig > 21-o)/r where
T1y are values of the test statistic T} ( or Ty) computed from data simulated
under H, r is the number of replications and z;_, is the 100(1 — «)% point
of the standard normal distribution. The ASL assesses how close the null
distribution of T} (or T5) is to its limiting null distribution. From the same
simulation, we also obtain Z;_, as the 100(1 — «)% point of the empirical
null distribution, and define the attained power by Br = #H(Tia > 21-4)/r,
where T7 4 are values of the T} (or T3) computed from data simulated under

A.

Through the simulation, we compare the proposed test 77 with T5. It may
be noted that irrespective of the ASL of any statistic, the power has been
computed when all the statistics in the comparison have the same specified
significance level as the cut off points have been obtained by simulation. The
ASL gives an idea as to how close it is to the specified significance level.
If it is not close, the only choice left is to obtain it from simulation, not
from the asymptotic distribution. It is common in practice, although not
recommended, to depend on the asymptotic distribution, rather than relying
on simulations to determine the ASL.
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For simulation, we consider the problem of testing the equality of 3 mean
vectors, that is, £k = ¢+ 1 = 3 and ¢ = 2, where N; = Ny = N3 = N*, and
the cases of (N*,p) = (10,40), (20, 80), (30,120) and (40,200) are treated..
Note that n = Ny + Ny + N3 — k = 3(N* — 1). For the three mean vectors
will

© = (K, o, 13) 13 X P,
_ (10~ _ (o~
o= (o1 1) ce- (i o)

The observation matrix is

Y = ( (1) (1), (2) 2).,3) (3)>/

Y. ,...,yN*;yl ,...,yN*,yl 7"'>yN*
Iy« 0 0
X =10 1x 0],
0 0 1y

where 1y« = (1,...,1) : N* x 1 for N = 3N*. For the hypothesis, with-
out loss of generality we choose py = py = ps = 0. For the alternative
hypothesis, we choose p; = 0, py = 3n2p 141! py = —pay.

To generate the Y matrix from a non-normal distribution, we generate
3N*pii.d. random variables u;; from three kinds of chi-square distributions,
namely, x3, X2 and x2, with 2, 8 and 32 degrees of freedom, respectively, and
centre them and scale them as

vij = (uij — m)/\/%,

for u;; ~ x2,, m = 2,8,32. Since the skewness and kurtosis (K;+3) of x?, is,
repectively, (8/m)"/? and 3 + 12/m, it is noted that x2 has higher skewness
and kurtosis than y2 and y3,. Write them as

V= (Vgl)a cee 7V§\1/1; ng), ce ’V§\2f2‘; yg3)7 e I/S\?z)/
where V;i) vectors are p-vectors, j = 1,...,N*, ¢ = 1,2,3. For the covariance

matrix, we consider two cases
(Case 1) X =1,
(Case 2) X = D, = diag(a?,...,a?), where a; are i.i.d. as chi-square

%
with 3 degrees of freedom.
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For the first case, we define
(Case 1) Y =V +X(0, py, p13),

where under the hypothesis, Y = V', and under the alternative, p, and ps
are replaced by the vectors mentioned above.

For the second case
(Case 2) Y = VDL:;/Q + X(OJ Ha; l"l’3)/7

where under the hypothesis, Y = VD}Z/ % and in the alternative, g, and p,
are replaced by the vectors mentioned above.

The simulation results under the x?, distributions for m = 2, 8 and 32 are
presented in Tables 1, 2 and 3, respectively. The critical values are computed
based on 100,000 replications and the ASL and the powers are obtained based
on 10,000 replications. It is noted that the 95% point of the standard normal
distribution is 1.64485. Three tables report the critical values and the power
in the hypothesis of the two tests, and it is seen that the values of the ASL are
appropriate. As reported in the tables, the powers of the two tests perform
similarly in Case 1, but the proposed test T} has much higher powers than T,
in Case 2. For the y2-distribution, which has higher skewness and kurtosis,
T; has slightly higher power than 75 in Case 1. Clearly, when ¥ = I, all
the components have the same unit of measurements and hence both tests
perform equally well but when the unit of measurements are not the same,
as in Case 2, the proposed test performs much better than the test based on
Ts.

6 Results on moments

We here provide results on moments.

Lemma 6.1 Let u = (uq,...,u,) be a p-dimensional random vector such
that Elu] =0, Cov[u] =1I,, Eu}] =K, +3,i=1,...,p, and
Blufujuguf] = Eluf] Bluf] E[ug] Blu{], (6.1)

g J

0<a+b+c+d<4foralli j k1. Then for any p x p symmetric matrices
A = (a;;) and B = (b;;) of constants, we have

16



Table 1: Critical values, ASL and powers of the tests T} and T5 in the case
of x2-distribution with skewness 2 and kurtosis 9

Critical Value ASL in H Power in A

N* p T Ty T Ty T 15
Case 1

10 40 1.6061 1.5966  4.72 4.37 92.04 85.02

20 80 1.5632 1.6225 4.18 4.81 90.46 85.65

30 120 1.5622 1.6440 4.54 5.28 89.94 86.21

40 200 1.5564 1.6386  4.05 4.76  90.43 87.40
Case 2

10 40 1.6061 1.6865 4.72 5.57 99.96 24.71

20 80 1.5632 1.6784 4.18 5.21  99.63 18.20

30 120 1.5622 1.6919 454 5.73 97.82 15.20

40 200 1.5564 1.6852 4.05 5.36  96.26 16.97

Table 2: Critical values, ASL and powers of the tests T} and 75 in the case
of xZ-distribution with skewness 1 and kurtosis 4.5

Critical Value ASL in H Power in A

N* P T1 T2 T1 T2 T1 T2
Case 1

10 40 1.7339 1.7029 595 5.64 84.92 84.48

20 80 1.6175 1.6810 4.69 5.36 86.92 86.19

30 120 1.6119 1.6812 442 5.07 87.04 86.49

40 200 1.5967 1.6714 429 5.03 87.80 87.26
Case 2

10 40 1.7339 1.7903 5.95 6.21  99.93 23.56

20 80 1.6175 1.7276  4.69 6.19  99.27 18.89

30 120 1.6119 1.7344 442 560 97.06 15.56

40 200  1.5967 1.7291 4.29 5.83 94.70 16.38
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Table 3: Critical values, ASL and powers of the tests T} and 75 in the case
of x3,-distribution with skewness 0.5 and kurtosis 3.375

Critical Value ASL in H Power in A

N* P T1 T2 T1 T2 T1 T2
Case 1

10 40 1.7688 1.7184 599 5.56 82.13 84.72

20 80 1.6457 1.6930 492 5.16 84.12 84.89

30 120 1.6155 1.6812 4.83 5.29 86.09 86.20

40 200 1.6090 1.6831 4.29 5.01 86.84 87.08
Case 2

10 40 1.7688 1.8157 5.99 6.28 99.97 23.15

20 80 1.6457 1.7409 4.92 5.34 98.93 16.80

30 120 1.6155 1.7476  4.83 6.33 96.46 15.85

40 200 1.6090 1.7223 4.29 5.59 94.55 16.61

(a) El(u'Au)?] = K, Z ag; + 2tr [A%] + (tr [A])?,
(b)  Var[u Au] = K, i a2 + 2tr [A?],
(¢) E[uAuu'Bu]=K, zp: a;;ibi; + 2tr [AB] + tr [A]tr [B].

1=1
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Proof. For (a), note that a;; = aji. Then under condition (6.1),

E[(u Au E[(Z auu + 2 Z ajk“j“k) }

i<k
p

[Z QU +ZCL”(IJ]U U +4(Z aijjUk)Q

=1 i#j Jj<k

2
+ 8 E ajjajkuj’-uk + 8 E aiiajkuiujuk}

j<k iji<k

=(K,+3) Za“%—Za“aH+4Z a;i)?

i#j J<k

—K4Z% + Za“ —i—Za“aw —i—ZZa”%—QZ a”
i#£] i£J
p

=K; ) a} + (tr[A])* +2tr [A7].
i=1
For (b), from condition (6.1), it follows that

Elu'Au] = [Z a“u + Z @305 U; uj} = i a; =trA,
i=1

i#]

which, together with the equality in (a), yields the equality in (b).
For (c), it is seen that

E[u' Auv'Bu] =F [(Z aiiu; + 2 Z amuzuj> (Z biu; + 2 Z szuzuj)]

1<j 1<j
=7 Z azzbzz + Z azzb]] + 4 Z azg (7R
i#] i<j
f r v = Ky + 3. Noting that tr [AB] = S aibi + 22@ aijbs; and
tr [AJtr [B] = >0, aibi; + Z#J a;;b;j, we can get the equality in (c). [ ]

Corollary 6.1 Let u = N~* Z¢=1 u;, where wy,...,uy are independently
and identically distributed. Then
Ky 2
Var(a' Aa) = e AR mtr [A%].

=1
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Proof. This corrolary is shown as follows:

N*Var(u' Au) :%VW’ (Z ui) /A (Z Ulﬂ

=1 =1

:m‘/ar Z u,Au; + 2 Zu Auk}

i<k

:mVar Z u; Aul} Var [Z u; Auk]

i<k

+ %Cov [Z u;Au;, Zu Auk}

i<k

2N(N —1) )
— Nz tr [A7]
1

—{Ki Zp: a2 + 2[4} + AN U a2

1
:NVar[u’lAul] +

N N

1 ~ , 2
:ﬁK‘*Zaﬁ + 2tr [A”].

j=1
]
Lemma 6.2 Let u and v be independently and identically distributed ran-

dom vectors with zero mean vector and covariance matriz I,. Then under
condition (6.1) for any p X p symmetric matrizc A = (a;;),

Var[(u' Av)?] = K} Z a;; + 6K, Z aZ;aj, + 6tr [A"] + 2(tr [A%)%.
1,5,k

Proof. Since E[(u'Av)?] = E[u' Avv' Au| = tr[A?], we have Var|(u' Av)?] =
E[(u'Av)Y] — (tr[A%])% Let C = (¢;;) = Avv'A. Then, tr[C] = v'A*v
and tr [C?] = tr [Avv'AAvv' A] = (v A%v)? = (tr[C]). Since (u/Av)* =
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(u/Cwu)?, from (a) and (c) in Lemma 6.1, it follows that
E[(u'Av)']| =E[(v/Cu)’] = E[E[(u/Cu)*|C]]

—F [K4 Zp: 2 4 2tr [C?] + (tr [CDZ}

=F [K4 Z 2+ 3(’0’A2fv)2}

—K, Z Elc}] + 3{K4 Z{(A?)ﬁ}2 +2tr [AY] + (tr [A?])?}.

Let A" = (ay,...,a,) for column vectors a;’s. Since C = Avv'A’ and
VA" = (Vay,...,v'a,), it is seen that ¢; = ajvv'a; = v'a;aiv and ¢, =
(v'a;aiv)? = (vVVGw)? for G; = a;a. Hence, from (a) in Lemma 6.1,

Elc;) = [(’U’G iv)’]

(23

—K4Z{ 5i 2t [GE] + (i [GY))*

=K, Z{ )i} + 3(ala;)’.

Since G; = a;a}, it is noted that (G;);; = afj Since A2 AA =
(a1,...,a,)(ay,...,a,), it is seen that (A?);; = ala; = "_, a;. Hence, we
get
E[(u Av)* KQZZ% +3K4Z aja;)?
=1 j=1
P
+ 3K, Z(a;ai)Z + 6tr [A"] + 3(tr [A%))2.
i=1
Thus,
PP P
Var[(w Av)?] = K} Z Z a;; + 6K, Z (a)a;)* + 6tr [AY] + 2(tr [A?])2.
i=1 j=1 =1
Noting that 377 (aja;)* = >0 (30, a;)? = X707 ai;aiy,, we get the equal-
ity in Lemma 6.2. n
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7 Concluding Remarks

In this article, we have proposed a test which is invariant under the change
of unit of measurements. It has been shown to perform better than the test
proposed by Srivastava and Fujikoshi[7] and Schott[3] unless ¥ = ¢*I, in
which case both tests are equally good. Our simulation results show that
both tests are robust and the assumptions of normality is not needed to
carry out any of the two tests.
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